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Introduction to the Series

Since its inception in 1989, the Tutorial Texts (TT) series has grown to cover
many diverse fields of science and engineering. The initial idea for the series
was to make material presented in SPIE short courses available to those who
could not attend and to provide a reference text for those who could. Thus,
many of the texts in this series are generated by augmenting course notes with
descriptive text that further illuminates the subject. In this way, the TT
becomes an excellent stand-alone reference that finds a much wider audience
than only short course attendees.

Tutorial Texts have grown in popularity and in the scope of material
covered since 1989. They no longer necessarily stem from short courses;
rather, they are often generated independently by experts in the field. They are
popular because they provide a ready reference to those wishing to learn
about emerging technologies or the latest information within their field. The
topics within the series have grown from the initial areas of geometrical optics,
optical detectors, and image processing to include the emerging fields of
nanotechnology, biomedical optics, fiber optics, and laser technologies.
Authors contributing to the TT series are instructed to provide introductory
material so that those new to the field may use the book as a starting point to
get a basic grasp of the material. It is hoped that some readers may develop
sufficient interest to take a short course by the author or pursue further
research in more advanced books to delve deeper into the subject.

The books in this series are distinguished from other technical
monographs and textbooks in the way in which the material is presented.
In keeping with the tutorial nature of the series, there is an emphasis on the
use of graphical and illustrative material to better elucidate basic and
advanced concepts. There is also heavy use of tabular reference data and
numerous examples to further explain the concepts presented. The publishing
time for the books is kept to a minimum so that the books will be as timely
and up-to-date as possible. Furthermore, these introductory books are
competitively priced compared to more traditional books on the same subject.

When a proposal for a text is received, each proposal is evaluated to
determine the relevance of the proposed topic. This initial reviewing process
has been very helpful to authors in identifying, early in the writing process, the
need for additional material or other changes in approach that would serve to
strengthen the text. Once a manuscript is completed, it is peer reviewed to
ensure that chapters communicate accurately the essential ingredients of the
science and technologies under discussion.

It is my goal to maintain the style and quality of books in the series and to
further expand the topic areas to include new emerging fields as they become
of interest to our reading audience.

James A. Harrington
Rutgers University
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Preface

Lock-in amplifiers are key devices in numerous instruments used in the
optical sciences and in optical equipment in industry. In many experimental
configurations, they represent the means to reliably detect and record very
small or weak signals that are superimposed by noise.

The purpose of this text is to provide a step-by-step introduction to the
technique of phase-sensitive detection using lock-in amplifiers, and to provide
examples of its applications in optical instruments. The book begins by
explaining the basics of how modulation is used to extract a signal from noise.
Different types of modulation are discussed in detail and are compared. The
book then presents the various applications of lock-in amplifiers in optical
instruments, and the focus shifts from electronics to optics.

Some of the covered optical applications of lock-in amplifiers are optical
spectroscopy, including absorption spectroscopy, fluorescence spectroscopy,
and phosphorescence spectroscopy; optical interferometry, including detailed
presentations of the various spectrometers used with lock-in amplifiers; crystal
research and technology, including explanations of magneto-optical, electro-
mechanical, and electro-optical effects; infrared thermography; laser wave-
length stabilization; and advanced microscopy.

The book is intended for readers who want to better understand instru-
ments and experiments based on lock-in detection and/or to design (and
perform) new experiments in which lock-in amplifiers are applied.

Gerhard Kloos
January 2018
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Chapter 1

Introduction

Lock-in amplifiers are electronic devices that are often applied in the optical
sciences. They represent versatile instruments that can be adapted to a variety
of measurement tasks. The purpose of a lock-in amplifier is to recover small
or weak signals that would otherwise be lost in noise. This device serves to
detect the amplitude of a signal s that is superimposed by noise (Fig. 1.1).
The instrument can be considered as a highly selective amplifier that operates
as a bandpass filter, the central frequency of which is determined by the
reference signal (Fig. 1.2).

A measurement can be affected by white noise and 1∕f noise. These terms
were coined considering the noise spectrum in the frequency domain. White

Figure 1.1 An excitation signal e serves as input to the experiment or to the device under
test. The output signal is superimposed by noise n. The lock-in amplifier (LIA) generates an
output signal that is proportional to the amplitude of the signal s.

Figure 1.2 To be able to discriminate the signal from noise, it is essential to provide a
reference signal to the lock-in amplifier that carries information on the signal s.
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noise refers to the noise contribution that is constant with respect to
frequency, whereas 1∕f noise shows a steep decrease from low to high
frequencies. It is advantageous to have a signal with a frequency outside of the
range where 1∕f noise is predominant. Lock-in detection allows the
frequencies at which the amplifier operates to move away from regions
dominated by 1∕f noise. Noise rejection is performed using an electronic unit
that mainly consists of a multiplier and an electronic filter, which acts as an
integrator. It is essential to the operation of a lock-in amplifier that the signal
and the reference be modulated periodically.

Lock-in detection can be applied to the measurement of nonperiodic
quantities by introducing an additional device into the measurement setup.
In the setup shown in Fig. 1.3, a chopper is used for this purpose. The chopper
wheel interrupts the light path periodically. A signal is derived that bears
information on the frequency and phase of the modulation. The signal is fed
into the lock-in amplifier and serves as a reference (Fig. 1.4).

A lock-in unit detects the signal based on modulation at some known
frequency. In a nutshell, a lock-in amplifier is an instrument that receives an
input voltage

uin ¼ u0 sinðvtþ fÞ þ unoise (1.1)

and performs the operation of providing a DC output voltage

uout ∝ u0 cosðfÞ (1.2)

that is proportional to the amplitude of the sinusoidal signal and the cosine of
the phase. The lock-in amplifier serves to extract the signal from noise.

Figure 1.3 Measurement of the intensity of LEDs using lock-in amplifiers. (Courtesy of
Zurich Instruments, used with permission.)

2 Chapter 1
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Figure 1.4 The measured signals and the corresponding references are fed into the lock-in
amplifiers. (Courtesy of Zurich Instruments, used with permission.)
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Chapter 2

Basic Concepts

Generating a reference signal is an important prerequisite for operation of a
lock-in amplifier, and a phase-locked loop is usually employed for this purpose.
Therefore, we look at this feedback system first and then consider the working
principle of the multiplication-and-integration unit in detail.

In the signal path of the lock-in amplifier, the multiplication-and-integration
unit is preceded by the front end, which comprises amplifiers and filters. In
the reference path, the multiplication-and-integration unit is preceded by the
reference channel, which comprises a phase-locked loop and a phase shifter.

2.1 Phase-Locked Loop

To detect the signal, the lock-in reference frequency has to be made the same
as the signal frequency. In addition, the phase difference between the lock-in
reference and the signal cannot change with time because a DC signal is to be
obtained. To achieve this, the reference of the lock-in amplifier has to be
phase-locked to the signal.

In lock-in amplifiers, a phase-locked loop (sometimes called a phase lock
loop) is used to track the dominant frequency of the reference. The phase-
locked loop1 is a feedback system that has the purpose of synchronizing the
frequency (and phase) of an oscillator to a given input signal. A phase-locked
loop represents a core component of lock-in amplifiers and can also be found
in other electronic devices, such as USB sticks, for example.

The phase-locked loop generates the reference signal in the lock-in unit. It
“locks” the internal reference oscillator to the external reference, generating a
sine wave with a fixed phase shift. It is this feature that has given the name to
the lock-in technique. The phase-locked loop actively tracks the external
reference. In other words, a phase-locked loop is used in lock-in amplifiers to
generate a stable local oscillator that serves as a reference.

The feedback loop is shown schematically in Fig. 2.1. In the phase
detector, the input signal (synchronization signal) and a reference signal are
compared with respect to phase. The phase detector generates an error signal

5
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that (in a good approximation) is proportional to the phase difference between
both signals. The error signal is a superposition of a DC component and an
AC component. Because we are interested in the DC part, a low-pass filter is
used to block the AC part.

The filtered signal is then fed back into the servo loop and serves as the
input to a voltage-controlled oscillator. This signal is used to tune the
frequency v2 of the voltage-controlled oscillator as described by

v2 ¼ v0 þ K · ðf1 � f2Þ, (2.1)

where v0 is a characteristic frequency of the oscillator, f1 is the phase of the
input signal, f2 is the phase of the reference signal, and K is a proportionality
constant. The second part of the sum represents the variable portion that is fed
back into the servo loop. The loop can now be closed by taking the harmonic
output signal of the voltage-controlled oscillator (VCO) as a reference signal
and comparing it to the input signal using the phase detector.

To understand the working principle, let us now follow a signal around the
loop: If both signals are not in phase when they enter the phase detector, a
nonzero output of the low-pass filter causes the VCO to oscillate faster or
slower, depending on the sign of the feedback signal. This changes the phase of
the reference voltage accordingly. The process of tuning the frequency is
continued until the VCO does not detect a difference in phase. At this point, the
frequency of the VCO is the same as the frequency of the input signal.

To more clearly explain why locking the phase of the two signals implies
equal frequencies, it might be helpful to make use of the race car analogy. Let
us imagine a closed race car track on which different drivers compete in a race
(Fig. 2.2). The number of laps per hour, which is a measure of a car’s velocity,

Figure 2.1 Phase-locked loop.

Figure 2.2 Race car analogy—closed track.

6 Chapter 2
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corresponds to the frequency in this analogy. In case of an accident, a pace car
is employed to set a constant speed. The other drivers try to go fast, but they
cannot to go faster than the pace car. After a while, they will go around the
track at a constant distance from the pace car (phase). This implies that they
will adopt the speed of this car (frequency).

An analogy can also be made between a tuning fork (Fig. 2.3) and a
feature of a lock-in amplifier (Fig. 2.4). A tuning fork is a device used by
musicians as a reference to tune the strings of their instruments (to a given
frequency). Tuning a guitar string, the guitarist listens for the beat frequency
between the tuning fork (the reference signal) and the guitar string. The tuning

Figure 2.3 Tuning fork.

Figure 2.4 Compact lock-in amplifier. (Courtesy of Femto, used with permission.)

7Basic Concepts
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is repeated until the guitar string vibrates with the same frequency as the
tuning fork.

2.2 Multiplication and Filtering

Figure 2.5 shows the circuit board of a lock-in amplifier, the core of which
consists of a multiplier and a low-pass filter (Fig. 2.6). The signal (plus noise)
and the reference signal are multiplied, and the resulting signal is then filtered
to block off contributions from higher frequencies.2–4

Figure 2.7 shows the generic scheme involved in taking a measurement
using a lock-in amplifier. The form of the periodic signal and of the reference
can vary. The periodic signal from the oscillator forms the input (excitation) e
of the experiment. This gives rise to an output s of the experiment that is
superimposed by noise n.

Figure 2.5 The electronic circuit board of a lock-in amplifier. (Courtesy of Femto, used with
permission.)

Figure 2.6 Multiplication unit and low-pass filter. Here, the signal (plus noise) from the front
end and the reference from the reference channel (phase-lock loop, phase shifter) are
combined.

8 Chapter 2
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2.2.1 Sinusoidal signal and reference

The simplest case is when both the signal and the reference are sinusoidal, and
the experiment can be represented by a linear transfer function. This
experimental situation is depicted in Fig. 2.8: An oscillator provides a
sinusoidal excitation to an experiment. The response that is fed to the lock-in
amplifier is a superposition of a sinusoidal signal s and a noise contribution n.
In order to be able to gain information on the signal s, a reference signal r is
derived from the oscillator that is used as a second input signal to the lock-in
amplifier. The reference signal contains information on the frequency of the
excitation signal.

The reference signal r can be denoted as a function of time t:

r ¼ A sinvt, (2.2)

where v¼ 2pf, and A is the amplitude of the reference signal. If the signal s
features a phase shift f with respect to the reference signal, then s can be
written as

s ¼ a1 sinðvtþ fÞ, (2.3)

where a1 denotes the amplitude of the reference signal.
The input of the lock-in amplifier is a superposition of the signal and

noise. In the multiplication-and-filter unit (Fig. 2.6), the superposition of the

Figure 2.7 Measurement taken with a lock-in amplifier. The reference signal provides
information on the frequency of the signal.

Figure 2.8 Lock-in detection experiment featuring a linear transfer function and a
sinusoidal signal and reference.

9Basic Concepts
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signal and noise is combined with the reference. The low-pass filter corresponds
to an averaging process. We can therefore describe the output u of the lock-in
amplifier by

u ¼ 1
t

Zt

0

ðsþ nÞ · r dt, (2.4)

where t is the time constant of the low-pass filter. After multiplication, the
noise is suppressed by the low-pass filter according to

1
t

Zt

0

n · r dt ¼ 0: (2.5)

This noise-rejection capability is a salient feature of a lock-in amplifier. The
product of the signal and reference is

s · r ¼ a1A sinðvtþ fÞ sinvt: (2.6)

The trigonometric relation

sin x sin y ¼ 1
2
½cosðx� yÞ � cosðxþ yÞ�

is used to simplify Eq. (2.6) to

s · r ¼ a1A
2

½cosð�fÞ � cosð2vtþ fÞ�: (2.7)

This product is then processed by the low-pass filter with the time constant t:

u ¼ 1
t

Zt

0

s · r dt: (2.8)

Therefore, we have as the output of the low-pass filter

u ¼ a1A
2t

Zt

0

cos f dt� a1A
2t

Zt

0

cosð2vtþ fÞdt: (2.9)

If the integration time is sufficiently long, the positive and negative
contributions in the second integral will cancel out because the integrand is a
periodic function. It must be stated that there is an idealization in this
mathematical derivation. The response of the low-pass filter is described as a
rectangular function even though in reality it has a more complicated form.

