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Abstract

Abstract

“Ten-fold way”topological classification table tells us that different spatial dimen-
sions and symmetries correspond to different topological classes. However, this table
only contains time-reversal symmetry, particle-hole symmetry can chiral symmetries,
and not only a crystalline symmetry. Discoveries for topological insulators, topologi-
cal crystalline insulators, and high-order topological insulators make people realize that
crystalline symmetries can bring new topological states and the diversity of symmetry-
protected topological states in materials. Thus classification of topological states for

the variety of crystalline symmetries becomes a vital issue.

Inspired by Fu-Kane formula, two individual groups from Princeton and Harvard
found that topological information is included at several high-symmetry points in the
Brillouin zone. They both pointed out that a system is topologically nontrivial if it can
not adiabatically evolve into an atomic insulator, but use different methods to classify
topological states in 230 space groups. The research group from Harvard told us that
topological classes for 230 space groups are isomorphic to some Abelian groups, which
is called symmetry-based indicators. One of my work in this thesis is to explain the
topological information and explicit formula for the symmetry-based indicators in the
presence and absence of spin-orbit coupling. Later, we use the symmetry-based indica-
tor formulas and first-principle calculations to implement a high throughput calculation
for electronic materials and catalog almost 9000 topological materials. All the data are

searchable and available at http://materiae.iphy.ac.cn.

With the development of topological band theory, researches for topological states
has been studied not only in electronic systems but also in bosonic systems, such as
phonons, photons, magnon and so on. Another work shown in this thesis is the topolog-
ical study for M Si transition-metal monosilicides in phononic systems. We found two
kinds of double-Weyl in the phonon spectra of M Si having 3-fold degeneracy and 4-fold
degeneracy respectively, which is protected by time-reversal symmetry and crystalline
symmetries. Those two kinds of double-Weyl points have verified by high-resolution

inelastic X-ray scattering experiments.
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HARRMRRRTN 0 B R e, ATEE AT R T EE &3 T 46
TR 42 (topological crystalline insulator, TCI) (Fu, 2011; Hsieh £, 2012).
M4 B (Weng 28, 2015; Lv 45, 2015; Wang 25, 2012; Liu 25, 2014) BFRHTHIY)
Ao MR RREN R4, TATAT LUEIE X d 47250 R B TH TR H AT
FFb I8 AR RN 2B R, B R LU R _E 1 o5 A R BT B
HPEATIRTN AT o

T [ (A PR FEL - - R A SR BRI, (E S IR A SR EARREUR I, AR
- (DU A AR GF R R AT R . i T 4R34 R A T o DR P e 2
SR BT FARRERUA . R 28 — 1R R T 0 _E 3 M BT VR AT LA M
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1.1 BRERARRMIAFEL

A REBTHY RGNS I B2, Horh e o] B R AR IR T 5K BT 42K
HH AR OR A R R ] X2 R A B I R SR A A L M R ok
7o (Bradlyn <, 2017) A7 3L JRF G002 5225 [A]— 2 el s 22 21 el
EERAF RIS HARE AP Z R EAEM . WA PuE S < ([
ATLGE A, SR 5SS Al A I 7B 3T 8. O 1 iR R 2y 558
ZRH A EHAREH IS T A R AR IR MR OB R . RO Sl A S
23 (A A AT I A, TR REAF VA I A {8 2 TR A ST JRIS IR A A L X
FAES 2SRRI R S5 A% R T 102K ARG RS, BERR
W SRS 2SS 2 ANERLE A R T I A i, RV 00 5 G
W (HREBUARESCH] . W ARZEHIIRTMEBA S A A . thE] (Bradlyn 5%, 2017)
FESCHE s AR A REASAE PRI RGO FRIE BT 42 T e At AL Bt AR
XA ST

IR ST A — D EEAR U — 45 E X IE R R G A 2 DR A
FUTHIE , Hrh B PR B AMAGR RAPIRTRT . WA A SR ER
PR BZA, MBATA XA ERE KA 89 FATF P Ar bt
FUTHYE AT K e PSR S ES K fiibE e, b
PR -

1.1.1 kRIS FFRFN S 2

Y 25 AK RSG5 K AT 2009 4F Kitaev [P H7 s HIEHF ST (Kitaev, 2009),
J5 & Stone. Chiu ZE X H k47 1 5€3% (Stone 2, 2010; Chiu, 2014; Chiu %%, 2016).
R IKR v B E, FRATTAT LK 28 SUECAAG AR T 28 TRD R 46 0 — 1 W it
IR T R e X D 4E REE—RFRERAE ¢, WL IX—XFRPE
gH(K)g™ = H(gk) [/ NG 3 0] LAS Ay -

D
H(K) = myo + > ki (1.1)
i=0

Horby; R — 2R RO 5 % RIS, PARAU I AE(E Vim? + k2. 24
m >0 B m < 0 BFRETH R A Ao 2 A RERIHY BT R Y A2 A2 3R
THHIVE? AXERH, m > 0 XM FT A RSN, m <0082, 2
FEATRBHT m > 0 Fl m < O X HIASR AR, R EA RS A0 ) 4
JEN A A S ETE SO S H 2 RGP A R BRI R BRSNS myo

2



1 Al

hl[3

(ERREIEAE N Vm? + m? + K2 IIRAFAE, B2 m > 0 Flm < 0 Z4FhEM 1,
B m — —m jX— R R e A, i IR 2 AR R AR I T R A
HFM K WMRAFAAEBINTERIT, W m — —m X —d B —E s HIEE
B, AU m > 0 flm < 0 XMW AAR TR BT EEt 4,
s SRS Wy T LAY TR R f /N e i BRI FEInIE R G
SRANRENI AN NI, H2 1 f/ N A e EDREE SR R L TS XA
AR PIRERY . XS Zo B9FhFhor 2o
FEAETONPRIER G, e/ NIRRT AR PR AR P R T A -

H(K) = mo, + k.o + kyoy (1.2)

XTI RIS A e e, AR S v] LI HBCA BMNY 2 x 2 fYHERERD_E5C
=IREONS 5y o BVARGETCIE MM G B e 74 BRI w it BN TE Sk AT
2, BATRI 70 @ H(K) PIRTCIEMABIM I FL b, RS bk
[l Bk RS A IS U Y AN BEIMN BN T, TR AR GE R PR AT 9028
NZ, WA EZA . SR A B A By _ BRI it A v Q) H(K) 4]
AT 7o TR ERANBTER T, XA 158 W /100 2 RSO S ) R D 2
BN AT LAZE A 1 P JiE B 2 2 A

R T HEAR G IR T ] SO RRAE . IR AR SR A AR . R
T =—ioyK, W T2 = 1o HLITH L RGERIFRIE ) fo /)N 2 TR A -

H(K) = mt,0, + k190 + kyTo0, (1.3)

5 BRI SO 5 B HERE R 10, 1 10, (B2 IXPHITER 2 IR SR GE Y I
[ BB PR o DRI — 2 B i) SR RV B RGEA AR T e Bl i —
YA I 1) SO R B RGN R I, BIEARTNEF 7 A A R )
SO ER 5 A A LA BR NI R T RGPl 2 T 2R 2% B/ MR
F BT po @ H(k), FRATTAT AR B IS AAAETE A ey 7o, AT RS WA 000 SOx
Gy SUIE R RIIFRYE . 25 8 1 @ H(K) IXFH BT 30, SCATEL A
pxTooo HIRISNBT I o PRI AT IS ) S g R PR Y — e R 5, R YR Mo 252
Zo F) 57 B E] ROE AR IR P 4a (A& (Time-reversal protected topological insulator,
TRTI) .

IS _FIRPA AT, BRATAREER Ak b7 s BRR AT LA B T 25 i)
YEJT . ATATRIFRIE RGN 255010 Chiu S5 ALE 2014 57 IHRH 7 2546+ Ff

3
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XK T2 T A Kitaev £ 2009 48 ] K-theory —ELRYLEAR, RIFHFMEMIEE
(L BFR A “ten-fold way”) o #E5E 1.1 WA LLE ], “ZHETCAR(TX FRIE RGERIHTN
512 (AZR) M4 772 = -1 (AILZR) B9 ERMIRAT ESOh i —3 2
Z N Zy By

5
Class T C § 0O 1 2 3 4 5 6 7
A o 0 0 Zz 0 Z 0 Z 0 Z 0
A 0 0 1 0 Z 0 zZ 0 zZ 0 Z
AL  + 0 0 Z 0 0 0 22 0 7, 7,
BDI + + 1 Z, zZ 0 0 0 22 0 Z
D 0O + 0 7z, Z, Z 0 0 0 2Z 0
pme - + 1 0 2z, 7z, Z 0 0 0 2Z
AL - 0 0 2Z 0 Z, Z, Z 0O 0 O
cn - - 1 0 22 0 Z, Z, Z 0 0
C O - 0 0 0 2z 0 Z, Z, Z O
ci + - 1 0 0 0 2Z 0 7, Z, Z

1.1 Ten-fold way it AR E—FUAHHMr Ebiid, AT ZEWUH G HREN
] SRR R~ 28 O FR AN FAE XS AR S P 05 OB 5 )\ B A [F) 4 FE
bR DA AS IR 4E BT 4h 4R 28 Horp 0 REEAIIM 28 Z BT, 22
A RAME RT3 B4 A (Chiu 4%, 2016).

Figure 1.1 ”Ten-fold” way table. The first column is the topological class, which has a total
number of ten. The second column to the fourth column represents the square value
of time-reversal symmetry, particle-hole symmetry, and chiral symmetry. Last eight
columns represent the topological class for different dimensions and symmetries. ”0”
represents a trivial class, Z represents a integer class, 27 means the topological invariant

must be an even number.

1.1.2 ERREWNEFLHE

1980 4= Klitzing 55 ANAESLYG HA L 1 BECE 14 /KUY (Klitzing 5, 1980),
KR AR RN B AR RS L5 K BN IR R — e
A, THERFARERESER TR AP E R, AR 24t
Lo Wi FR/RSRAGH BE DR N FR AL, (LR MG 4R
JCRERCH SR TE , HAERT R A A B R AT e (AR
(Hatsugai, 1993), BHUE 1 /RANE AT RN Z S LR i AR YT
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1 Al

R, XRRIBIMI B AR A R A E IR EIEN . T 1985 43115 1 v DURY) L

Insulating state

@ @ C@ Conduction band
@ @ @ gt
@ @ @ Valence band

Energy

Momentum ”
A
Quantum Hall state
Conduction band
Q@G e =
B ¢ iGap /dgestares
(VW]

Q Q Q Valence band
YNV YNV YTV .

Momentum
A

Quantum spin Hall state
Conduction band

vSpin “downy” iGap D_<
f‘Spin “up”
f Valence band

Energy

<

= >
Momentum

B 1.2 ZMIGH A S IAELES. (a) ATEAZEE. (b) NEERETFERUY. (¢) K
BT HRRERYNAS. BRI E (Kane Fil Mele, 2006).

Figure 1.2 Three different topological insulator states. (a) is a topologically trivial insulator,

(b) is integer quantum Hall effect, (c) is quantum spin Hall effect.

JE RN TAEA NN NS B I TR SO RIS R gerh . KL T &7
FBERE /RN (A 1.2 () ), XFRE T “ten-fold way” i #1561 AT 28 A9 Fh o>
Fo RPN HERE, 57 B R 7R AR il A B2 8 2 Y
(BRDGA WIS B RE RIS, A E AT 2z, 2005 4E4£ Kane
1 Mele Xf 4t £1 886 K R WF5E )5 (Kane A1 Mele, 2006), - H HEFE /R 5



AR PR RS

BT BRI 8 1 20 o5 & B e LE R S I, RRETT A —1
1x107%V BYRERT. Y BRI THX M REBRET , A28 na /R i 2 e i,
H T PSS 1) SO R AR M RO A2 AR, R A RS S A2 B e R, R B BEME
SHASHN BB T R (HE T A 286 B EE RS Ut /N,
SFHELIE SRS WA RATRERR, TSR R &7 H e R o Rl Rk25R
BT B 1 B B /RSO A BobA B E B A S e 58 E BERE R & 18
H, ELE 2006 4 Bernevig 56 NERIE T CdTe — HgTe — CdTe ta1-[ - A RET
S350 E - H BERE/RBUY. (Bernevig 57, 2006), Jo#fEE/NET 2007 5 1IE
(Konig Z£, 2007)

BRI B SRRk B SRR AR & LY, Edwin Hall 7% 1881
TR IXEEATRAEBA SRt (559507 2 TTMg) A gt rl LU )]
BRI . T LIRS AR P IHEY (ki) . BRIOR AN A,
A LA BN EE IR, BPRON B R IR AU o

£ 2000 /of7, BB B HEFRFFRGE , ARG AR PR R D) 17X
SRR /R RS ALHI TN P2 AR I, B8RO 1 H B2 AR R
H VEPLIE R & & Berry phase (DURIFHNL) AT o LRI (8] S X AR IR B4 2R
o RS R HEUERE S . IR A s B A IEE Y Berry phase {31 :

ezijm-dk (1.4)

A, =1 < u,|Viu, > (1.5)

Hrr 6 2 Berry phase, A,, 72 Berry connection ( DIFJHEZE), |u,, > & I REL
T Stocks FEFE ] LASE X Berry curvature (DUF[iEH) F,, = VxA,,, M5z
S A BN DX A PR SE S

1
nyp = — | F-d’k (1.6)
2

Hrr m ZREHEIR . WY AR ST A, AR E S T2
PRETIH G, BRE B W A 1L RS I I AR I REBUE MR A 1 SUE
RGO N EEAL o BB a2 /RN i A i Hih G TeRe i =
FLAS T 32 B 22 R A 10 25T 2010 AE4EE T 77 JU2H M85 — 1k JE 44 |
TS WS 2 )R F N S AR TR SE3G SR R IR BUN e R Ao L B S5 A S
HHIGIE, Al 1.3(Yu £, 2010; Chang £, 2013),
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Figure 1.3 Experimental results for quantum anomalous Hall effect.
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AT LB e R =R T A4S, BRSO /RN 1 H g U 1
BLE RN REAT _ERBRSHE R 40, R A G AR T (H/Z2ERAEAR
AR AT A, RIS BRI e (B EA Bd b
HI ARG N5 AA (topological insulator) . 41 2009 AEFIE TS Y BixSes
KGR = ) SR INMEZ K (Zhang <5, 2009). R HOLH 7B (ARPES)
R REE B A (STM) SEEGIGIIE (Hsieh 55, 2008), 41/ 1.4,

a b k=L 3k,
. . ; . r . hv =226V hv =29 eV hv=85eV  High
. 0

Bulk state

Low

T ——T ey
-0.10.0 0.1 0.2 -0.10.0 0.1 02 -0.10.0 0.1 02
ky, (A"), k,=0.8 A1

Intensity (arbitrary units)

Intensity (arbitrary units)
.