10 Chapter 2
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This is done to keep the derivation simple. The integrand in the first integral,
on the other hand, is constant:

u ¼ a1A
2t

Zt

0

cosf dt ¼ a1A
2

cosf: (2.10)

In this way, an output voltage is generated that is proportional to the
amplitude a1 of the signal and to the cosine of the phase shift between the
reference and the signal.

Equation (2.10) reflects the situation in which the frequencies of the signal
and the reference are the same. It is interesting to look at the more general
case to see what happens if the two factors of the product in Eq. (2.7) have
different frequencies. For this purpose, we introduce the symbol V into
Eq. (2.2) for the reference:

r ¼ A sinVt, (2.11)

while the definition of the signal is kept unchanged:

s ¼ a1 sinðvtþ fÞ: (2.12)

Before integration, the phase term is separated into the product of the two
functions:

s · r ¼ a1A sinðvtþ fÞ sinVt: (2.13)

To this end, we make use of the trigonometric identity

sinðxþ yÞ ¼ sin x cos yþ cos x sin y

and apply it to the signal term. This gives

s · r ¼ a1Aðsinvt · cosf · sinVtþ cosvt · sinf · sinVtÞ: (2.14)

To proceed, we use two other trigonometric relations, namely,

sin x · sin y ¼ 1
2
½cosðx� yÞ � cosðxþ yÞ�

cos y · sin x ¼ 1
2
½sinðx� yÞ þ sinðxþ yÞ�:

In this way, we obtain a sum of two longer terms, in which the phase f is
separated:

11Basic Concepts
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s · r ¼ a1A
2

cosf½cosðv�VÞt� cosðvþVÞt�

þ a1A
2

sinf½sinðV� vÞtþ sinðvþVÞt�: (2.15)

With the product of the signal and reference thus re-arranged, integration with
a sufficiently high time constant t is performed:

u ¼ 1
t

Zt

0

s · r dt: (2.16)

The periodic terms cancel out during this integration process. Only a nonzero
DC part in the sum will contribute to the output voltage. This is the case
where the argument of the cosine function is zero, i.e., where v¼V.
Therefore, we obtain

u ¼ a1A
2t

cosf
Zt

0

cosð0Þ dt (2.17)

and, finally,

u ¼ a1A
2

cosf: (2.18)

Even though we considered the more general situation this time, we obtained
the same result as when the frequency of the signal and the reference were the
same.

2.2.2 Square-wave signal and reference

In the previous section, we looked at sine waves as signal and reference inputs
of the instrument. Lock-in amplifiers can also be operated using square waves
as the signal and reference. Different square waves are used in experimental
setups; here we consider mark-space square waves and bipolar square waves.

2.2.2.1 Mark-space square wave

A mark-space square wave can be generated by repeatedly switching a DC
signal on and off (Fig. 2.9). (The term mark-space square wave is used in the
literature to distinguish it from a bipolar square wave.) A divided definition is
necessary to describe such a function:
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r ¼ A

8><
>:

þ1
h
0, T2

i
0

h
T
2 ,T

i
9>=
>;, (2.19)

where T is used to indicate a period of time; it represents the length of the time
interval, which is repeated periodically to form the pulse train.

The function takes a value of 1 on the first interval and is 0 on the second
interval. This pattern is repeated periodically. The pattern of the signal is
similar. In the special case where the patterns coincide completely, the signal is
denoted as

s ¼ a1

8><
>:

þ1
h
0, T2

i
0

h
T
2 ,T

i
9>=
>;: (2.20)

We now consider the more general case where there is a time difference p
between both pulses. To determine the lock-in amplifier output

u ¼ 1
T

ZT

0

sr dt (2.21)

it is convenient to distinguish between the two cases. In the first case, the time
difference p of the rising edge of the square wave of the reference and the
signal is smaller than T/2. This corresponds to the situation depicted in
Fig. 2.10.

Because we are dealing with squares, the result of the integration can be
directly concluded from Fig. 2.10:

u ¼ 1
T
a1A

�
T
2
� p

�
for p ∈

�
0,
T
2

�
: (2.22)

Interpreted as a function of p, u is a straight line with a negative slope on the
given interval.

In the second case, the time difference p of the rising edge of the square
wave of the reference and the signal is greater than T/2, as illustrated in
Fig. 2.11. These results were derived for the interval p ∈ [0, T/2]. By an

Figure 2.9 Mark-space square wave.
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analogous consideration, we obtain the following result for the other interval,
where p ∈ [T/2, T ]:

u ¼ 1
T
a1A

�
p� T

2

�
for p ∈

�
T
2
,T

�
: (2.23)

This is again a straight line, but now with a positive slope. Equations (2.22)
and (2.23) can be combined to obtain a result for the output signal generated
by multiplying and integrating two mark-space square waves:

Figure 2.10 Multiplying mark-space square waves: first case.
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u ¼ a1A
T

8><
>:

T
2 � p

h
0, T2

i

p� T
2

h
T
2 ,T

i
9>=
>;: (2.24)

The function is plotted in Fig. 2.12 for an interval that corresponds to one
period.

Figure 2.11 Multiplying mark-space square waves: second case.
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2.2.2.2 Bipolar square wave

A bipolar square wave is generated by repeatedly changing the polarity of a
DC signal (Fig. 2.13). Again, a divided definition of the function on the
interval [0, T ] is used:

r ¼ A

8><
>:

þ1
h
0, T2

i
�1

h
T
2 ,T

i
9>=
>;: (2.25)

This interval is the part of the square wave that is repeated periodically.
A bipolar square wave might be considered as a mark-space square wave with
twice the amplitude plus a negative DC offset.

To calculate the output of the lock-in amplifier for these slightly differing
pulse forms, we distinguish between two different cases, as we did previously.
Let us again choose as the first case the situation where the time difference p of
the rising edge of the square wave of the reference and the signal is smaller
than T/2. We can refer to Fig. 2.14 as the starting point of the integration.

We simply collect the contributions of the different rectangles; it is
important to the take the correct sign into account:

u ¼ 1
T

�
ð�a1AÞpþ a1A

�
T
2
� p

�
þ ð�a1AÞpþ a1A

�
T
2
� p

��

for p ∈
�
0,
T
2

�
: (2.26)

Figure 2.12 Multiplying mark-space square waves: output u versus phase parameter p.
The amplitudes are normalized: a1¼ 1 and A¼ 1.

Figure 2.13 Bipolar square wave.

16 Chapter 2

Downloaded From: https://www.spiedigitallibrary.org/ebooks/ on 14 Feb 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



This expression can be written in a more compact form:

u ¼ 1
T
a1AðT � 4pÞ for p ∈

�
0,
T
2

�
: (2.27)

The complementary case is where the time difference p of the rising edge
of the square wave of the reference and of the signal is greater than T/2.
Fig. 2.15 illustrates this situation.

Figure 2.14 Multiplying bipolar square waves: first case.
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Again, we can sum the rectangles to perform the integration:

u ¼ 1
T
a1A

�
p� T

2
� ðT � pÞ þ p� T

2
� ðT � pÞ

�
for p ∈

�
0,
T
2

�
: (2.28)

Some terms cancel out, and we obtain

Figure 2.15 Multiplying bipolar square waves: second case.
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u ¼ 1
T
a1Að4p� 3TÞ for p ∈

�
0,
T
2

�
: (2.29)

The results for the separate intervals can be combined to describe the output
on the complete interval:

u ¼ a1A
T

8><
>:

T � 4p
h
0, T2

i
4p� 3T

h
T
2 ,T

i
9>=
>;: (2.30)

This is again a combination of two straight lines with opposite slopes.
Equation (2.30) is illustrated in Fig. 2.16.

2.2.2.3 Mark-space square wave and bipolar square wave

For completeness, the result obtained from a mark-space square wave as a
signal, and a bipolar square wave as a reference, is also provided. This can be
derived in the same way as before by adding the rectangles of the product
function and taking the correct sign into account:

u ¼ a1A
T

8><
>:

T
2 � 2p

h
0, T2

i
2p� 3T

2

h
T
2 ,T

i
9>=
>;: (2.31)

A graph of this formula is provided in Fig. 2.17.

2.2.2.4 Comparison

At this point, it is convenient to compare the results obtained for the different
types of square waves. This can be done using the graphical representation in
Fig. 2.18. The solid lines show the dependence on parameter p for a
combination of two mark-space square waves. The dashed lines represent the
corresponding function when two bipolar square waves are combined. The

Figure 2.16 Multiplying bipolar square waves: output u versus phase parameter p.
The amplitudes are normalized: a1¼ 1 and A¼ 1.
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dotted lines between the solid and dashed lines show the relation if the signal
is a mark-space square wave and the reference is a bipolar square wave.
The graph is composed of straight lines with opposite slopes. In all three cases,
the output of the lock-in amplifier is at its maximum if one of the conditions
p¼ 0 or p¼T is met. Its output is at a minimum if p¼T/2 holds.

2.2.3 Square-wave reference signal and comb-filter effect

Now we turn to the situation where the reference signal is a square wave and
the signal is a sinusoidal function, as is encountered in some spectroscopic
experiments. The square wave can be a bipolar function

r ¼ A ·

8><
>:

þ1
h
0, T2

i
�1

h
T
2 ,T

i
9>=
>; (2.32)

or a mark-space square wave

Figure 2.17 Multiplying mark-space and bipolar square waves: output u versus phase
parameter p. The amplitudes are normalized: a1¼ 1 and A¼ 1.

Figure 2.18 Multiplying square waves: output u versus phase parameter p. The amplitudes
are normalized: a1¼ 1 and A¼ 1.
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r ¼ A ·

8><
>:

þ1
h
0, T2

i
0

h
T
2 ,T

i
9>=
>;: (2.33)

Both cases might appear in laboratory practice. We will treat the first case
explicitly and give the result for the second case by referring to the first case.
In subsections 2.2.3.1 and 2.2.3.2, the amplitude factor will be set to one,
i.e., A ¼ 1.

2.2.3.1 Bipolar square wave as a reference

Let us consider the experimental setup depicted in Fig. 2.19. The
multiplication of the signal and reference is again of key importance to
recover the signal from noise.

As a prerequisite for the integration step in the general case, it is
advantageous to state the square-wave function as a superposition of
harmonic functions. The function is therefore expanded into a Fourier series:

r ¼

8><
>:

þ1
h
0, T2

i
�1

h
T
2 ,T

i
9>=
>; ¼ 4

p

X̀
k¼0

sin½ð2k þ 1ÞVt�
2k þ 1

: (2.34)

Using this expansion, the product of the signal and reference reads as

s · r ¼ 4a1
p

sinðvtþ fÞ
X̀
k¼0

sin½ð2k þ 1ÞVt�
2k þ 1

: (2.35)

In the first step, the phase is separated. To this end, the following
trigonometric relation is used:

Figure 2.19 Sinusoidal excitation and bipolar square wave as a reference.
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sinðxþ yÞ ¼ sin x cos yþ cos x sin y: (2.36)

This gives the expression

s · r ¼ 4a1
p

cosf sinðvtÞ
X̀
k¼0

sin½ð2k þ 1ÞVt�
2k þ 1

þ 4a1
p

sinf cosðvtÞ
X̀
k¼0

sin½ð2k þ 1ÞVt�
2k þ 1

: (2.37)

In this step, we implicitly assume that the noise part in the lock-in
amplifier input is successfully rejected by the multiplication-and-filtering
process. Now the product of the two functions is integrated to obtain the
output voltage of the lock-in amplifier:

u ¼ 1
t

Zt

0

srdt: (2.38)

We use two trigonometric relations to re-write the product, namely,

sin x sin y ¼ 1
2
½cosðx� yÞ � cosðxþ yÞ�, (2.39)

cos y sin x ¼ 1
2
½sinðx� yÞ þ sinðxþ yÞ�: (2.40)

The result turns out to be relatively lengthy. It reads

u ¼ 2a1
pt

cosf
Zt

0

dt
X̀
k¼0

cos½v� ð2k þ 1ÞV�t� cos½vþ ð2k þ 1ÞV�t
2k þ 1

þ 2a1
pt

sinf
Zt

0

dt
X̀
k¼0

sin½�vþ ð2k þ 1ÞV�tþ sin½vþ ð2k þ 1ÞV�t
2k þ 1

: (2.41)

The periodic components of the sum vanish during integration. Only those
components that are constant and nonzero contribute to the output
voltage. This condition holds for the cosine term with a vanishing
argument, i.e.,

v� ð2k þ 1ÞV ¼ 0: (2.42)
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The lengthy sum therefore “shrinks” to the following expression:

u ¼ 2a1
pt

cosf
Zt

0

1
2 k þ 1

dt: (2.43)

After integration, Eq. (2.43) reads as

u ¼ 2a1
p

cosf
1

2k þ 1
k ¼ 0, 1, 2, 3, : : : : (2.44)

Equation (2.44) implies that we will measure

u ¼ 2a1
p

cosf at frequency v ¼ V,

u ¼ 2a1
3p

cosf at frequency v ¼ 3V,

u ¼ 2a1
5p

cosf at frequency v ¼ 5V:

These lines correspond to the cases where k ¼ 0, 1, 2 and can be continued in
an analogous way.