. | . | L L
-12 -08 -04 00 04 08 12
ky (A

1.4 25 BN BixSes HIIKPI KT L. (a) SLRMAF BirSes AR SAAT
5, (b) ARPES {5 BiySes KEIKPi A, (¢) ARPES U453 BisSes K255 K -
B F4% H (Hsieh 25, 2008)

Figure 1.4 Surface Dirac cone in Bi;Se3. (a) is the experimental data for bulk states and surface
states in Bi>Ses. (b) is the surface Dirac cone detected by APPES. (¢) is the Fermi surface
for the surface Dirac cone detected by APPES.

1.1.3 R @B BEEAERR

“ten-fold way” i i & YA 0 A LERHE ZA D SR M BE A 4R
FALEATT. BTN RGOS ARIE S & T i [ S XS FRIE R
T2 OSBRI FAERS BRI . 1T BESR AT — N B B IR 2 T A S R X
FRUE R E AR RO Bie DRI R& S AARRE R PR [ S ARt R G
FIFRT N R R — A B AR TR R B R T8
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X, (c) PUJF S SRR al
Figure 1.5 Tight-binding model for topological crystalline insulator. (a) is the lattice model,

2011).
(b) is the Brillouin zone for the Tetragonal lattice, (c) is the bulk band dispersion, (d) is

the surface states along (001) direction.



AR PR RS

A A BRI A B B A5k, X HP SRR 32 B
1230 Frad Al Al AL B S B 2Lk d AR T R XS R, 2011
A B AR SRR AT DUPH RO AN [B) SRR O gEF 4R 1532 (Fu, 2011), 40
A 1.5 g —EER TSR, B EA A B I SAREN IR, EIiiZ
iU Cy TN TR % 1& Ay B R T BB AW pos py BUIE, WIAEER
TEFIERR G I R R AR G i it T LA Ry

H=> H+HE+H” (1.7)
H:ll = Z ta(ri - r]) Z ij(l'i, n)eghe;jcaﬂ(rj’ n) (1'8)
Lj a.p

a

HP =" t(r = 1)) el (K n)cga(ry,n) + H.c]
b (1.9)

=1 Z Z>ij(ri’ n)cpa(rin+1)+ H.c.]
o 0 A B AR T, AT DA R S TR I REAT . A 1.5, W LAMER E
WX BT Co REE k RURERFERZ R I, #14n T(0,0,0), M(x,7,0),
A(m,m,r), Z(0,0,7)0 B R R 25 58 B FEPUERR G, Bl ) SO BT
WE T2 = 1o (HREI R RIEAFRIEM b Cy BERMFRIER (TCh)? = -1, XA
BB ALT BB A M RGP I A ROHBAT, S AEAm B XA 2
Kramer & B4 “Kramer pair” {5 3. €] 1.5 HH R A% 8 7E (001) FKE 1Y
FHASTE, BRATTUERE M A6 E )BT RIE, 20 R R E
PRIEFT Ca BEFRTFRIEIC G IR AT e R THRF e IR AR ST AR TS, R4
NN A2 E AR FME R RN

EPYIEENNTLLNSES SN iy Btk 27t DI - Do PN (AL71E 5 | N E pa Pk 2}
FME TR RL SnTe(Hsieh 45, 2012), 1A 1.6 2 B A A EREN SnTe, GEHF LT
BRI REEMEWIXH L JUA RS SnTe BrTH Co in T RAPEY#HH
A, EGEHEXFREIN T R EHI NS, PIRPRFNSHOR R # b b R 2 2%
(RZS o AE R I/ N PR PRGN IR SR AR L ARSI TN BT - A
S NS 2 )5, Tanaka S8 AARPEAESLEE EUINE] T ik R S k4
SRR ) AT RS, IS IE T ERIS T 9 IE 1

B 7 ESCERBIN Cy TEFEMFRYE S BN FR IR 3R G I ) B 3R R 7T LA
PR R L GARTS Z A, HAth 1 23 TR Rt T AR 5 W 18] S R R St
AR ART S AR L RS . BIANFRATT AT 95 30 4 5k (R (weak topological
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1.6 FFM AR 4624k SnTe. (a-b) 43514 SnTe I PbTe ffh

Latlice constant (A)

fEH7 &, (¢) 4 SnTe # PbTe

TR R BEBR I/ INRER WA 74K, (d) O SnTe £ (110) Kifi fK A, (e) 4 SnTe
f£ (110) KifiAKhi R B A (Hsieh 45, 2012).

Figure 1.6 Topological crystalline insulator SnTe. (a-b) are the bulk dispersions for Sn7Te and

PbTe, (c)is the change of band gap with different lattice constants, (d) is the surface states

for SnTe along (110) direction, (e) is the surface Dirac cone on the (110) surface.
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af

® inversion center —— C, axis +-- C, screw axis helical mode
O S, center m—a C, axis #--a C, screw axis 2D gapless mode
e—o C, axis A --A C, screw axis
mirror plane [TTT] glide plane

B L7 S0Fh R IR AR KR (a-b) 4330 R 25 1] SR RR I Sa XAtk AN 1) S8 X AR O

P YT, (c-e) H Con Cuv Co MERERIHRMEANIG i R RHHR b 47— e —
PRI, (F) BRI AR R SRR R — R Z, (o) KPR
SRR S SO AR G B — SRS, (hei) M Cpn Cjn ) MRHEHRAE BRI
RSB BR i — ML RIS, (K)o BT RS BRI i S SRR P ) —
Hiis. EIUE (Song %, 2018b),

Figure 1.7 Topological crystalline insulator families with time-reversal symmetry. (a-b) are

12

topological crystalline insulators having one-dimension hinge states protected by inver-
sion symmetry and S, symmetry respectively, (c-e) are topological crystalline insulators
having both one-dimension and two-dimension surface states protected by C,, C4, and Cg
rotation symmetry. (f) is topological crystalline insulator having two-dimension surface
states protected by mirror symmetry. (g) is the topological crystalline insulator having
two-dimension surface states protected by translation symmetry. (h-j) are topological
crystalline insulator having one-dimension hinge states protected by C., C;, and C; screw
rotation symmetry. (k) is topological crystalline insulator having hourglass-like surface

states protected by glide mirror symmetry.



1 Al

hl[3

insulator) L2 b AL XS FRIE NI ] S RIEGRAP RS HABRIIHTT
IRUEGARZSINE 1.7, A3E Con Can Co FEFSFRIE KON B A SR A I 7~ £4P
FUFRFNAS, BEEXSFRIE BRI T PRI FRINAS 25 1R SR R
Sa RFRPEIT T FRAPEIFFTES (Song 5, 2018b).

1.1.4 B-RIKKFR

ESCRIREIAE RIS AL 2RI R B SR, S BB ES
B, MEAARPRI R TR TSR LS. F58 1 2016 48 Chiu T A
fet 1 REUE I B 2R ROMLAL, FIHE P SR IAN TN B R A S . AR
FHEEME R P _E AR Z IR MR RO TCRE LAY S S INAHEA TP RS
AR R SR 2 al,  HAR R B AR AP IZ AR PN SRS FRIE A BBR
AR A AEFE T _E RS FNR SRS 2 — X RLAY (Chiu £, 2016). FRAT N HILA
S TR BT R AE PR AP RIS MR GRS O B, PRSI S S OGS I A D AR
Ao B x > 0 Fl x < 0 Ay A A PTE (X x > 0 fIX e 4 1E) |
AR AR AR I SC AR B/ IMBERL R 70 A, XA DI 32 B A AN R R ML Zo o AR
ARG RN -

H = M(x)1,0, — 10,700 + kyTo0, (1.10)
m,x >0
M(x) =
-m,x <0

KA 3 T RARAO X B R A5 FFLATT AN w (x) = Lu - exp(~|Ax])
BITLASHIMR . Forp u 2 4 x 1 UREGE. IR I B i Reeh . 7T LA 3
BRI T AR T 2

1
AL =mu = 5[1, —i,—i,—1]" (1.11)

1
Ay = m,uy = 5[1, ii,—1]" (1.12)

(1.10) HhigJE—30 kyrooy ATLAEVEREHUIN, ATIAS2 S AT TC REB 2 IH
ASHIRR WA -

HY = ko, (1.13)

M EXTURE S A, 5k = 01, WIRESEEZUZRIFR, 2R
BCBEASARIE SR (Kramer EHL) L RIARLANBIR Y i) SO R RO S HRAS
REMRIL R I X THERGAE x = 0 FISC AL DAL ToREBIRY —ZEC1H
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AR PR RS

SRR, MPFRIEEHERS (helical state) o X 32 i [R] Sz O BRI AR 0 41 F 1448
ek (TRTI) Sedid, HER ARSI FNIEFUE —— R VAT, K TRTI Y
KSR LI Zy B9 BRI IR IRATH P MR FE S B AR, AT PR
H = kypoory FIIN SO 55 IR T ey o, SRFTH R ST RERR o

X T BRI ZRAR, 2 5O I R BB FRIE AR 2R, A R0 B i e i) LA
5 AN T ER A A

HY =k (1.14)

IXFPRIASHARAETAEZS (chiral state) (Hatsugai, 1993). I RIEZ 755 1H[F
)i/ MBS E A Ky, SREASWASTTITRER . (H2 RN A A /)N
BARVEA, MR — DA ko, IR o FTITRERR . BRiTiFh 4Lk
PR RTASFRIH T RS F Ao 26, BRI Z idRdh o3k,

12 T EZE

fE B, A28 TR S AR XSRRIE R R GE AT AT AN E 3R
2%, FFHARF MR R R AT B A MR R TCREB ) R A (H2X T
AR R, e b SER Y R AR S ML R A S R
BRI — N R AEART TR, JOR B R AR R — R AR LA, BIRTRA
At

1.2.1 FEER{LA Berry 847

A TS RE TP 28 2 Berry MALX—#ES, B2 BEHARBINAL
Ho Berry HHALZ I MESRFMRETT IO S P St H AL, BWEL 2 A HERT 5T
AL B FE 5] A BY (Resta, 1992; Vanderbilt ] King-Smith, 1993; King-Smith
A1 Vanderbilt, 1993; Resta, 1994). fE&MHIREA . HA B IE U 7SR 2 fE
RN AR A% L DR AE BB AR - O IR BAR T BaARAE (electric
polarization) o JXH ¥ HLI AT LUZANAY SN, o ml LU LA e A &8 A
P i e LR, IR TCIROR R GE AR A 2% it A DR/ NG T 06 T e e L
RS P AR R R AL 1 E SC— B N IR i, —ZE R Ge oA 20 il IE
TR DB T As B 53 A TREEUAL B A BE I A B . ISR M Y 1 BN
O F 1, Ukt JE e Y FEAR AL ) 5 TR W 675 TR0 o AEUZ SR SRR A I 5 Hy 5 2
2, UG FARAR 7 T LSS WG TE T Ao AR T S B M B e A2 TE T4
SER MM, AE 2 FLAR AL O AR AR 0 BB AT AR H Y o
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hl[3

N TR SR R REEE , A ME —4EB AR RGP R MY IR, 541
ARG REON Yk (r) = et (1) o FH ¢ BIENZINSNS G, FIANE ST S
Yo IR RAAM L2218, WIBATRT LI R GEH I 2R AU 48 At AL
e T ¢ B2 a F S I FELAT RO E SCRTEAE O -

1
pi=y [ = a3t (115)

P2 AT W, AHZIME SRR TR A2 3R G5 FARAL JE S —FERY A
MEo I p(x) A2 RIHEY, Fir IO x P850 25 138, T LY@ —
HPEIRE . N T2 AR E L, Vanderbilt ££ 1997 45| N\ 1" Wannier
PR X5 — > JE B AR A B S 2T 2 L (Marzari ] Vanderbilt, 1997; Marzari
45 2012):

amu—R%=jé§}ﬂ“mmu> (1.16)

Hr NGZRRFMIZCH - Wannier pRBGR AT BRI X IEASHE, A] AR A 52
A3 (AN SRR, IR AT A2 0 2 B R AR R R o 1 Wannier pRECHY R
FATRTEAEES 0 /N _E R Wannier pRETR DS/ EA AL -

1
P, = —/dxlan,(x - R)|*x
a

Z / AXW g (X) Xk (X) (1.17)

nkk

2
= — dk AL (k,t
Qﬂ;/O (k1)

Hrr A (ko t) = 1 < i | O |tnrr > REFRAE DUNHRZS (Berry connection) o [AI DA 244
VR BR BRI Yk (%) = € Wurs (), Py — P =1, FTLAGIS P, 15852
WRAERTEHY . EOCHR R P BV @A BRIV AR, AR AFRATRE — T ot IS H]
N P YA

1

SN RO

A(é) B HSEEN € = (ko) WUURERES, bR B FH o B8 128
(0,1) — (0,1 4 6t) — (2m,t + 61) — (2m,0) — (0,1) F B ERE, IR
BEFR A A AR AR B i AR 4

t+ot 21
Prisi — / dt / dkQ( (1.19)

15
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AR PR RS

Hrp Q,(8) = i[< Outng|Okttng > — < Oing|Osutng >] 2 W FIHIZ (Berry curvature) o
Ao E WA R U(L) SRR, AN BEE IS B sk EO e A R I &
AR o RIHARAL Y B R — VAR Y, A2 AT DU S B e 21 [ 47 7L

=N

Ho

1.2.2 TKNN I8

4K 1980 FF 5T /RN AR . 0 T Bt X R TP ASHIF R4S, Thouless,
Kohmoto. Nightingale ] Nijis /£ 1982 4FE42 ! 1" TKNN 47 FM 25 H 2k 1] R 219
A, W EIRATACKAIFREL (Chern number) (Hatsugai, 1993). FRECHIELE Z
SYSLINEEET, WP ERES < MR X BB T L S A SR
TTHRTh. X T Z4enfhdage ik, fE5) 5 Ly T A Heib B R R 2 R
RFRIERT . BRIE SRS +x 71, WENE N = 5T AR R
EH-x TR — AT R IX R 5 Do AR by = 0 B ke = 27
i, SEadfEly J5 [ Far s Oy ATIs sy, AT RAS Y y O A AR AR AL e -

1
Pro—on— Pr.—o = — Z o / d*kQ, (K) (1.20)
BZ

o — AR, B ARSA e y IR ESCEEEE] Pr——2x — Pr.—oo EILILHTLA
Ry IR _ERY R A

e’E,
Jy = = h (PkX:—Zn - ka:()) (121)
RIS 2
e
O = W(kazo — Py ——or) (1.22)

RN Pro—o = Pxo——ox mod 1, FJTUL Pr —o — Pi,——2n /P88 IXMLERIER] | — 44
LR RGN /RS2 eh—Q LS, HaxX M EEUE T TKNN ARAS i,