2.2.3.2 Mark-space square wave as a reference

The situation where a mark-space square wave is used as a reference
(Fig. 2.20) can be treated analogously. The difference between this situation
and the situation where a bipolar square wave is employed is that here another
Fourier-series expansion intervenes:

r ¼

8><
>:

þ1
h
0, T2

i
0

h
T
2 ,T

i
9>=
>; ¼ 1

2
þ 2

p

X̀
k¼0

sin½ð2k þ 1ÞVt�
2k þ 1

: (2.45)

Figure 2.20 Sinusoidal excitation and mark-space square wave as a reference.
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Equation (2.45) gives rise to an additional sine wave in the product. Being a
periodic function, it will vanish during integration. The factor preceding the
sum is slightly different from the first case. Taking this difference into
account, we can directly conclude for the second case that

u ¼ a1
p
cosf

1
2k þ 1

k ¼ 0, 1, 2, 3, : : : : (2.46)

As was the case when both the signal and the reference were periodic, the lock-
in amplifier outputs a voltage that is proportional to the cosine of the phase
difference.

2.2.3.3 Comb-filter effect

Two types of reference functions have been considered so far, namely, a
bipolar square wave [Eq. (2.32)] and a mark-space square wave [Eq. (2.33)].
The salient feature in both cases is an amplitude function that differs from the
situation when the reference is a pure sine wave. As expressed by Eq. (2.44) or
Eq. (2.46), higher-order contributions with decreasing amplitude appear in the
output voltage at higher frequencies. These contributions feature discrete
distances in a plot of output voltage versus frequency (Fig. 2.21). This gives
rise to the term comb-filter effect. (Note that the term comb filter is also used
in the literature on signal processing to denote a filter, the frequency response
of which consists of a series of regularly spaced notches.) Therefore, when
using a lock-in amplifier with a bipolar square wave or a mark-space square
wave as a reference to detect a sinusoidal signal, a comb-filter response is
featured in the output of the lock-in amplifier.

2.2.4 Summary and overview

At this point, it is useful to collect the results obtained for the different
combinations of signal and reference and represent them succinctly (Table 2.1).

Figure 2.21 Comb-filter effect: normalized amplitude versus frequency v ¼ kV.
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2.3 Nonlinearities and Higher Harmonics

Thus far, a linear transfer function has been assumed. A transfer function that
features nonlinearities gives rise to higher harmonics. Making use of this
property, the lock-in technique can be used to explore these nonlinearities. We
will later encounter applications of this approach to the characterization of
optical materials. There is a variety of physical effects in materials that feature
a quadratic dependence. Examples are the quadratic electro-optic Kerr effect
and quadratic electrostriction. Here, we start with a consideration of a
quadratic nonlinearity to motivate the use of lock-in detection at 2f, i.e., the
double frequency, and then generalize this reasoning to higher-order
nonlinearities.

2.3.1 Detection at multiples of the frequency of the first harmonic

2.3.1.1 Detection at 2f

In contrast to the situation previously considered, in the experimental
arrangement depicted in Fig. 2.22., the transfer function of the experiment is

Table 2.1 Outputs obtained for different combinations of reference and signal.

Reference r Signal s Output u

Sine wave Sine wave u ¼ a1A
2 cosf

Mark-space square wave Mark-space square wave u ¼ a1A
T

8<
:

T
2 � p

h
0, T2

i

p� T
2

h
T
2 ,T

i
9=
;

Bipolar square wave Bipolar square wave u ¼ a1A
T

8<
:

T � 4p
h
0, T2

i
4p� 3T

h
T
2 ,T

i
9=
;

Bipolar square wave Mark-space square wave u ¼ a1A
T

8<
:

T
2 � 2p

h
0, T2

i
2p� 3T

2

h
T
2 ,T

i
9=
;

Bipolar square wave Sine wave u ¼ 2a1A
p cosf 1

2kþ1, k ¼ 0, 1, 2, : : :

Mark-space square wave Sine wave u ¼ a1A
p
cosf 1

2kþ1, k ¼ 0, 1, 2, : : :

Figure 2.22 Experiment featuring a quadratic transfer function and detection at 2f.
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now nonlinear; i.e., it is a quadratic function. This implies that we obtain a
significantly different measurement signal.

A sine wave is used as an input signal (excitation) for the experiment:

e ¼ ev cosvt, (2.47)

where v ¼ 2pf. The transfer function is quadratic:

s ¼ d2e2: (2.48)

The constant that precedes the square of the excitation is labelled d2. Using
the trigonometric identity cos2 x ¼ 1∕2ð1þ cos 2xÞ, we have

s ¼ 1
2
d2e2v þ 1

2
d2e2v cos 2vt: (2.49)

The first part of Eq. (2.49) is a DC signal, while the second part is a periodic
signal at frequency 2f. The nonlinearity described by the constant d2 can
therefore be quantified using a harmonic excitation signal and lock-in
detection at 2f.

2.3.1.2 Detection at higher-order harmonics

Let us now consider a more general case, namely, an experiment where the
signal function can be described by the following expansion:

s ¼
X4
k¼1

dkek ¼ d1e1 þ d2e2 þ d3e3 þ d4e4: (2.50)

Again, we apply a harmonic input signal to probe the sample or device under
investigation:

e ¼ ev cosvt: (2.51)

To obtain expressions of the system response in terms of higher
frequencies, it is appropriate to apply the following trigonometric identities:

cos2 x ¼ 1
2
ð1þ cos 2xÞ, (2.52)

cos3 x ¼ 1
4
ð3 cos xþ cos 3xÞ, (2.53)

cos4 x ¼ 1
8
ð3þ 4 cos 2xþ cos 4xÞ: (2.54)

The first and third of these equations can be interpreted as expansions into an
even Fourier series, while the second one might be considered as an odd
Fourier-series expansion.
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Combining Eqs. (2.50) through (2.54) leads to a result for the response of
the system:

s ¼ 1
2
d2 · e2v þ 3

8
d4 · e4v

þ cosvt ·
�
d1 · ev þ 3

4
d3 · e3v

�
for detection at f ,

þ cos 2vt ·
�
1
2
d2 · e2v þ 1

2
d4 · e4v

�
for detection at 2f ,

þ cos 3vt ·
�
1
4
d3 · e3v

�
for detection at 3f ,

þ cos 4vt ·
�
1
8
d4 · e4v

�
for detection at 4f : (2.55)

In Eq. (2.55), the terms have been arranged according to different frequencies.
As an example, we can conclude from Eq. (2.55) that we can measure the
third-order coefficient in the expansion of the transfer function by lock-in
detection at 3f.

2.3.2 Intermodulation

This subsection can be skipped at first reading. It is included here to
complement this section and can be used for reference, for example, related to
troubleshooting.

If the input to the experiment contains more than one sine wave and
the experiment features nonlinear characteristics, intermodulation may occur
(see Fig. 2.23). This situation can arise if the excitation provided by the
oscillator is distorted and contains higher harmonics in addition to the
fundamental sine wave.

A simple example will illustrate this effect, namely, an experiment with a
transfer function composed of a linear part and a quadratic part:

Figure 2.23 Intermodulation: The excitation signal is a superposition of the modulation
signal and distortion.
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s ¼ d · eþ g · e2: (2.56)

As input to the experiment, we consider the superposition of a bias e0 and
three sinusoidal functions with different frequencies:

e ¼ e0 þ e1 þ e2 þ e3, (2.57)

e1 ¼ ev cosvt, (2.58)

e2 ¼ e2v cos 2vt, (2.59)

e3 ¼ e3v cos 3vt: (2.60)

The input e can be split into the fundamental modulation, mod ¼ e1 ¼
ev cosvt, and a bias plus higher harmonics, dist ¼ e1 þ e2 þ e3. To obtain the
intermodulated output s of the experiment in this situation, we first introduce
the expression for the superimposed functions into Eq. (2.56):

s ¼ d · ðe0 þ e1 þ e2 þ e3Þ þ g · ðe0 þ e1 þ e2 þ e3Þ2: (2.61)

To facilitate the interpretation, we arrange the result in a triangular shape,
exploiting the symmetry:

s ¼ d · e0 þ g · e20 þ ðd þ 2e0gÞðe1 þ e2 þ e3Þ þ g · e21 þ 2ge1e2 þ 2ge1e3

þ g · e22 þ 2ge2e3 þ g · e23: (2.62)

To understand how intermodulation affects the output of the experiment
at a given frequency, we note the trigonometric functions in a way that allows
us to arrange them according to frequencies:

e21 ¼
1
2
e2vð1þ cos 2vtÞ, (2.63)

e22 ¼
1
2
e22vð1þ cos 4vtÞ, (2.64)

e23 ¼
1
2
e23vð1þ cos 6vtÞ: (2.65)

The mixed terms read

2e1e2 ¼ 2eve2v cosvt · cos 2vt, (2.66)

2e1e3 ¼ 2eve3v cosvt · cos 3vt, (2.67)
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2e2e3 ¼ 2e2ve3v cos 2vt · cos 3vt: (2.68)

Using the trigonometric relation 2 cos x cos y ¼ cosðx� yÞ þ cosðxþ yÞ,
we can denote Eqs. (2.66)–(2.68) as

2e1e2 ¼ eve2vðcosvtþ cos 3vtÞ, (2.69)

2e1e3 ¼ eve3vðcos 2vtþ cos 4vtÞ, (2.70)

2e2e3 ¼ e2ve3vðcosvtþ cos 5vtÞ: (2.71)

With these prerequisites, we find that

s ¼ d · e0 þ g · e20 þ ðd þ 2e0gÞðev cosvtþ e2v cos 2vtþ e3v cos 3vtÞ

þ 1
2
gðe2v þ e22v þ e23vÞ þ geve2v cosvtþ

g

2
e2v cos 2vtþ geve2v cos 3vt

þ ge2ve3v cosvtþ geve3v cos 2vtþ R, (2.72)

where

R ¼ Rð4v, 5v, 6vÞ
¼ g

2
e22v cos 4vtþ geve3v cos 4vtþ ge2ve3v cos 5vtþ

g

2
e23v cos 6vt:

The various terms in Eq. (2.72) have been arranged according to increasing
frequencies. Obviously, there would be no intermodulation if nonlinearity did
not exist, i.e., in the case where g ¼ 0 holds.

In the case of e3v ¼ 0, a measurement at 1f could be affected by the
intermodulation

s1,2 ¼ geve2v cosvt: (2.73)

Under the same condition, a measurement at 2f could be affected by the
following contribution due to intermodulation:

s2 ¼ ðd þ 2e0gÞe2v cos 2vt: (2.74)

The expressions for the case where e3v ≠ 0 follow accordingly, taking the third
line of Eq. (2.72) into account.

2.4 Two-Phase Systems

2.4.1 Quadrature

Sometimes it is of interest to measure the in-phase and the quadrature
components of a signal simultaneously. To this end, a two-phase lock-in
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amplifier can be used. This basically consists of two combined lock-in
amplifiers. The phase of the reference in the second unit is shifted by 90 deg
with respect to the first unit. As shown in Fig. 2.24, the input signal of both lock-
in amplifiers is the same. If r ¼ A sinVt is the reference of the first unit, then
r ¼ A sinðVtþ 90 degÞ ¼ A cosVt is used as the reference of the second unit.

Assuming an input signal of the form s ¼ a1 sinðvtþ fÞ, we obtain the
following equation for the in-phase component:

ua ¼
a1A
2

cosf: (2.75)

For the quadrature component of the two-phase lock-in amplifier, which
corresponds to the reference r ¼ A sinðVtþ 90 degÞ, the product s · r reads as

s · r ¼ a1A sinðvtþ fÞ cosVt: (2.76)

The lock-in operation ensures that v¼V holds. Using the fact that
sin x cos y ¼ ð1∕2Þ½sinðx� yÞ þ sinðxþ yÞ�, Eq. (2.76) takes the form of

s · r ¼ a1A
2

½sin fþ sinð2vtþ fÞ�: (2.77)

During integration over many periods, the AC part cancels out, and only the
DC part gives a contribution:

ub ¼
a1A
2

1
t

Zt

0

½sinfþ sinð2vtþ fÞ�dt ¼ a1A
2

sinf, (2.78)

which is the quadrature output of the two-phase lock-in amplifier.

2.4.2 Vector computer

Both signals can be further processed in a so-called vector computer
(Fig. 2.25), which is incorporated into many lock-in amplifiers. This operation

Figure 2.24 Two-phase lock-in detection.
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corresponds to a change from Cartesian to polar coordinates (Fig. 2.26).
Lock-in amplifiers are often provided with four separate outputs to
simultaneously read out the signal in both representations.

2.4.3 Vector tracking

The output of the vector computer can be used as a feedback signal in a
control loop. This feedback loop is depicted in Fig. 2.27. In this circuit, the
information on the vector phase is used as input to a voltage-controlled phase
shifter. In this way, the signal and reference are kept in phase at the output of
the first unit (LIA 1).

2.5 Measuring Higher-Order Derivatives

In the technical and scientific literature on applications of lock-in amplifiers, it
is often implicitly assumed that the reader is familiar with the idea that
measuring at the frequency n · f is related to measuring the nth derivative of the
corresponding transfer function. This relation is not so obvious and will be
derived in the following discussion.