123 WERERPHN Z, A L2

TEA I IR SOBOS FRIE R AP AR 2R L RO FRZAE RS TR SO R A, (H2H
TTIREE S o R ZRRFRIA Sy = oy Ex ATLUE Y, IERT /RS2 ™
FREET 0 1o PRI SR AR M PO FERE AT TKNN SR AR AT, 75
BRI AR T R AR A I IR SOBOS PRI R RAME . 2005 4 Kane
1 Mele 5 F42H T AP REL sewing matrix [ Pfaffian 77758 & XA H ] S J8E X
PRYE RS ART AL 1 Zo(Kane H1 Mele, 2005), J&5 Fu 1 Kane 342 H—FpdET
i [ S A AL B A€ S (Fu ] Kane, 2006).
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hl[3

TSR] B BAT T~ R B R EAT ISR R AT T YRR FE (sewing matrix) 47 LA
%
Wap(K) =< g k| T |ugx > (1.23)
Hr o B 2REWTEPR. sewing matrix B4 8L, KRG |ue-x > A |ugi > P
WEREL, HIE wpa(K) = —wap(K)o XM FERT[A] S A48 15 (time-reversal
invariant momentum, TRIM) , sewing matrix [0 [8] 5 J8 BT Y LB B 2 L5
B o SRR T— A K IEHRE, FRATEECY: EAT LLE X Pfaffian (Pf) :
5 Pflos)]
" VDetlo(r,))
Pfaffian [1)-F-J7 2 HJFORMFEMITHI, FIA 60 = 1. S A SE T FR
PEAR AR Zo AT LAE SN -

(1.24)

4

(-1) = 1‘[ S (1.25)
a=1

Zs = v mod 2 (1.26)

R EIATE S, FATR TR A M R 2 =R S8 X T = 4ER%8, 3K
I ZLR I ASNZI Zo 2 3200 (vos vivavs)e S — 12BN SEINIMETR. J5
SANEAMEIR, B k= 0/mi = 1,2, 3 P10 A I TR SEAN R R I ROk T
Bo mAL (1.25) A, HEELHIHEERAIAIR. Fufll Kane f5Hi, =4
PR ZRIE A IS BAT HD SO ARIERS . Zo BYTH RS AR R, R R 2R R] S i
AN B RSP R FARME (parity) (S8 ] R R A3

124 #HIrRABEEERTE

E3CREATIRE] T SnTe HfFAE Cy(Fu, 2011). mirror X FK AN [A] SCE X FR
PESRA RN AR AL 23 A (TCD) (Hsieh 55, 2012). X4 TCI g2 B X
L S B G R o AR X T #225 =S Tajfesk il . A XA PSSR LA
QUSRI IE BT PR RIR) Zo A R A FCR IR AR RN, S5
ARG AR I IR 2O R TS B R AliA SnTe o TCI 4R
o

HAPZ ERRAIGE O, BUA— S5 MBS 1 4R ZA I R SO
XRRUE GRS R] LAY RGERE B IIFR A AR5 & B e s &, WA B &
PR R R M? = -1, GG AAEN i TN HRGHA 5
TEXRYE . A SRR [H(k), M] =0, FIHX SRR, RAATLHER
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AR PR RS

Geig iU 1 M I AT AL E 1 5 RS AP, AR RIS
REHIHRE C . S22 RS BT RAC
cl) — ¢
" 2

XTI A SO ARIER 2RSS, BIR Zo = 0, H)2 Oy WEAT LUZAEZTRY . Xt
T Cu # 0 (RS, NFRZ NBEEIATNRARE LA (mirror TCD) o B[R] S350
BRI TCL /N B S BRI M AR SRR B B
EMAT LV M = ityo RIFESBRIFNMEGARENDL, SMERZ A POt A5 a5
o EANRY . FATTCIE A LETCREBR ISR T AT T REBSIHY Bria il {FL2 A SR
FERFS A SRS LR, U] OIS BT iX 1B mirror TCT 2
Z MR

WNARAHE B =4ERGe, N9 BN X rp 28— kP2 A X Rk
[, IRUHERATTAT LA H 4 RS AR P 1 E g A T 1o R U1 8 Lo A =24ERSE
M, =it,, T =ioyK, W mirror TCI f/M&ERI A

(1.27)

H(K) = mty0;, + keto0x + kyto07y, + k7007, (1.28)
X RS2 [R] yz 2 1 YA 280G B i oA
HY = ko, + k.o, (1.29)

LA Y, O =2 mirror TCT X SR A A FF 2 —4EURTERS, M2 —4E
Dirac 4.

SnTe 52 H MHFIR TS Y mirror TCL, J5 KRR TRA GG IE (Hsieh 55, 2012).
HABFER) TCLIA A S HTMEZAR: ZrSiO ik (Xu 5, 20152); hourglass TCI:
KHgSb(Wang %%, 2016); Cy ez #3471y TCI: Biyly Fi1 BigBry(Liu £, 2016),

1.3 EREBR RGN 238

F RSB, T LUK R e 5 ik RS B R o SHFNIHES
AT LA AR iR R e, W] AW IS8 2%, R IRNTRZ it
EEe FRThEJE DT < Y T E T RS A TR MR A RE 3 AL
T X B RE 38 SRR oK Bl , HARR R A A TCREFENN SRS BT I
FM B PR E AR/ NS B E , I IRATRR 2 A FhFh-4x )& (topological
semimetal) , H 0 HYPHRHEE 5 B R LUAGHT s AU B o 04D (s
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) AL, hThFE)mt i LT 2. BEKAE, #hfh ()
U AR B PR ANES R T o A R B A A ER R XA TR L, #hdh P
J& B AN R B 3835 BB S ORI A B BRI R EUE LR AR I/
R A2 O VIPSPIS S PIIE S (iE S e i BN -

1.3.1 4MR¥EZRBE

IR F A I iR — MK T, HIRE TN H = vek- o
Vi Je PR, HAFS R T AMREERFRIFIE. S/RFE)E (Weyl semimetal)
(Wan %, 2011) Z2REERA TGP R EIMRIK THORS, ERAT &R YA E
S TGRS o AN RBEKF I TR o] U R A B R, BIFEZNR AT
BF AR — A EF A T GRS N BRI, AEX—EF A e n] DAE SUPREL:

1

_ 21, .
C_QH%;dkSMm (1.30)

BIMR R DUR 5 30 A SR AR 1 ROERE (k) ~ 5) . BRECH 1 HAF S
HFEME g A ERCESCT, FATAT LU BT A RIS R U R, IR
MTTHERESZ I AMRAP T o BRAEPI D FAEAR SR INR KA AW BT ITeik i S n
PBRIHKINR o BIRIN R AN TR BALAT X FRME , (H2 JR R BA RN
FIER A FRIERT . Atz HED MR L (double-Weyl points) (Zhang 2, 2018) sl
BOEEMIIMR e ISR AT Co XIFRPERS . BN R s HIAT USRI AT LA ik -

H = k.o, + (ky — ky)?0y + kikyory (1.31)

IS AN R RHIBREUR +20 TCIB 2 — AV IMR R EXINR L, X RN R4
JEHESAE AR S AT G . B AE SR A ARSI S oK, BERRAE 2
KN (Fermiarc) o £ 2015 4F, Y3 A A pc D385 5 H. ARPES SCBGHESE [
TaAs ZFRAPANRBOK T HIfFAE (Weng &7, 2015; Lv &5, 2015), 4 1.8 /1 1.9, X
— 5 JUPAE R — I R A AR A IR SE (Xu 4, 2015b). AMR4E)E I &
WA AR M B2 AR S48, TR T 1A, b R S BE 55 SRR
WAFBIG AR AL 1 Hh R

132 HARFEERE

SAMRAEIREPLL, PRI TO 8 HY S A AE = gEAm I X U — 2
PSLAYSE X, HAE IR 25 M 2B A il (HR S INRFEEEA
IR, BRI IR 5E 3K TR F B A PRI R IPR AE T ZETR DU, A
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Bl 1.8 BLETIE TaAs Jg Weyl &J8. (a) 4 TaAs fivE (001) REHIREZ, (b) g TaAs

£E (001) J5 [ 0.05eV 4L MIBEKM, (¢) A TaAs £ (100) Ji [ HIKIHZR, (d) A TaAs
f£ (100) J51i) 0.0eV ALK . B J HUH (Weng 45, 2015),

Figure 1.8 Theoretical prediction for Weyl semimetal 7aAs. (a) is the surface states along (001)

20

direction. (b) is the Fermi surface at 0.05¢V along (001) direction. (c) is the surface states

along (100) direction. (d) is the Fermi surface at 0.0eV along (100) direction.
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e) 2 4%
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= g
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[0} O
O_C OQ\‘
ad>
-0.1 0.0 0.1 v -0. -0.3
k_(a) 0.4 -0.2 0.0 0.2 0.4 0.6 -0.2 0.0 0.2
) k, (a) k, (Wa) k, (a)

Bl 1.9 SEEERIE TaAs i Weyl L)@ . (a-f) 24 TaAs ££ (001) J5 A i3RI, BTl AR
TERE A B PRI T 0 IE B AMR 5 HORIEZ B FHOR AHIAMR K, (g-m) 5SS
R TaAs BIRMA. ERFIE Ly 5, 2015),

Figure 1.9 Experimental data for Weyl semimetal TaAs. (a-f) are the Fermi surface along (001)

direction. (g-m) are the surface states for 7aAs.

SU(2) XIFRIER A SR R 2 Ik se-F g o AT 88)i AR 5 SRR AE B K
BERRIL. FTEAHA UG EURE H = v(kox + kyoy) SREWE . (HRIKBE AR
SRR HERRRE, ATLAEIE I o BOBPIESR A6 5C SR TITRERL . Bl £ 220
IR T H IR ER G SFTITRERT . = ZEMGHUT , SRR e m A 280 i

ok
k-o 0
H(k) [ } (1.32)
0 -k-o

T ks v U2 B OE SO R B PR AN R RUELBRY S X — e = 2N R] S s
X BRI ZS [B] RAEAFRIE B GRAP o B [E] SO 75 Eq (k) = E(=k), 23 [8] SO {615
Eqy(k) = Eq(=k), FrlASbRA g aE s Qb4 B (B RS 2 DY B I K
Py, IBFRE—SEIMNG (BRE) WEFNFRIE. 2014 4F Yang 1 Nagaosa 5 A
WERH, YRR ERI A [ SR G I, ATLUE 3 S 4 JEECE 6 5 (IRE) eftis:
Ve ABY e E R 2= R RO RO 5 i), PTG 2 B 3 B 4 B 6 B Eits:
YEo B HIIKRL b U2 B RATIE Y, AnE 24 B2 ch ve -4 )8 NasBi(Wang
4%, 2012; Liu 4%, 2014) 71 Cd3Asy(Wang 55, 2013) o J&5 23 [A] RO AR A Y B
Xt 5k B FAEf B2 [EEE (nonsymmorphic space group) FEAT HLIH X A _E %
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AR, R EIHIX U RS TRIM GBS AR O, BN BiOs .
HI 2K 58 AR B FRIE RO ORGP, AL S BT R GERY SR LEXSARIERS S 2k
FISE R IRETH R . B NagBi Frpks 5 sy B9 A RS A DU AR -

M(k) Ak, 0  Bk.k?
Ak.  -M(k) Bkk®> 0

H(k) = (1.33)
0  Bkik* M(k) -—Ak_

Bkk2 0 —Ak, -M(k)

ki = ke+iky, ko= ke—iky, M(k) = Mo—MkZ = My(k3+k})o 24 MoMy < 0,
NasBi 1645 LMK ke = 04 ky = 0 H k, = +£+/(Mo/My) AbAFAERT A T 5 o
AR (AR F AN B A] LA kb, = 03X — MG il _E5E S, X TRTL Y Zo 46
FIAAEEE . I NasBi @khive e E@it, HATEM X & = 0 Pig—1
TR AR, I 1100 UBOR RS Cs BRI ALk e R P
MONMRRZ B BT, FTIFRERUS Bk vo 24 R 2 & AR AR FMHAR AR A
FRFNZRAR . 2 TP BRI, Ok dr ve RIFTP N IR RIS BEROTR, Ik v
EEMS R ERIMEE MR EE . Bk vo 4@ vl LS 8 5506
PERAT B HADA R AR T, ZEARR R MEE R SR F b @A R

133 TEL¥LE

L R AR A A A A AT I XY A R TR ], L
nodal line semimetal f{] nodal ring semimetal, XFF T RETT 3¢ X 5 /MR Y-4
JE& kb v mn mURAS SUARTR], FE = 2 AT B X A A RO R ] LA R

Ydy =dy = dy = dy = 0 B LISKRAFICREBRIOAC e =4 HA =1 HH

JE, XA TR A =AY, B LR RS2 — DI . 281 R GeE 5A
) S O R 5 28 ) S s BRI . R i = 0,1, 2,3 Ry A E AR IR 0,
LIRGFAAR R B DB A o B JE P RE=AE A, FROTAT LS 3] —4H—
HERIMR, TXLHMRRT I T Ze B I BB 58 o

2015 4 Kim Ml Yu i J5 7418 TAEA SUQR) XFRIE IR SOsxswRrE (7) A
25 A SEXTFRYE (P) A& ZH11Y nodal line semimetal, 3153375 | CusN(Kim £,
2015) F1 CuzPdN(Yu 5, 2015) iz @prrt, Wikl 1.11. Kim fEEAS
WIE 74 PT X PRI R AT, nodal line 4R FMAE HHZ Zo [ Berry phase,
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singular points
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-0.2 -0.1 0 - 0.1 0.2 -0.2 -0.1 0 - 0.1 0.2

Pl 1.10 ZKHE 54 )8 NazBi WHIRHIZS. (a-b) 435104 NazBi £ (001) 1 (010) K HY
BEAR I, FATRT ATERE 078 20K B ve w0 B2 Y 3R 0 AR R A LN X b s A Re
X (Kramer ), (¢) 4 NazBi££ (010) KB SOREAM H g, (d) Jm
N BB R Ja B AKhL R B R . [E IE (Wang 48, 2012).

Figure 1.10 Surface states for Dirac semimetal Na3Bi. (a-b) is the density of states for Na3Bi
along (001) and (010) direciton. (c) is the spin texture for NazBi along (010) direction.

(d) is the splitting of Dirac point after considering external field.
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o
AN

/
Pd UC :

1.11 Cuz PaN H1#j node-line REHF 2 X434l (a) 4 CuzPdN WIRIRZEH, (b) i HLH
Xt CuzPdN H] node-line REH 2 X iAo B EUE (Yu 55, 2015),
Figure 1.11 Nodal line semimetal for CuzPdN. (a) is the crystal structure for CusPdN, (b) is

the Brillouin zone and node-line band crossings for CusPdN.