The slope of a linear transfer function affects the amplitude of the output
signal. In the case of a nonlinear transfer function, it is the local slope of the

Figure 2.25 Vector computer.

Figure 2.26 Change from Cartesian to polar coordinates.
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corresponding curve that directly influences the amplitude of the output
voltage. A steeper slope of the transfer function results in a higher amplitude
of the signal.

A formal derivation is based on Taylor’s theorem, which states that some
functions f(x) that fulfill certain analytical conditions can be approximated at
a point x0 as

Tf ðx, x0Þ ¼
X̀
k¼0

f ðkÞðx0Þ
k!

ðx� x0Þk: (2.79)

In this equation, f (k)(x0) is used as an abbreviation for the kth-order derivative
of the function f(x) at the point x0:

f ðkÞðx0Þ ¼
dkf
dx

����
x¼x0

: (2.80)

To better understand the probing of a complicated function f(x) by
harmonic functions, we consider the situation where f(x) is examined at point
x0 using

x ¼ x0 þ a cosvt: (2.81)

Therefore, we have

Tf ðx, x0Þ ¼
X̀
k¼0

f ðkÞðx0Þ
k!

ða cosvtÞk, (2.82)

and our method of analysis will be based on this equation. In order to be able
to treat most cases of practical interest, we consider a Taylor expansion of the
transfer function to the fourth order:

Figure 2.27 Vector tracking.
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s ¼
X4
k¼0

f ðkÞðx0Þ
k!

ða cosvtÞk: (2.83)

Written more explicitly, Eq. (2.83) reads as

s ¼ f ðx0Þ þ f ð1Þðx0Þa cosvtþ
1
2
f ð2Þðx0Þa2 cos2 vtþ

1
6
f ð3Þðx0Þa3 cos3 vt

þ 1
24

f ð4Þðx0Þa4 cos4 vt: (2.84)

As in Eqs. (2.52)–(2.54), we need expressions for the powers of trigonometric
functions. Introducing them into Eq. (2.84) gives the result

s ¼ f ðx0Þ þ
a2

4
f ð2Þðx0Þ þ

3
8
1
4!
a4f ð4Þðx0Þ

þ cosvt ·
�
a · f ð1Þðx0Þ þ

3
4 · 6

a3 · f ð3Þðx0Þ
�

for detection at f

þ cos 2vt ·
�
1
4
a2 · f ð2Þðx0Þ þ

1
6
1
8
a4f ð4Þðx0Þ

�
for detection at 2f

þ cos 3vt ·
�
1
24

a3 · f ð3Þðx0Þ
�

for detection at 3f

þ cos 4vt ·
�
1
4!

1
8
a4 · f ð4Þðx0Þ

�
for detection at 4f : (2.85)

When we consider the leading terms in Eq. (2.85), we recognize that they are
all terms having the structure

þ cos kvt · ½: : : : · ak · f ðkÞðx0Þ þ : : : �: (2.86)

This is why measuring at the frequency k · f is related (but not identical) to
the measurement of the kth derivative of the transfer function f. Recalling the
discussion on nonlinearities and higher harmonics, we retrieve the result for a
fourth-order polynomial by setting

s ¼ f ðxÞ ¼
X4
k¼1

dkxk ¼ d1x1 þ d2x2 þ d3x3 þ d4x4, (2.87)

and by forming the derivatives of f that appear in Eq. (2.87) at x0 ¼ 0 and
introducing them into the equation.

The measurement of higher-order derivatives using lock-in amplifiers is
often applied in spectroscopy. This technique is sometimes designated as
derivative spectroscopy.
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2.6 Operating the Lock-in Amplifier

Lock-in amplifiers (Figs. 2.28 and 2.29) allow for different settings, making it
possible to tailor the detection unit to the measurement task. They also feature
an adjustable low-pass filter. The time constant of the low-pass filter is
proportional to 1/f�3dB, where 1/f�3dB is the �3-dB frequency of the filter and
determines the bandwidth of the filter.

Figure 2.28 Compact lock-in amplifier. (Courtesy of Femto, used with permission.)
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When choosing the correct bandwidth, the following trade-off has to be
considered: A narrow bandwidth corresponds to a measurement with less noise
but has the disadvantage of resulting in a slower measurement. A wider band-
width implies a faster measurement but leads to more noise. In other words, there
is a trade-off between the speed of a measurement and the tolerable low-
frequency noise level.

Looking at Eq. (2.9), one would choose the time constant in such a way
that the contribution of the term at the double frequency is just suppressed. It
must be kept in mind that a low-pass filter has a more complex transfer
function than implicitly assumed in the derivation, and care has to be taken
that the bandwidth is sufficiently narrow. This is to avoid “leaking” of the 2f
component into the output signal, which can lead to a measurement error.

Many lock-in amplifiers also allow one to choose the order of the filter,
which determines the filter shape. Higher filter orders come closer to the
rectangular shape of an idealized low-pass filter. Such a filter can therefore
block more efficiently. On the other hand, the filter takes more time to settle,
causing a phase delay. This is a disadvantage if higher speed requirements are
to be met.

Equation (2.10) implies that the output voltage is at a maximum if the
phase difference is adjusted to zero. Usually, lock-in amplifiers are calibrated
in such a way that this maximum output voltage equals the root-mean-
square (RMS) value of the desired signal. Equation (2.10) was obtained
assuming a sinusoidal reference. In Fig. 2.18, the corresponding relationship
is depicted for nonsinusoidal references. Looking at the graph lines, one
arrives at the same conclusion, namely, that the output voltage can be
maximized by adjusting the phase difference to zero. In addition to a phase
shifter that can be adjusted manually, many lock-in units have an auto-phase
button.

Generally speaking, if an interfering signal with a frequency fi has to be
rejected, it is advisable to arrange for a reference frequency that is incommen-
surate with fi.

Figure 2.29 Lock-in amplifier. (Courtesy of Stanford Research Systems, used with
permission.)
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2.7 External Noise Sources

1/f noise and white noise stem from intrinsic noise sources. In addition to
intrinsic noise sources, there might be external noise sources that can
deteriorate an experiment and lead to measurement errors.

Capacitive coupling is one way that a noise source can unintendedly be
coupled into the signal path. Capacitive coupling can occur if an AC voltage
from another device is coupled to a detector via a stray capacitance. This can
cause problems, especially if this noise is at the reference frequency.
Countermeasures include measuring with low impedance and/or using
capacitive shielding.

Another way in which noise might be coupled into the signal path is by
inductive coupling. An AC current in another machine or instrument can
couple to the loop that forms the connection of the detector to the experiment
via a magnetic field. One countermeasure for this is magnetic shielding.
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Chapter 3

Optical Spectroscopy

Optical spectroscopy is a classical tool of scientific inquiry, and much effort
has been devoted to the design of spectroscopic instruments.1–3 Lock-in
amplifiers play a prominent role when low-level signals need to be precisely
detected.

3.1 Absorption Spectroscopy

Absorption can be described by the Beer–Lambert law. The intensity I of a
light beam that passed through an absorbing specimen is

I ¼ I0e�ad , (3.1)

where I0 is the intensity of the incident radiation, a is the absorption
coefficient, which is a function of the wavelength of the incident light, and d is
the thickness of the sample. The transmittance T of a solution is the fraction
of incident light that is transmitted by a transparent specimen:

T ¼ I
I0

: (3.2)

The absorbance A is defined as the negative decadic logarithm of this
ratio, i.e.,

A ¼ �log10 T : (3.3)

Details on the experimental practice of absorption spectroscopy can be found
in, e.g., the book Standards and Best Practice in Absorption Spectrometry.4

The absorption coefficient (or the absorbance) of a substance depends on
the wavelength of the radiation that is used to probe the sample. A key
component of an absorption spectrometer, which records spectra, is a
dispersive element. This can be, e.g., a prism5 or a grating.6,7 Optical gratings
used for spectroscopy can be ruled or holographic.
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Figure 3.1 shows a symmetric prism, and Fig. 3.2 shows a Littrow prism,
which can be derived from a symmetric prism. A Littrow prism reflects a light
beam back onto itself.

Figure 3.3 depicts a Czerny–Turner arrangement that features a grating in
transmission. Figure 3.4 depicts a Czerny–Turner configuration for an optical
grating used in reflection. Both configurations are related by a symmetry
operation. The geometry of Fig. 3.3 can be obtained from the geometry of
Fig. 3.2 by using the plane of the grating (which is used in transmission) as the

Figure 3.1 Symmetric prism as a dispersive element.

Figure 3.2 Littrow prism as a dispersive element.
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reflection plane: If the lower part of the Czerny–Turner arrangement in
Fig. 3.3 is reflected with respect to that plane, Fig. 3.4 is obtained.

3.1.1 Single-beam spectrometers

A wide variety of experimental setups and instrument configurations has been
devised to measure absorption. A simple experimental arrangement consists of

Figure 3.3 Czerny–Turner arrangement with a grating used in transmission.

Figure 3.4 Czerny–Turner arrangement with a grating used in reflection.
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a light source, a dispersive element, and a detector. The sample and reference
sample are introduced between the dispersive element and the detector, and are
measured in two consecutive steps [Figs. 3.5(a) and (b)]. In a third step, both
measurement values are divided to obtain the ratio of the light intensities.

Frequently, the light source used for spectroscopic experiments emits light
in a continuous way. If lock-in detection is to be applied, the light has to be
modulated. A device used for this purpose is a rotating sector blade (Fig. 3.6).
This device, often called a chopper, interrupts the light beam in a controlled
and periodic manner.

Again, two consecutive steps are necessary to measure the specimen (the
substance under test in solution, for example) and the reference specimen
(the pure solution) [Figs. 3.7(a) and (b)]. The advantages of this approach are

Figure 3.5 Experimental setup for absorption measurement in two steps. The setup
consists of a light source, a dispersive element, a sample that is probed in transmission, and
an optical detector, which generates an electronic signal.

Figure 3.6 Rotating sector blade (chopper).
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improvement of the signal-to-noise ratio and suppression of a zero-point drift.
Furthermore, the influence of DC stray light is eliminated.

An alternative way to introduce modulation into the experiment involves
modulating the light source. To obtain the ratio of the light intensities, two
consecutive measurements have to be performed [Figs. 3.8(a) and (b)]. This
experimental arrangement has the advantage that no moving mechanical
parts are needed for modulation.

3.1.2 Two-beam spectrometers

To address the problem of temporal intensity variations of the light source,
two-beam spectrometers can be used. These spectrometers provide compen-
sation for the intensity variations. Figure 3.9 shows a setup that uses a
beamsplitter to divide the incoming light beam into two separate beams.
Beam A passes through the optical path in which the sample can be placed,
and beam B propagates through another optical path that serves as an optical
reference.

To obtain a modulated signal that makes lock-in detection possible, it
is convenient to introduce a rotating sector blade into the light path.
Figures 3.10 and 3.11 show two possible locations for placement of the blade
in the setup.

Figure 3.7 Setup for absorption measurement using a chopper (rotating sector blade) and
a lock-in amplifier.
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Figure 3.9 Setup for a two-beam spectrometer.

Figure 3.8 Setup for absorption measurement using electronic modulation of the light
source and a lock-in amplifier.

Figure 3.10 Setup for a two-beam spectrometer with chopper and two lock-in amplifiers.

42 Chapter 3

Downloaded From: https://www.spiedigitallibrary.org/ebooks/ on 14 Feb 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Figure 3.12 shows a related experimental setup that features modulation
in only one arm of the spectrometer. The intensity of the light beam in the
reference path is kept continuous and is not interrupted. A neutral-density
filter (NDF) is placed in the reference path.

An optical configuration that is analogous to that in Fig. 3.10 but uses
electronic modulation of the light source is shown in Fig. 3.13. An electronic
signal provided by the modulation unit serves as a reference signal for the
lock-in amplifier.

The two-beam spectrometers discussed so far are equipped with two
different detectors, one in the measurement arm and the other in the reference
arm. This can give rise to differing variations in detector sensitivities. To avoid
this problem, it can be advantageous to re-combine the light beams that
passed through the sample and through the reference sample and guide them
to a single detector (Fig. 3.14). The rotating sector blade that modulates the
light intensity is positioned after the beamsplitter.

In the experimental arrangement shown in Fig. 3.14, the beamsplitter that
precedes the chopper causes the light flux to be divided into two equal parts.

Figure 3.11 Setup for a two-beam spectrometer with modulation of both paths and two
lock-in amplifiers.

Figure 3.12 Setup for a two-beam spectrometer setup with a neutral-density filter.
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To improve the throughput of the spectrometer, it is advantageous to use a
device that combines the functions of a beamsplitter and a rotating sector
blade. The rotating sectioned mirror shown in Fig. 3.15 distributes the light
flux to both arms of the instruments in an alternating sequence. In one
position, the full flux passes through the measurement arm of the instrument;
in the other position, the (almost) complete light flux is reflected into the

Figure 3.13 Setup for a two-beam spectrometer with electronic modulation.

Figure 3.14 Setup for a two-beam spectrometer with a chopper.

Figure 3.15 Setup for a two-beam spectrometer with a rotating sectioned mirror.

44 Chapter 3

Downloaded From: https://www.spiedigitallibrary.org/ebooks/ on 14 Feb 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



reference arm of the instrument. In this way, the (almost) full light flux is
alternatingly available for the measurement light path and for the reference
light path.