P T 0 5 mo [F4F Fang fEMCHER T 270 (Fang %, 2015), K31
6 PT XBRIERIR R, 777 B Zo HHAERE, 5 BIRH BB B
BRI ERE. Hoh B RCRERTAY Zo 2 Kim 2 BRI~ nodal line
{9 Berry phase. N RBRE] Zo 52 SULERAM NS FTRTHO 30— LR
BERRIEHAMT . A1 nodal line 945 HMTR4 0, LK nodal line /2 7AEZ/NE 1
SREHY, BRAEWT T TRAG nodal line RTEA TN, W 112,
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M (@) =
T m
CACHIIACR])

Kl 1.12 Bi#f node-line it &8, (a) T2 — node-line L& JE W FMRZE 8w LA
I8%¢ node-line i DUFIAAAL, 2458 —7Fh node-line W4l —A> Wil 2 R A4 MEAE, 1
(e)o (b) A% —Ff node-line &), HnFh AL B g LAEHFIX A node-line (R
b, HEHEGE R A RIS AR B mIMAE . EFIE (Fang 45, 2015).

Figure 1.12 Two kinds of node-line semimetal. (a) is the first kind of node-line semimetal,
whose topological invariant is defined by the Berry phase along a closed loop, will have
a topological phase transition when the nodal line shrink to a point. (b) is the second
kind of nodal line semimetal, whose topological invariant is defined on a closed sphere
wrapping the nodal line, will not have a topological phase transition when the nodal line

shrink to a point.
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14 SRR RN 7%

BIMRFM T IE R A L A ARIE S MRS, IREMREHIE NS — 15
BITRELMINIE 72RO, SRR, hEh iRk, SR
K| PArckE . kR (HEATINE N EM BT A ] BERI R TN
ASMEEFEHE EHRAFAE S FH . a0 AR AT RERY RIS A TR B 2
VRSN 2 b 23 (AN RFHRAE AN 8] SOBON FRIE R, B AR SR A RS BRIRaEE
IR T I ERE, AW BA TSR E M RTINS P RS A WL, 7R
AT E RS B AR S, O TR R, E AR Bernevig A5
4l ARHUKS: Watanabe B 5EAINTHVRLBe T EL T 77 SR BT AR BE S LRI S R P A
S RIS T B ek, 2017 £F Bernevig f1 Watanabe Fir £ (195 1~ 5 4144 25 A]
HE R F Do S IR A AT S Al T AR T, b H— MR RIS A
ST LLIE I REAT 19 AR AL 0EA T HIKT . Watanabe ZHIE4 230 Fh2s [RIHEAY AR T ME TR
7 i3k J5ok Watanabe 1 Fang B/~ 5820 S gt — 2 B 25 [ O R F M br ot
Fr 7 FRE, 4 T A BN X S AR LR BB RS R MERR I K R e X — R
SITARRISE R RKEE 7AW R B DS TR AR, (65 B3t &
T R AR NS AT RE -

141 #HIPETFUFENYRIETEIREL

BTAME LSO BN RIS HIME S, RIS ZNRRA . AR &
GEXTFRPE A BB o B2 Aoy 16 SR A 2807 2 ORS00 1R T W W 2
FLAE 2007 4 Fu f1 Kane 55 A2 7 HIWH R RIGTAEMHE A Zo b dazz
RIEC 7, W Fu-Kane 0 WHER —/MR R B A 2 1) OB TR, ABA A
A BN DX LS iR sl I R B TARME. (A3 B SOE AT AR . A
Fu-Kane 030, #tA] LAKLER R 2 M a2 K . Fu-Kane 202 fir AET R
MORHIEC B S, R RO B R R FME B Hedn” 2 A FE X
BRI R B R 24 . Bernevig {1 Watanabe 5% Fu-Kane N2 5 &, [RIAE
2017 FREARF], MR RAIRFNEIRAEW SO A R Ry, USSR M0 28 2B
Rt AT I X REN T ST (Po 4%, 2017; Bradlyn 4%, 2017) XM L X
REH HY 50 BE 21 1] W 3202 A1 kR RE AN AE AT ok, E2 R A BN
DA i A FR R AR RO PR R A BERE , RETRAE SO R A B s R IR RO 1
AT, w] A2 REAT R k R EERE . SRR AN i 29387 Sk
= AFES Y BB AN, AR A AR I A BEFRRAY (R8RS BR AR sxs
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1 Al

hl[3

PR E A M ITREBIAG) REAr SRR A — B {BSYo JB T4 P e ) 23 1
SRR (O BB A — AP 2] X SERORE (AT} 2 {BS} BEI R T
. Bernevig 5t . A1 —MHRHIOMFREE RAERT (AT} FOELORIF . M4t
EHR A, Watanabe IR B, 23 FIBEES BRI HE 1 HESLIEAR A 50T
UBS) ety (R REARIAI R T RO L Sl (FTUUREE) (Po %, 2017), {Aifts
TR AR Hh R SRR 2T DL AR TR B UM 6 S 30 TS/ MALTE Watanabe
B TAEZ b, R T AEToREi DR BRI IRE & SR LR AR o B2 TSR0 LA
A2 BTN BRI — 24 REA I, bR Watanabe %23 FIBHATI A0 TAE

— e A RO S IS, B f115) HIAE SO T(0,0). X(x,0).
Y(O.7)s M(mm)e [F N2 SR A A TR T R +1, FILI%R%
2480 2 TR LR R R AR AL 8, B4 B R AR R SRR T < i
Pin M Mg mp mpe ml mye SSRDAEE ATTAFIRIOR . O
AECHRALITL O B TERRE. Ao, B3/ \ B TR IO LR AR R 4
ORI AEAPECH —

ni 4+ np =nk +ny =nl +ny =n}, +ny, (1.35)

S\ BRI IRRE S AR R FRICNE: B = (nf, np, ny, ny, ny, ny, ny,ngy) . M (1.35)
ALV et i R P
C-B=0 (1.36)
Hrp C B—MERE, JERE T (1.35) ZEUiy R4 REATE EREHEH
By R, U5 & (1.35) =AU 20a, C REFERRRI N 8-3=5, 4ATM
H T REH A H D ATBCREEL, R (1.36) Hhiy B A plc— A BRAY BT DUREE, H
AT A
by = (1,0,1,0,1,0,1,0)"
by = (1,-1,1,-1,0,0,0,0)"

)
)
bs = (0,1,1,0,1,0,0,1)" (1.37)
by = (-1,1,0,0,-1,1,0,0)"

)

bs = (1,-1,0,0,0,0,0,0)"

IR B RO BLAY AN AT 22 R BB TR 2 A m] AT O, (2 AT
BUESCHUEIX A 26 o WERANRTL RN H np MO XTERE R np XFRZAY A
PEASHAER] T PORREM AL, a2 i BT rr LA I i 15 2 oK RESR B3R AR 1
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SIRAEE . IRTE AR AT AFREE N S R A TR . AT {BS} B
T, IR A HERFRIE R RGRE R {BS) AT LTI AR e A S e 2
JBIFT o LSCIRE] (BS) S iR A E RS X PRI REBRA RE 23
). LA L SR A A0 I A REAS 23 ) R {BS} B9 BT h iR B
ZAL SN R ENG B . AR 2RI 5 AR IR RN ?
WU 2 B ST Gk 5 S, TRATATLASEHE S — F {AT} BRI
{BS} AR e A IR (AT MR 3R IR 48— E R0 NP o #L4E Bernevig
£ 2017 4R H AT e G 2B IROT S 77 38 . BT A B A S 2 ) maxi-
mum Wyckoff position _- it & 5 F-4 (A RITT o 51— 2 P ) S T80 R 4
A, BB 2SR AN S (BRI (0,0). (3). (0,2) (3.3)) Ell—2F—18
PRI BE . M S2zs 8 — 3 ) R TR T4 R R 77 i . FL )\ R Jg
FUGAATE BINGIRE— A F 42k QRFRATEIE maximum Wyckoff
position (x, y) AL E R X FRIEAIHLE . MR A A RSO FRrE . 7 (—x, —y) 4
AR — N IE . AX N PUELIE AT LSS T g —2 — P Fh
PRI o K BATT H 75 5% F& maximum Wyckoff position FJ5 % J5{ 1 #aE R Al o
LA ] RIS THY ¢ ALERAAT SR T8 (R + ¢ >, FLAE 23 i) ROE SRS R A A
Zr PR+t >= x| - R—t >, JU/fE B0 51520 6 23 R A9 A Y A R