Figures 3.16 and 3.17 show rotating sector blades that have a twofold
division, namely, into sectors (type A) and into an inner and an outer region
(type B), respectively. In Fig. 3.18, the type-A chopper of Fig. 3.16 is
introduced into the light path as shown. The purpose of adding the chopper is
that the measurement light path can now be modulated with a chopping
frequency f, while the modulation frequency of the reference light path is 2f.

Figure 3.16 Structured rotating sector blades: type A.

Figure 3.17 Structured rotating sector blades: type B.
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Other frequency ratios are of course possible, depending on the experiment
and on the available equipment.

To realize modulation at two different frequencies, it is also possible to install
two different rotating sector blades. One, operating at f, for example, interrupts
the measurement light path, and the other, operating at 2f, for example,
interrupts the reference arm in a periodic manner. The motors of both sector
blades are controlled by the same electronic unit (so that the phase is locked).

Looking back, we can make the following distinction: The two-beam
spectrometers sketched in Figs. 3.14 and 3.15 separate the two beams
electronically by making use of information on their relative phase. The
spectrometric configuration presented in Fig. 3.18, on the other hand, exploits
information on the different modulation frequencies to discriminate the two
optical paths.

Mechanical modulation is not adequate if fast phenomena, such as fast
chemical reactions, for example, have to be monitored. In this case, electronic
modulation is a necessity.

3.1.3 Frequency modulation

As an alternative to modulating the intensity, it is sometimes also possible to
modulate the frequency8 of the light that probes the sample. Here we discuss
an application in which a tunable laser is controlled by a frequency modulator
(Fig. 3.19). The frequency modulator provides the reference for the lock-in
amplifier.

Figure 3.18 Setup for a two-beam spectrometer with modulation at f and 2f.

Figure 3.19 Setup for laser frequency modulation.
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The laser frequency vL is modulated at vb with a modulation amplitude a:

vL ¼ vb þ a cosVt: (3.4)

Let us designate the transmitted laser intensity using the notation IT (vL) and
assume that it can be expanded as a Taylor series at vb:

TITðvL,vbÞ ¼
X̀
k¼0

1
k!

I ðkÞT ðvLÞðvL � vbÞk: (3.5)

Combining Eqs. (3.4) and (3.5) gives

TITðvLÞ ¼
X̀
k¼0

1
k!

I ðkÞT ðvbÞða cosVtÞk: (3.6)

At this point, it is helpful to observe that Eqs. (3.4) and (3.6) are
analogous to Eqs. (2.81) and (2.82) of Chapter 2:

x ¼ pðtÞ þ a cosvt, Tf ðx,x0Þ ¼
X̀
k¼0

f ðkÞðx0Þ
k!

ða cosvtÞk:

In a sense, the equations from the two chapters are wearing the same
mathematical “dress,” but their physical content is different. This observation
allows us to take a result from Chapter 2, namely Eq. (2.86), and to apply it to
frequency modulation. In Eq. (2.86), we make the following substitutions:

x←vL,

pðtÞ ¼ x0 ← vb,

v←V,

f ðxÞ← ITðvLÞ,

and obtain the typical product term of the following form:

þ cos kVt · ½: : : · ak · I ðkÞT ðvLÞ þ : : : � with k ¼ 1, 2, 3,: : : ,

which expresses that the kth derivative of the transmitted laser frequency can
be measured with a lock-in amplifier tuned to kV. Assuming that this is the
dominant term, it is implied that the following equations hold for detection at
the modulation frequency and higher harmonics:
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ITðVÞ ¼ cosVt · ½a · I ð1ÞT ðvLÞ� for detection at f , (3.7)

ITð2VÞ ¼ cos 2Vt ·
�
1
4
a2 · I ð2ÞT ðvLÞ

�
for detection at 2f , (3.8)

ITð3VÞ ¼ cos 3Vt ·
�
1
24

a3 · I ð3ÞT ðvLÞ
�

for detection at 3f : (3.9)

To relate these equations to the absorption coefficient, we start with the
absorption law:

IT ¼ I0e�ad , (3.10)

where d is the absorption length. Under the assumption that da ≪ 1 holds, IT
can be approximated as

IT � I0½1� aðvLÞd�: (3.11)

This implies for the kth derivative of the intensity that

I ðkÞT ¼ �I0daðkÞðvLÞ (3.12)

holds approximately for k ¼ 1, 2, 3. Introducing this into Eqs. (3.7)–(3.9), we
find that

ITðVÞ ¼ �I0d cosVt · ½a · að1ÞðvLÞ� for detection at f , (3.13)

ITð2VÞ ¼ �I0d cos 2Vt ·
�
1
4
a2 · að2ÞðvLÞ

�
for detection at 2f , (3.14)

ITð3VÞ ¼ �I0d cos 3Vt ·
�
1
24

a3 · að3ÞðvLÞ
�

for detection at 3f , (3.15)

where aðkÞðvLÞ is the kth derivative of the absorption curve with respect to the
laser frequency vL. Equations (3.13)–(3.15) are the output of a lock-in
amplifier tuned to V, 2V, and 3V, respectively. An absorption curve with a
Lorentzian shape is a typical line profile that is scanned with frequency
modulation.

The literature8 states that frequency modulation techniques are superior to
intensity modulation techniques with respect to both the signal-to-noise ratio
and the sensitivity that can be achieved. Further information on frequency
modulation may be found in the contributions by Bjorklund9 and Silver.10
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3.2 Fluorescence Measurements

3.2.1 Fluorescence spectroscopy

Fluorescence is the re-emission of absorbed light with a luminescence that
ceases almost immediately when the light source is shut off. The correspond-
ing time is smaller than 10�6 sec.11 Fluorescence occurs in gaseous, liquid, and
solid substances. Precise measurements of fluorescence have significance in
many branches of science as well as in medicine.12,13 Some chemical
substances that feature fluorescence are benzene,11 fluorescein, anthracene,
coumarin, and rhodamine dyes (Figs. 3.20–3.22).

Figure 3.20 Anthracene.

Figure 3.21 Coumarin.

Figure 3.22 Rhodamine.
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A typical property of the instrument configurations used for fluorescence
detection is 90-deg geometry. Figure 3.23 shows an experimental setup that uses
a rotating sector blade to periodically interrupt the light path. A representation
of the corresponding configuration that features electronic modulation of the
light source is given in Fig. 3.24. Alternatively, an electro-optic modulator
(EOM) can be placed between the light source and the specimen under test.
Such an experimental arrangement is shown in Fig. 3.25.

Figure 3.23 Setup for fluorescence measurement using mechanical modulation.

Figure 3.24 Setup for fluorescence measurement using electronic modulation.

Figure 3.25 Setup for fluorescence measurement equipped with an electro-optical
modulator.
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3.2.2 Fluorescence lifetime imaging

Lock-in amplifiers are also used for fluorescence lifetime imaging.14,15 The
technique is based on the following phenomenon: The fluorescent light of a
fluorophore excited by sinusoidally modulated light is delayed by a certain
phase angle compared with the excitation light. The corresponding instrument
configurations do not necessarily feature a dispersive element to select the
excitation wavelength. A study on pH imaging of microscopic samples15 uses
an argon-ion laser that emits light at a wavelength of 488 nm. In order to be
able to apply lock-in detection, the laser beam intensity is modulated with an
EOM. This light beam is then directed to the sample under investigation
(Fig. 3.26). A scanner unit is employed to target the light beam at different
spots on the specimen. Between this scanning unit and the sample, the light
passes through the lenses of a confocal microscope. The light emitted by
fluorescence is guided into the optical detection path. An electronic signal
generated by the control unit of the EOM serves as a reference for the lock-in
amplifier.

In an earlier contribution,14 Carlsson and Liljeborg describe how an
experimental setup comprising a krypton-ion laser emitting at 568 nm as well
as an argon-ion laser emitting at 488 nm can be realized. This experimental
configuration can be used to simultaneously image lifetimes of different
fluorophores (Fig. 3.27).

3.3 Phosphorescence Spectroscopy

Phosphorescence is another form of photoluminescence that is distinguished
from fluorescence by the fact that the absorbed radiation is not immediately

Figure 3.26 Setup for fluorescence measurement equipped with an EOM and a
photomultiplier tube (PMT).
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re-emitted in the former. The afterglow of phosphorescent materials can last
for part of a second up to several hours. Substances featuring this property, or
constituents of these substances, are designated as luminophores because they
seem to store light.

In a nutshell, one might say that a luminescent material glows in the dark,
while a fluorescent material does not emit light when the light source is
switched off. Substances that show the phenomenon of phosphorescence are,
e.g., zinc sulfide and strontium aluminate.

An instrumental configuration for the measurement of phosphorescence is
depicted in Fig. 3.28. A special device often found in phosphorescence
spectrometers is the mechanism of two rotating blades having a characteristic
geometry (Figs. 3.29 and 3.30). The blades are positioned with respect to each
other such that the excitation light is blocked from the specimen when light
emitted from it falls onto the detector.

3.4 Outlook: Advanced Laser Spectroscopy

Many of the experimental configurations presented in this chapter can be
viewed as laser experiments by interpreting the light source, which is depicted
schematically in the drawings as a laser. Laser spectroscopy16 is a growing
field of modern science. Lock-in amplifiers have many applications in
sophisticated instruments for laser spectroscopy.8 Advanced techniques of
spectroscopic research are built on these scientific instruments.

Saturation spectroscopy is such an advanced technique. A probe beam
and a saturating beam, both of which are taken from a tunable laser, are

Figure 3.27 Setup for fluorescence measurement using two lasers at different
wavelengths.
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superimposed inside a specimen. The saturating beam is modulated by
a chopper, and the probe beam is recorded using a lock-in amplifier.17

A theoretical account of this technique can be found in the book by Meystre
and Sargent.18

Figure 3.29 Two sector blades on an axis.

Figure 3.30 Single sector blade.

Figure 3.28 Setup for phosphorescence measurement using two rotating sector blades on
an axis.

53Optical Spectroscopy

Downloaded From: https://www.spiedigitallibrary.org/ebooks/ on 14 Feb 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



To observe Doppler-free, laser-induced dichroism and birefringence,19

a pump beam generated by a dye laser is modulated by making use of
a chopper. The probe beam, which stems from the same source of light, is
passed through the same neon discharge cell as the pump beam and is then
divided into two different states of polarization by a Wollaston prism.
The corresponding signals are monitored by two lock-in amplifiers.

In one of the experimental arrangements of optical–optical double
resonance spectroscopy, a dye laser provides the pump beam, which is
periodically interrupted by a chopper. Another dye laser delivers the probe
beam, which also interacts with a laser beam generated from an argon sodium
laser. This interaction is observed using an ion detector, the output of which
is the input signal to a lock-in amplifier.

These advanced techniques are mentioned here in the way of a future
outlook. It is beyond the scope of this introductory text to treat them in detail.
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Chapter 4

Optical Interferometry

Interferometers are valuable instruments of measurement technology, and a
wide variety of different interferometric configurations is used in science and
industry.

Traditionally, interferometers are divided into those featuring amplitude
division and those based on wavefront division. In this chapter, only
amplitude-division interferometers are discussed.

Amplitude-division interferometers are again subdivided into two-beam
interferometers and multiple-beam interferometers. Michelson interferom-
eters, Kösters interferometers, Mach–Zehnder interferometers, Jamin inter-
ferometers, and many others are examples of two-beam interferometers.
Fabry–Pérot interferometers, for example, belong in the multiple-beam
category.

In the first group, we can make a further distinction in interferometric
arrangements: those in which the device for dividing and re-combining the
amplitude is the same, namely, Michelson and Kösters interferometers, and
those that have separate optical means to separate and re-combine the
amplitude, i.e., Mach–Zehnder and Jamin interferometers.

A broad branch of optical interferometry is devoted to examining and
assessing the shape of surfaces by processing interferometric patterns.1

Another branch, which might be designated as modulation interferometry,
involves monitoring periodic phenomena (such as vibrations) and retrieving
information on small amplitudes from modulated fringes. It is the latter
branch of optical interferometry that we turn to in this chapter.

The technical literature contains a wealth of interferometric instruments
that feature one or more lock-in amplification systems in their detection units.
Sometimes the lock-in detection units help to improve the performance of an
existing system, but in many cases, lock-in amplification is the very technique
that makes possible the recovery of small or weak signals from noise.

We start with the basic equations that are useful to describe interference
patterns. The phenomenon is characterized by the appearance of an
additional interference term in the intensity equation. When two waves with
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an identical frequency are superimposed, the intensity is proportional to the
modulus of the (time-averaged) square of the sums of the corresponding
electric fields:

I ¼ jE1 þ E2j2: (4.1)

This leads to an equation that features two quadratic expressions and an
additional interference term:

I ¼ A2
1 þ A2

2 þ 2A1A2 cosðf1 � f2Þ: (4.2)

The maxima (minima) of intensity in the interference pattern are called
fringes.

The quadratic expressions can be identified with the intensities of the
corresponding waves:

I ¼ I1 þ I2 þ 2
ffiffiffiffiffiffiffiffiffi
I1I2

p
cosðf1 � f2Þ: (4.3)

The intensities sum to the mean intensity I0 ¼ I1 þ I2, which corresponds to
the intensity in the case where no interference term appears. Equations (4.1)
and (4.2) describe a striking feature of optical interference: Dark lines appear
on an illuminated surface when two light waves are superimposed. To
characterize observed fringes, it is useful to introduce a quantity called
contrast or modulation:

g ¼ 2
ffiffiffiffiffiffiffiffiffi
I1I2

p
I1 þ I2

: (4.4)

Making reference to maximum and minimum intensities, Eq. (4.4) can be
rewritten as

g ¼ Imax � Imin

Imax þ Imin
∈ ½0,1�: (4.5)

The modulation parameter can take values between 0 and 1, giving an
alternative form of the interferometer equation in terms of mean intensity and
contrast:

I ¼ I0 þ g cos d: (4.6)

In modulation interferometry, the optical path length difference of one
arm is modulated in a periodic manner:

d ¼ fd þ x sinvt: (4.7)

A combination of the formula that describes the interference intensity
[Eq. (4.6) and an argument that represents modulation [Eq. (4.7)] leads to a
relatively complicated nested function:
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I ¼ I0 þ g cosðfd þ x sinvtÞ: (4.8)

Bessel functions are useful mathematical tools for dealing with expressions
of nested trigonometric functions. One way to represent/introduce Bessel
functions of the first kind is as Fourier expansions of trigonometric functions:

cosðx sin sÞ ¼ J0ðxÞ þ 2
X̀
k¼1

J2kðxÞ cosð2ksÞ, (4.9)

sinðx sin sÞ ¼ 2
X̀
k¼1

J2kþ1ðxÞ sin½ð2k � 1Þs�, (4.10)

where Jk indicates the Bessel function of the order k.
To proceed, a generalization of Eq. (4.9) is used:2

cosðfd þ x sin sÞ ¼ cosfd

�
J0ðxÞ þ 2

X̀
k¼1

J2kðxÞ cosð2kvtÞ
�

� sinfd

�
2
X̀
k¼1

J2kþ1ðxÞ sin½ð2k þ 1Þvt�
�
: (4.11)

After low-pass filtering, it is the contribution at 1f that is detected:

I1f ¼ �2g sinfdJ1ðxÞ: (4.12)

Assuming that the trigonometric function can be approximated as
sinfd ≅ fd , we have

I1f ≅ �2gfdJ1ðxÞ: (4.13)

To express the Bessel function term, we make reference to another approxi-
mation used,3 namely,

J1ðxÞ ≅
x
2
: (4.14)

This leads to the following equation for the intensity:

I1f ≅ �gfdx: (4.15)

This linearized equation [or Eq. (4.11)] is often used in optical inter-
ferometry3 with lock-in detection. It links the measured intensity with the
modulation parameter, the phase of the static optical path length difference,
and the amplitude of the modulated part of the path length difference.

To apply techniques based on the use of lock-in amplifiers, it is necessary
to generate a modulated measurement signal as well as a modulated reference
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signal. There are at least two ways to realize this: (1) by periodically changing
the transmission/phase in one arm of the interferometer, or (2) by periodically
moving a mirror in one arm of the interferometer. We will consider these two
methods in detail.

The derivation of the intensity equation is based on wave optics. However,
a majority of this chapter deals with geometrical optics; i.e, a variety of optical
interferometers are presented with emphasis on their geometrical realization.
The purpose of this is twofold: On one hand, an overview of the many
interferometric configurations that use lock-in amplifiers is given. Herein,
emphasis is placed on generic geometries in order to provide access to the
technical literature that presents and discusses many other and more-complex
systems. On the other hand, this overview might indicate to an engineer
and/or experimenter which toolbox would be useful for devising instruments
for different applications. It will become clear that the combination of an
optical interferometer and a lock-in detection system provides a unique
versatility that allows one to adapt the geometry to different boundary
conditions and measurement tasks. The overview might help readers choose
the configuration that is most suitable for the measurement tasks at hand.

The availability of optical lasers as light sources has enabled the design
and realization of interferometric instruments with lock-in detection of
unprecedented precision and stability. Lock-in measurement units are often
used to assess and measure the performance of actuators. Therefore, sensor
configurations that allow one to probe the dynamic behavior of an actuator
will be discussed. For applications in industry, these sensors can be
implemented as compact measurement heads. They can perform long-term
process monitoring and are suitable for integration into an automated quality
control.

4.1 Michelson Interferometer

The Michelson interferometer is probably one of the most versatile interfero-
meter configurations. A classical configuration of a Michelson interferometer is
shown in Fig. 4.1.4 It features a compensator plate to balance the optical path
length difference in both arms of the interferometer. A more symmetric
arrangement is depicted in Fig. 4.2, where a key component is the beamsplitter
cube that divides the beams and also serves as beam combiner.

These configurations can be modified by replacing the plane mirrors with
alternative optical components. In Figs. 4.3 and 4.4, roof prisms are depicted,
but the use of corner-cube reflectors is also possible and probably more
common.

The Michelson interferometer is a standard configuration used in Fourier
spectroscopy.5 Figure 4.5 shows a setup6 implemented to measure small
mechanical vibrations making use of a Michelson interferometer. To control
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the optical path length difference of the reference arm, an additional actuator
can be introduced into that arm of the interferometer (Fig 4.6). This
additional piezoelectric transducer can be, e.g., a BaTiO3 crystal with a mirror
mounted on it.6

Figure 4.1 Setup for a Michelson interferometer.

Figure 4.2 Setup for a Michelson interferometer with a symmetric beamsplitter.
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A Michelson interferometer can be improved with polarizing optical
components, an example7 of which is given in Fig. 4.7. The beam of a linearly
polarized laser is oriented 45 deg to the vertical. The polarization of the light

Figure 4.3 Setup for an interferometer with retroreflectors.

Figure 4.4 Alternative setup for an interferometer with retroreflectors.
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waves might be decomposed in directions parallel (Fig. 4.8) and perpendicular
(Fig. 4.9) to the paper plane. The operating principle of the interferometer can
be illustrated by considering the two orthogonal systems of polarization

Figure 4.5 Setup for a lock-in technique to detect small voltage-induced vibrations. The
voltage from the amplifier is connected to the electrodes on the vibrating sample.

Figure 4.6 Setup for an interferometer with an additional piezoelectric transducer in the
reference arm.

63Optical Interferometry

Downloaded From: https://www.spiedigitallibrary.org/ebooks/ on 14 Feb 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Figure 4.7 Setup for a Michelson interferometer with a polarizing optical readout.

Figure 4.8 Setup in which the polarization direction is perpendicular to the slow axis of the
l/8 plate: No phase difference is induced between the signal and the reference, which are
combined on detector A.
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separately. The slow axis of the l/8 plate is aligned with one direction. The
waves polarized perpendicular to this direction create an interference pattern
on detector A, while the waves polarized parallel to this direction give rise to
fringes at detector B. In this way, the experimenter can observe the output of
the interferometer twice, i.e., with two detectors simultaneously. It is a salient
feature of this opto-electronic instrument that both outputs are in phase
quadrature. This provides the advantage that squaring and summing of the
signals can be used to stabilize the interferometer at the operating point where
it is most sensitive.

An advanced application of lock-in amplifiers can be found in interfero-
metric gravitational wave detectors. Using a lock-in technique, it is possible to
stabilize a suspended Michelson interferometer and use it to measure very
small or weak signals.8

4.2 Kösters Interferometer

The key component of the Kösters interferometer9,10 is the prism that bears the
same name. The angle enclosed by the two opposite flat sides of the Kösters
prism is 60 deg.11 The prism beamsplitter is symmetric with respect to the hori-
zontal plane, i.e., the plane where beamspitting occurs (Fig. 4.10). This com-
ponent allows for a compact design of the interferometer. The measurement

Figure 4.9 Setup in which the polarization direction is parallel to the slow axis of the l/8
plate: A phase difference of p/2 is induced between the signal and the reference, which are
combined on detector B.
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and reference arms of the interferometer are parallel to each other, and the
specimen and the reference specimen can be positioned close to one another.

A useful measurement application uses an interferometer based on a
Kösters prism as an autocollimator.12 In another type of optical interferometer13

that uses a Kösters prism and a Porro prism instead of two plane mirrors, the
light beam does not enter perpendicularly through the entrance surface of the
Kösters prism but rather at an angle that differs by 90 deg. This configuration
implies that the light beams in the interferometer arms are convergent and no
longer parallel to each other. This type of interferometer is used to measure the
deviation of a target device from a plane.

Figure 4.11 shows a symmetric experimental arrangement with two
Kösters prisms. This configuration shows some similarity to that of a Mach–
Zehnder interferometer.

Some interesting alternative geometries are in use that might be under-
stood as modifications of the Kösters interferometer. The first geometry4 can
be derived by “splitting” the Kösters prism along its plane of symmetry and
shifting the lower part in the direction of the optical axis. Figure 4.12 shows

Figure 4.10 Setup for an interferometer with a Kösters prism as a beamsplitter.

Figure 4.11 A symmetric interferometer geometry with two Kösters prisms.
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the result of this operation. This geometry is now made “symmetric” with
respect to a vertical plane that is perpendicular to the optic axis. In this way, a
new component is derived (Fig. 4.13). An optical interferometer based on this
component provides measurement and reference arms that point in opposite
directions (Fig. 4.14).

The second geometry, which is shown in Fig. 4.15, has the property of
providing inline input (and inline output). In comparison with the oblique
geometry of the standard Kösters prism, this can be advantageous in some
experimental situations. As in the case of the Michelson interferometer, the

Figure 4.12 Geometry after splitting the Kösters prism.

Figure 4.13 Geometry making the arrangement symmetric.

Figure 4.14 Interferometer geometry with measurement and reference arms pointing in
opposite directions.
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Kösters interferometer can be employed in modulation interferometry in
several ways. If a vibrating mirror is introduced into the measurement arm of
the device, small vibrations can be detected using a lock-in technique
(Fig. 4.16). Another possibility is to operate a transparent modulating device
in transmission in one arm of the interferometer.

4.3 Mach–Zehnder Interferometer

The geometry of the Mach–Zehnder interferometer provides a high degree of
flexibility in the arrangement of instruments for measuring samples with
varying sizes. This interferometer can host relatively large specimens.
Figure 4.17 presents a standard configuration that consists of a beamsplitter,
two mirrors, and a beam combiner.

Figure 4.18 shows an interesting modification of the Mach–Zehnder
interferometer that was proposed by Hariharan.14 It uses two pentaprisms in
place of mirrors. Due to the different beam-pointing behavior of pentaprisms,
the manual alignment of such an interferometer is a little different from that
of an interferometer with plane mirrors and demands some practice.

Figure 4.15 Interferometer geometry with inline input.

Figure 4.16 Setup of a Kösters interferometer and lock-in detection.
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Using a symmetry argument, we can establish a relation between the
Mach–Zehnder interferometer and the Michelson interferometer, which was
considered in Section 4.1. This relation is illustrated in Figs. 4.19 and 4.20.

Many applications of interferometers are based on the Mach–Zehnder
configuration. In a polarization optical study, a liquid crystal spatial light
modulator that is to be characterized can be introduced into the measurement
arm of the interferometer.15 An EOM is used to provide a time-varying shift
between the electric field components of both arms, and a lock-in amplifier is
employed to observe the phase delay.

Figure 4.17 Setup of a Mach–Zehnder interferometer.

Figure 4.18 Setup of a Mach–Zehnder interferometer with pentaprisms.

Figure 4.19 A symmetry plane divides the interferometer configuration in two parts.

Figure 4.20 A new interferometer geometry is obtained by placing mirrors at positions on
the symmetry plane.
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A less sophisticated example is shown in Fig. 4.21. A piezoelectric speci-
men is characterized by providing it with a mirror and introducing it into the
measurement arm. For samples that have to be investigated in transmission,
the Mach–Zehnder interferometer offers ample space to introduce a modulat-
ing device in one arm of the interferometer (Fig. 4.22).

4.4 Jamin Interferometer

The Jamin interferometer,16 which is named after the French scientist Jules
Célestin Jamin,17,18 comprises two plane-parallel transparent plates that serve
as a beamsplitter and a beam combiner. Figure 4.23 shows these plates in a
standard Jamin interferometry geometry. Figure 4.24 provides a closer look at
the output of the interferometer. In order to obtain an unambiguous signal,
some beams must be blocked before they reach the detector.

It could be considered a disadvantage for some applications that the
lateral size of the samples to be introduced in the measurement path is limited
by geometric conditions, as can be seen from Fig. 4.25. The separation of both
arms is given by

s ¼ d
sinð2aÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 � sin2 a

p , (4.16)

where the separation is a function of the refractive index, the angle a, and the
thickness d of a plate.

Figure 4.21 Setup of a Mach–Zehnder interferometer to measure piezoelectric samples.

Figure 4.22 Setup of a Mach–Zehnder interferometer to measure transparent samples.
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From the standard configuration of the Jamin interferometer (Fig. 4.23), a
folded Jamin interferometer can be derived19 by using a retroreflector. In
Fig. 4.26, a roof prism is introduced into the optical path as a retroreflector.
In this configuration, a single plane-parallel plate serves as both a beamsplitter
and a beam combiner.

Figure 4.23 Setup of a Jamin interferometer.

Figure 4.24 Setup of the beam combiner of a Jamin interferometer.
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Figure 4.27 shows a classical measurement setup for studying electro-
optical coefficients of transparent crystals. The crystal under study is
introduced into one arm of the interferometer. A periodic voltage is applied
to the crystal, and the modulated signal is measured using a lock-in amplifier.

4.5 Spherical Fabry–Pérot Interferometer

An experimental apparatus for measuring piezoelectric oscillations has been
suggested by Bruins and Garland.20 The apparatus is based on a spherical
Fabry–Pérot interferometer. The specimen under test is mechanically linked
to one mirror of the Fabry–Pérot cavity. In this way, small vibrations of the
piezoelectric sample cause small variations in the cavity length. These periodic
changes are then detected using a lock-in amplifier. The measurement head of
the interferometer can be placed in a temperature-controlled can.

Figure 4.25 Illustration defining the separation s of the two arms and the thickness d of the
plate.

Figure 4.26 Folded Jamin interferometer.
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4.6 Conclusion

This chapter provides an overview of the many technical configurations that
are possible when an optical interferometer and a lock-in detection unit are
combined to form a high-precision measurement system. Such a device can
measure optical or mechanical properties and can operate in transmission or
reflection mode. The geometry of the sensor can be adapted to the measure-
ment task, providing a high degree of versatility. Examples provided include a
90-deg configuration, sensors probing with parallel beams, common-path
interferometers, devices with measurement and reference arms pointing in
opposite directions, sensors with inline input, devices with rectangular
symmetry, as well as instruments with a folded configuration.
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Chapter 5

Crystal Research and
Technology

The interest in crystal effects from the point of view of lock-in amplifier
technology is twofold. On one hand, these effects are the subject of experi-
mental studies that use delicate instruments equipped with lock-in amplifiers
to detect small amplitudes. On the other hand, they form the basis of devices
that are used to modulate light (electro-optic modulators and photo-elastic
modulators, for example) or of solid state actuators that are used to
periodically move mirrors.

Magneto-optic, electromechanical, and electro-optic crystal effects are
introduced on a phenomenological basis. Quite often these effects are so
small that the use of lock-in detection is mandatory to measure them. In
many cases, the optical part of the measurement instrument is an
interferometer.

5.1 Magneto-Optic Effects

Magneto-optic (MO) effects1 are changes of optical material properties
caused by a magnetic field. These effects can be described by introducing a
dielectric constant that depends on magnetization. Because the induced
anisotropy is a salient feature, it is helpful to start with the dielectric tensor
and extend it by terms that depend on magnetization. The equation for the
dielectric tensor is

D ¼ εE, (5.1)

where D is the dielectric displacement vector, ε is the dielectric tensor in the
presence of a magnetic field, and E is the vector of the applied electric field. In
the presence of a magnetic field, D can be denoted as
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where εU is the dielectric constant, the coefficients Q and Rk are material
constants, and i is the unit of the imaginary axis in the complex plane. The
magnetization vector m is chosen as a unit vector:

m2
1 þm2

2 þm2
3 ¼ 1: (5.3)

The first term on the right-hand side of Eq. (5.2) corresponds to the
dielectric tensor of an isotropic material in the absence of a magnetic field.
The next term describes linear magneto-optic effects. This extension of the
dielectric tensor has the form of a skew-symmetric matrix. The last term
represents quadratic magneto-optic effects (the Voigt effect2 or Cotton–
Mouton effect3,4) and takes the form of a symmetric matrix. One material
constant R1 in this tensor relates to the diagonal entries, and the other
material constant R2 relates to the off-diagonal elements of the tensor. The
tensor that describes the quadratic magneto-optic effects of an isotropic
material can be decomposed into a diagonal part and a part that is also
symmetric and has trace zero:
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We now take a closer look at the linear magneto-optic effects.
A fundamental distinction between types of linear effects is that the Faraday
effect is observed in transmission, while the magneto-optic Kerr effect is
measured in reflection. However, both of these linear effects can be described
as magnetic circular birefringence.
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5.1.1 Faraday effect

The Faraday effect5 makes up part of the initial evidence of a physical link
between light and magnetism. Nowadays, electromagnetic theory forms one
of the pillars of classical physics, but at the time of its discovery, this link was
by no means obvious.

One method to measure the Faraday effect is by letting a light beam pass
through a Faraday cell. This is a device that consists of a specimen of a
transparent, dielectric medium that is exposed to a strong magnetic field. The
effect is based on circular birefringence, in which left and circularly polarized
waves propagate at slightly different speeds through the transparent sample.
This has the following consequence: After passing through the Faraday cell,
the polarization plane of a linearly polarized wave is rotated by an angle b
(Fig. 5.1). The angle of rotation b of the plane depends on the geometric path
length d and the magnetic flux density B (the magnitude of the magnetic field):

b ¼ V · d · B, (5.5)

where the intervening material constant V is called the Verdet constant.
An important feature of the Faraday effect is that the rotation takes twice

its value if the device is passed two times, first in one direction and then in the
opposite direction. This is in contrast to passing through an optically active
substance. In an optically active substance, the rotation is compensated after
the second pass in the opposite direction. This different phenomenology of the
Faraday effect is the reason that it can be used in so-called optical isolators.

To measure the effect using a lock-in technique, the magnetic field is
modulated periodically. It is convenient to use a linearly polarized laser as a
light source to define the plane of polarization, and to place a polarizer into
the optical path before the detector (Fig. 5.2). Using the modulation signal
that controls the magnetic field as a reference signal as well, the changes in
light intensity can now be recorded with the lock-in unit.

5.1.2 Magneto-optic Kerr effect

The magneto-optic Kerr effect6,7 is observed experimentally by measuring the
light reflected from a sample. Due to the pronounced anisotropy, the magneto-
optic Kerr effect (MOKE) is measured in three different experimental

Figure 5.1 The plane of polarization of linearly polarized light is rotated after passing
through a Faraday cell.
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configurations. In the longitudinal configuration, the plane in which the
incident and reflected beams propagate is parallel to the vector of magnetiza-
tion (Fig. 5.3). In the transversal configuration, the vector of magnetization is
perpendicular to the plane in which the incident and reflected light beams
propagate (Fig. 5.4). The geometry in which to observe the polar MOKE is
depicted in Fig. 5.5.

In a typical MOKE setup (Fig. 5.6), a light beam is modulated using a
photo-elastic modulator (PEM) and directed toward a specimen. After
passing through a polarizer, the beam impinges on the sample. From the
surface of the specimen it is then reflected in the direction of the detector in
front of which an analyzer has been placed. The phenomenon is interesting

Figure 5.2 Faraday cell in a magnetic field used to modulate the intensity of a laser.

Figure 5.3 Longitudinal configuration.
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from a technological point of view because, e.g., the magneto-optic Kerr effect
is exploited in magneto-optic systems for data storage.8,9

5.2 Electromechanical Cross-Effects

A dielectric sample becomes strained when exposed to an electric field.
In most materials, these strains are so small that lock-in techniques have to

Figure 5.5 Polar configuration.

Figure 5.4 Transversal configuration.
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be applied to observe them. All dielectrics show electrostriction, an effect that
is quadratic in the applied electric field. In some materials, the linear effect
can also be observed; this is the piezoelectric effect. (Note that some authors
use electrostriction as a term that comprises piezoelectricity as well as
quadratic electrostriction.) The equation that describes piezoelectricity and
electrostriction by linking the observed strain to the applied electric field can
be written as

ε ¼ d · E þ g · E2, (5.6)

where d and g are material constants that are characteristic of the
corresponding dielectric.

In a more general experimental situation, the anisotropy of the fields and
of the material has to be taken into account, and the situation is described
using tensor notation:

εij ¼
X3
k¼1

dijkEk þ
X3
k¼1

X3
l¼1

gijklEkEl, (5.7)

where εij is a component of the strain tensor, and Ek is the kth component of
the electric field strength vector. The material constants are expressed as
coefficients of the corresponding tensors, namely, the tensor of piezoelectric
coefficients and the tensor of electrostrictive coefficients.

A first step in exploring the material anisotropy expressed by the tensor
equation [Eq. (5.7)] is to measure the longitudinal electromechanical effect
(Fig. 5.7) and the transverse electromechanical effect (Fig. 5.8). In the first
case, the direction of strain and the direction of the electric field are parallel.
In the case of the transversal effect, the directions of strain and of the electric
field are perpendicular to each other.

Figure 5.6 Experimental configuration for measuring the magneto-optic Kerr effect. The
laser light is modulated using a photo-elastic modulator.
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One way to view these experiments is as observations of the way the form of
a capacitor changes under the influence of an electric field. The measurement of
these electromechanical cross-effects is not restricted to crystals and may be
extended to other classes of dielectrics as well. Winkelhahn et al.10,11 and
Levitus et al.12 report measurements on polymer electrets and polymer films,
for example, using lock-in amplifiers in a Nomarski interferometer setup. The
authors refer to the technique as electromechanical interferometry.

5.2.1 Piezoelectricity

The piezoelectric effect13,14 is widely used in electromechanical actuators, and
piezoelectric transducers15 have found applications in many branches of
technology. A straightforward way to measure piezoelectric coefficients with
lock-in amplifiers is to put the piezoelectric sample at the end of one arm of an
optical interferometer (Figs. 4.5 and 4.16) and to provide the sample with a
mirror or a reflective layer. Oscillations of this sample under the influence of the
applied AC voltage will then translate into a modulation of the path length
difference, which can be measured with the interferometer.

5.2.2 Quadratic electrostriction and Maxwell stresses

Being a quadratic effect, electrostriction is measured at 2f, i.e., at the second
harmonic of the modulation frequency. In general, the observed strain signals
are very small, and some effort must be made to recover them from noise.

Figure 5.7 Longitudinal electromechanical effect.

Figure 5.8 Transverse electromechanical effect.
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In experimental practice, quadratic electrostriction is superimposed by
another effect: Maxwell stresses.16–18 Because this strain response of the
dielectric also depends on the square of the electric field strength, it is, at least,
difficult to separate it from quadratic electrostriction when a lock-in
measurement at 2f is being performed. Therefore, some effort has been made
to theoretically predict the contribution of electrostatic Maxwell stresses. A
starting point is the Maxwell stress tensor, which displays a relatively intricate
dependence on the dielectric properties of the material.

An account of the experimental details of electrostriction measurement is
given by Yimnirun et al.19 To compensate for spurious vibrations of the
sample holder, an interferometric configuration that measures vibrations on
two opposite sides has been proposed.20

5.3 Electro-Optic Effects

The physical phenomenon on which many electro-optic devices are based is
double refraction (birefringence) in solid and liquid dielectrics in an electrostatic
field. This electro-optic effect21 is a change in the refractive index of a material
under test in response to an applied electric field. The effect can be described as
a change of the inverse dielectric constant tensor under the influence of the
electric field. This tensor is also referred to as the impermeability tensor:

eij ¼
X3
k¼1

rijkEk þ
X3
k¼1

X3
l¼1

gijklEkEl, (5.8)

where eij ¼ Dð1∕n2ijÞ are coefficients of the impermeability tensor, Ek is the kth

component of the electric field strength vector, and D indicates a difference.
It might seem surprising that the quantity Dð1∕n2ijÞ is used instead of a linear
function of the refractive index. The reason for this choice is that this quantity has
the property of a tensor, a fact that is helpful in the study of material anisotropy.

The applied field induces birefringence; i.e., the sample features different
indices of refraction for light that is polarized parallel to or perpendicular to
the applied electric field.

Two parts can be distinguished in Eq. (5.8), namely, a linear part that repre-
sents the Pockels effect and a quadratic part that represents the electro-optic
Kerr effect. The first effect has found more applications in electro-optic
modulators.

In conjunction with polarizers, devices based on the electro-optic effect can
be used to modulate the phase, polarization, amplitude, or frequency of light.
This explains why electro-optic modulators have many applications.

5.3.1 Linear electro-optic effect: the Pockels effect

The linear electro-optic effect is exhibited by crystals that lack a center of
symmetry. The tensor of linear electro-optic coefficients has three indices.
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To be able to note this three-dimensional object in the plane of a page, a
contracted notation is often used in the technical literature. The equation
in tensor notation,

D

�
1
n2ij

�
¼

X3
k¼1

rijkEk, (5.9)

is replaced by an equation in contracted notation:

D
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n2

�
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X

rabEb: (5.10)
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where the coefficients r11, r22, and r33 represent the longitudinal effect, while
the coefficients r12, r13, r21, r23, r31, and r32 are measures for the transverse
effect. Equation (5.11) describes very small changes of the refractive indices of
the material under the influence of an applied electric field. Let us denote the
refractive indices in the “undisturbed” situation as n01, n02, and n03. The
refractive indices n1, n2, and n3, which are observed if the electric field is
applied, may then be denoted as follows:
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Keep in mind that the mathematical objects that appear in this equation are
matrices, not tensors. The first matrix on the right-hand side represents the
constants in the absence of an applied electric field. The second matrix describes
changes along the main axis of the chosen coordinate system. Finally, the
traceless matrix, which is the third term in the sum, has coefficients as its entries
that describe small changes that induce a lower material symmetry under the
influence of the applied field. The values of the coefficients Dð1∕n2Þaare quite
small, typically on the order of 10–5. Therefore, lock-in techniques are an
appropriate means to experimentally determine these coefficients.

Figure (5.9) shows a Pockels cell in longitudinal configuration, and
Fig. (5.10) shows a Pockels cell in transversal configuration. Both types of
cells are commercially available. An electro-optic modulator in longitudinal
configuration has to be provided with transparent electrodes to let the light
beam pass through the cell.

A Pockels cell is often used in laser experiments to modulate a light beam.
This is a prerequisite to applying lock-in detection. An advanced experiment
on circular dichroism22 is sketched in Fig. 5.11. The light of the pump beam is

Figure 5.9 Pockels cell in a longitudinal configuration.

Figure 5.10 Pockels cell in a transversal configuration.
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linearly polarized. Under the influence of the Pockels cell, the polarization of
the probe beam changes from left circularly polarized to right circularly
polarized in a periodic way.

5.3.2 Quadratic electro-optic effect: the Kerr effect

In contrast to the Pockels effect, which is restricted to crystal classes of low
symmetry, all crystals exhibit the quadratic electro-optic effect.21 This is
another physical effect and is named after the Scottish scientist.

Written in contracted notation, the dependence of the small deviations of
the refractive indices on the applied electric field can be denoted as
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To measure the quadratic effect, the signal is detected at the second
harmonic of the modulation frequency (2f detection). The effect is not limited

Figure 5.11 A Pockels cell modulates the probe beam. The light path of the pump beam
and the light path of the probe beam are provided with a polarizer (not shown here).
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to crystals, but can be observed in liquids as well. A sophisticated
experimental setup to accomplish this using lock-in amplification was
presented by Bartolini et al.23
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Chapter 6

Infrared Thermography

6.1 Photothermal Radiometry

A classical experimental configuration for a photothermal radiometry1 setup is
depicted in Fig. 6.1. A laser is directed to a sample that is to be measured. The
laser intensity is modulated mechanically using a chopper wheel. A signal derived
from this chopper wheel serves as the reference signal for the lock-in amplifier.

The lens images the surface of the sample onto a detector. This allows for
remote measurement of the sample temperature, which is modulated by the
incident laser radiation. Lock-in amplification provides information on the
amplitude and phase of this variation in temperature. The specimen under test
is mounted on a translation stage so that different points on the surface of the
sample can be measured in subsequent steps.

Figure 6.1 Experimental setup for photothermal radiometry.
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6.2 Optically Induced Lock-in Thermography

Modern instrumentation makes it possible to take pictures of an irradiated
surface. These instruments are employed in the field of nondestructive testing.
Optical radiation is provided using halogen lamps (Fig. 6.2). The temperature
on the surface is recorded by an infrared camera. Unlike the instrumentation
previously described, the images are then processed by applying discrete Fourier
transforms (DFTs) to the data. In this way, amplitude images and phase
images, which describe the changing temperature distribution, are generated as
output.

This method is called optically induced lock-in thermography, or phase-
sensitive thermography, and is a tool used for quality control in industrial
applications. An example of products being investigated with this method are
fiber compounds.

6.3 Ultrasonic Lock-in Thermography

Ultrasonic lock-in thermography is similar to optically induced lock-in
thermography. The difference is the process of periodic excitation: An
ultrasonic transducer fixed to the specimen is used to modulate the sample
under study (Fig. 6.3). The amplitude image and the phase image can provide
information on delamination or on defects below the surface.

Figure 6.2 Optically induced lock-in thermography setup. Halogen lamps illuminate a
sample, which is measured using an infrared camera. Using discrete Fourier transforms, an
amplitude image and a phase image are generated.
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Figure 6.3 Setup for ultrasonic lock-in thermography. An ultrasonic transducer is fixed to
the sample, which is measured using an infrared camera. Discrete Fourier transforms are
applied to process the input images.

91Infrared Thermography

Downloaded From: https://www.spiedigitallibrary.org/ebooks/ on 14 Feb 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Chapter 7

Laser Wavelength Stabilization

Figure 7.1 depicts the scheme of a feedback loop that underlies many servo
systems used to stabilize the frequency of optical lasers. This chapter presents
examples of the ways this stabilization can be realized. Basically, the scheme
consists of a wavelength comparator that generates the error signal for the
feedback loop by processing a reference wavelength and the actual wavelength of
the laser. This error signal is fed back to the loop, and a transducer is employed
to change the laser cavity slightly to bring the error in frequency to zero.

7.1 Laser Stabilization Using a Fabry–Pérot Cavity

A generic scheme of the feedback loop for stabilization of the wavelength1 can
be recognized in the experimental configuration of Fig. 7.2. Here, a Fabry–
Pérot interferometer serves as the reference. Its wavelength is modulated
around its reference value, making use of a piezoelectric component in the
longitudinal configuration (Fig. 5.7). The induced sinusoidal modulation is

Figure 7.1 Feedback loop to stabilize the wavelength of the laser by comparing it to a
reference wavelength.
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helpful when applying lock-in techniques. The feedback loop is finally closed
by another piezoelectric transducer that moves one mirror of the laser
resonator and reduces the difference between the wavelength of the Fabry–
Pérot interferometer and the wavelength of the laser until the laser resonator
operates at the wavelength of the interferometer.

The piezoelectric transducer is shown in Fig. 7.3, which is not to scale.
The figure displays an electromechanical configuration with cylindrical
symmetry, in which the transversal effect is exploited.

To better understand the operation of the interferometer, it is helpful to
think of its intensity-versus-wavelength function in the vicinity of the reference
wavelength as a peak described by a quadratic function. Let us recall that the
lock-in amplifier allows us (in an approximation) to measure the nth

derivative. If the lock-in amplifier is tuned to the modulation frequency, we
measure the first derivative of the quadratic curve, i.e., a straight line. The
point of operation is at the wavelength of the unmodulated Fabry–Pérot
interferometer.

This property of a Fabry–Pérot cavity—its ability to provide a
wavelength reference—is also exploited in the configuration shown in
Fig. 7.4, which shows an approach often referred to as the Pound–Drever–
Hall technique.2 Periodic modulation is introduced into the optical setup
with the help of a phase modulator. The phase modulator can be a Pockels
cell, for example.

Figure 7.2 Laser wavelength stabilization setup comprising two resonator mirrors and
an active medium. A Fabry–Pérot interferometer serves as a wavelength reference. A
piezo-electric transducer mounted on one of the resonator mirrors closes the feedback
loop.
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7.2 Laser Containing a Gas Absorption Cell

Locking a gas laser to a specific frequency is an example illustrating an application
of detection at 3f, i.e., at the third harmonic of the modulation frequency, with
lock-in amplifiers. The laser cavity contains an absorption cell filled with a gas,
e.g., iodine vapor. Let us assume that, as a result of selective absorption, small
peaks—which are characteristic of the gas—appear in the laser intensity function,
which is recorded as a function of the cavity length. The aimnow is to lock the laser
to the frequency represented by one of these characteristic peaks.

In the close vicinity of the peak, this intensity function can be modeled as
the sum of a Lorentzian function for the absorption peak and a quadratic
function for the background:

IðxÞ ¼ g2

x2 þ g2
þ ax2 þ bxþ c, (7.1)

Figure 7.4 An oscillator drives a phase modulator and also provides the reference signal to
the lock-in amplifier. Before the light enters the Fabry–Pérot cavity, it passes through a
polarizing beamsplitter (PBS) and a quarter-wavelength plate (QWP).

Figure 7.3 Piezoelectric transducer with cylindrical symmetry. The electrodes are on the
inner and on the outer side of the cylinder.
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where g represents the full-width at half-maximum (FWHM) of the Lorentz
curve.

What we need to close the feedback loop is an appropriate error signal
that allows for stable locking of the frequency. A function that crosses the
horizontal axis at zero provides such an error signal. It features well-defined
positive and negative regions. In contrast to a quadratic function, for
example, this function provides direct information to the servo system
concerning the correct direction in which the control circuit has to react to
bring the deviation to zero.

If we look at the third derivative of the intensity function, we have

d3I
dx3

¼ 24g2x
g2 � x2

ðx2 þ g2Þ4 : (7.2)

This is a function that is point symmetric with respect to the point of
operation:

d3Ið�xÞ
dx3

¼ � d3IðxÞ
dx3

: (7.3)

It is also worth noting that in Eq. (7.2) there is no dependence on the
background, as described by the quadratic function.

The next step involves considering how to obtain this third derivative of
the intensity function. Referring to Chapter 2, we can make use of the result
that (in a certain approximation) the third derivative can be realized by lock-
in detection at 3f, i.e., at the third harmonic of the fundamental frequency.
This method is sometimes called third-derivative locking3 and is applied in
iodine-stabilized lasers, for example.
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Chapter 8

Advanced Microscopy

In a traditional field of optics, lock-in amplifiers are used if the signal-to-noise
ratio can be improved by modulation techniques. Application examples from
different branches of optics are provided in this chapter to illustrate this idea.

8.1 Scanning Tunneling Optical Microscope and Fabry–Pérot
Interferometer

In the experimental setup in Fig. 8.1, modulation is introduced into the
experiment by modulating the laser at 10 kHz using an acousto-optic
modulator.1,2 In this example, a helium neon laser is used as a light source,
and the laser light is directed to the prism shown in the figure. The purpose of
this prism is to fold the optical path inside the Fabry–Pérot cavity that is
formed by the semitransparent plate and the reflecting mirror, on which a
piezoelectric transducer is mounted. Another piezoelectric transducer (not
shown in the figure) is fixed to the apex of the prism.

Figure 8.1 A prism is positioned inside the interferometer formed by two mirrors with
different reflectivities. An acousto-optical modulator modulates the laser intensity that enters
the interferometer cavity after passing through a half-wavelength plate (HWP). The position
of one mirror of the interferometer can be varied using a piezoelectric transducer (PET).
Using an optical fiber, the light is guided to a photomultiplier tube (PMT).
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The instrument in Fig. 8.1 can be considered as a combination of a
scanning tunneling optical microscope and a Fabry–Pérot interferometer. The
tunneling microscope has a thin dielectric tip, which is used as a means to look
inside the Fabry–Pérot resonator. The microscope detects the evanescent field
over the prism surface. Equipped with piezoelectric transducers, this instru-
ment allows for mapping of the evanescent field. Making use of a tapered
fiber, the light is guided to a cooled photomultiplier tube, where it is detected.
The detected light serves as an input signal to the lock-in amplifier, while the
signal fed to the acousto-optic modulator serves as a reference.

8.2 Polarization-Contrast Confocal Microscope

Figure 8.2 displays the configuration of a confocal microscope that has been
modified to perform polarization–optical measurements.3 The instrument
analyzes the state of polarization of the light that quantitatively impinges on
the photomultiplier tube.

The Soleil–Babinet compensator acts as a quarter-wave plate that has two
functions: (1) to provide circularly polarized light and (2) to be the first
component of the electro-optic rotating analyzer. Other polarization–optical
components used in this instrument are an electro-optical modulator, which is
realized as a Pockels cell, and a polarizer. Unlike the instruments in the
previously shown configurations, a saw-tooth wave is used here instead of a
sinusoidal wave.

Figure 8.2 A laser used as a light source. Before the laser light enters the microscope, it
passes through a beam expander (BE). A saw-tooth function generator drives an electro-
optical modulator (EOM) and provides a reference signal to the lock-in amplifier.
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8.3 Scanning Tunneling Microscope and Photothermal
Displacements

The purpose of the instrument shown in Fig. 8.3 is to measure photothermal
displacements (of a sample under test) that are induced by the irradiation of the
sample with an argon ion laser.4 To introduce modulation into the experiment
(as a prerequisite to applying the lock-in technique), intensity modulation is
performed using an acousto-optic cell.

Periodic thermal expansion is observed with a scanning tunneling
microscope that is operated in constant-current mode. This implies that the
distance from the tip to the specimen is kept constant by the feedback loop.
The voltage of the piezoelectric tube, which is used as the actuator to close the
feedback loop, can therefore serve as a direct measure for the displacement of
the specimen.
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Figure 8.3 The light of the argon ion laser induces photothermal displacements in the
specimen, which are detected using a lock-in amplifier.
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Chapter 9

Other Applications

There are many applications of lock-in amplifiers that were not considered in
this introductory text. Some of these are briefly mentioned here. One such
application is experiments in the field of photoacoustic spectroscopy,1 which
are often based on lock-in techniques. Photoelastic modulators2 provide many
possibilities in the design of experiments that use periodic modulation as a
prerequisite to detecting small or weak signals in noise. Magnetostriction is a
physical effect that is studied using lock-in amplifiers. Being a quadratic effect
as well, magnetostriction can be considered as analogous to electrostriction
from a macroscopic point of view and is therefore also measured at the second
harmonic of the modulation frequency. Finally, there is the vast and growing
field of applications of lock-in amplifiers in laser spectroscopic systems.3 One
aim of this tutorial text is to provide an introduction to the technical literature
on these subjects.
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magneto-optic Kerr effect, 77–79
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polarization–optical
measurements, 97–98

Pound–Drever–Hall technique, 94

R
reference signal, 1–2, 5–7
rotating blades, 52
rotating sector blades, 40–41, 43–44,
45–46, 50, 53

S
saturation spectroscopy, 52–53
scanning tunneling optical
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sinusoidal excitation, 9, 21, 23
square waves, 13, 19–20

T
temperature, 89–90

thermal expansion, 99
third harmonic, 95–96
third-derivative locking, 96
time constant, 10, 34–35
transversal configuration,
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two-beam interferometers, 57

V
Verdet constant, 77
voltage-controlled oscillator, 6
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