1
k >= = Z & REOIR+E> (1.38)
R

TRV R BRI R TS ) T AR B2 L it mm
Ny~ Ny~ Ry 1l ny, HIFER

Wyckoff position (0,0) 4bA —™MEFHRAELiE:

a; = (1,0,1,0,1,0,1,0)" (1.39)
Wyckoff position (0,0) A4 — &1 F AR HLIE:

a, = (0,1,0,1,0,1,0,1)" (1.40)
Wyckoff position (3,0) 47— MBI HLIE:

as = (1,0,1,0,0,1,0,1)" (1.41)
Wyckoff position (3,0) 404 — & FHRAYHLIE:

a, = (0,1,0,1,1,0,1,0)" (1.42)
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hl[3

Wyckoff position (0,5) 4 —MBFFRAYHUIE:

as = (1,0,0,1,1,0,0,1)" (1.43)
Wyckoff position (0,3) &b — 47 FFRIGHIE:

ag = (0,1,1,0,0,1,1,0)" (1.44)
Wyckoff position (3, 5) 4bA —MEFFRIELIE:

a; = (1,0,0,1,0,1,1,0)" (1.45)
Wyckoff position (3, 5) A — D& FHRAELIE:

as = (0,1,1,0,1,0,0,1)" (1.46)

HA M FE TR 2 RGBT A - e S AR il AR _E i\ A - BiE B R
LAERIT, FrLh AL ARl — A ERAY BT DURIE . WK (1.39-1.46) Al LUK
X\ RRFEA R LMY, Hrog = AR ] U A LA Zeb 2 6 ik -

a, =ay; +ax —as
ag = a; + as — as (147)

ag = ay +as — ar

FIr ARG {AT A ROT A TAS, 2802 ais axs ass as~ arzo #2H2K, H
MRAAANATEN AR T AR E L, ] AR {BSY B T4t 2 52k
PP T

by = ay

by = as — az

bs = ar + ay — az (1.48)

b4:a2—a5

1 1 1
b5 = 5&1 “+ as — 5(13 - 5(15 - 5(17

AN (1.48) thy A4~ {BS} EIH T LU E 7 Hid B e et e ot ik
by — by WEN TR B bs JEEM B R T HuB RN RIT, FILER
AP o RN JRIT bs Y7 HUEEEAR 2R A, fr LUUE AT bs X
R RET AR IR, XEERE RGN RN Zoo X TIHER
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Table 3 Symmetry-based indicators of band topology for
systems with time-reversal symmetry and significant
spin-orbit coupling

Xgs Space groups

Z5 81, 82, 11, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121,
122, 215, 216, 217, 218, 219, 220

73 188, 190

Za 52,56, 58, 60, 61, 62, 70, 88, 126, 130, 133, 135, 136,

137,138, 141,142, 163, 165, 167, 202, 203, 205, 222,
223, 227, 228, 230

Zg 128, 225, 226
Ly 176,192,193, 194
Lyx 4 14,15, 48, 50, 53, 54, 55, 57, 59, 63, 64, 66, 68, 71,

72,73, 74, 84, 85, 86, 125, 129, 131, 132, 134, 147,
148, 162, 164, 166, 200, 201, 204, 206, 224

Zox Zg 87,124,139, 140, 229

Z3%x 73 174,187, 189

Lax Zg 127, 221

Lex Iy 175, 191

Lox Loyx Ly 1,12, 13, 49, 51, 65, 67, 69
Lyx Lax g 83,123

ZzX ZgXZZX Z4 2, 10, 47

Xgs the gquotient group between the group of band structures and that of atomic insulators

Bl 1.13 45 E iEE HE S A ] SN AR R RO FR PR AR 4 28 IR ICA (Po 45, 2017)

Figure 1.13 Symmetry-based indicators with time-reversal symmetry and spin-orbit coupling.
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Table 4 Symmetry-based indicators of band topology for
systems with time-reversal symmetry and negligible
spin-orbit coupling

Xss Space groups

7y 3,11,14, 27,37, 48, 49,50, 52, 53, 54, 56, 58, 60, 66,
68, 70,75, 77,82, 85, 86, 88,103, 124, 128, 130, 162,
163, 164, 165, 166, 167, 168, 171, 172, 176, 184, 192,

201, 203
Z,x 7, 12, 13, 15, 81, 84, 87
ZoxZ4 147, 148
ZyxZyx 7y 10, 83, 175

22X22X22XZ4 2

Xgs the quotient group between the group of band structures and that of atomic insulators

L14 7% 58 A ReS A &, (A I ] SO0 AR R g8 SRRt A Ko B ECE (Po
&5, 2017)
Figure 1.14 ymmetry-based indicators with time-reversal symmetry and without spin-orbit

coupling.
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PRI ZAE . MRT LK RET ) {BSY R JBIT, AR bs i (19 REUZ B,
ARG 2P, IR 00 (2R bs BIHRY RECGEATEL WA
SRt SRINAE Y 1,

[ PN T AR AR AR A 4R 2R % = Xps X R REAS 2
JUPNREERE n = 1,2,3,4,6,8 12 [y E3feAE, WA (1.13,1.14) o WIAREREAZH
Zy IR, AR AKX BREAT . A 2K — @A PR, Xps B IH O BRI
febr (symmetry-based indicator) o {HZ MK 1.14 HHRT LU EL, FEAZ A 12
[EJHEXT B N PR PR E R AR o T XM E R 2 2 iASRIEE, FRATI
ANREFT XS FRPETEBR B R AW H A Fh . 75 Z2(0 ] Wilson loop £ HoAt J5 1% K 5
HEo Fr AR FRIEFEAR AT 2R RAB TN FE A BT o 153 &2 [ RERTFR
PEfER G, FATFEREELRER (1.36) 1 C X MER:, #FRVEMZAME SR KRR
(compatibility relationship matrix) . & 7 B UIFFRAEIX N AERE, Foo M Bernevig 4
fe Y AL (graph theory) J5 ik

LR BB Pl A RO f A B4 3 5 R L & AR R
G2, P ErrAEANERER R, KSRGSV REN . Bernevig 21
[ B AHS Watanabe 21—, R AR B DX AR pd L BB 37 R AT ] T 4R 2
R RN o AT (ALY 2RI AE ROTRR A ICREH R (elementary
band representation, EBR) , I, EBR Fi H & T S ARl _ERRET R 5 B F8
JE TR INE (1.15) FrRpgEIe T, ohos 7 & mR iR sz 8 i LART RERY
RETEERE T e MRARAFER =0, TG EBR 40k 7R —R 24
WHY, 3—RKE D NEZHN . M TRIMEN ., TTIRTOREEHENE, REHE
— PN EER X TR F IR A PIMIEN 28— M PORREAAE L S
W REH Z AN, R NFRFN () 454K 28 —Fh@ 9K RE R Em R g
RIS, AR R MR EE R R ANRBOKRAEALT P EBR Z[A], MR EAR
—ERNFER T . FEAE G RAEFE C A T s PR Mz R REH &7 =,
MR LS FIRATZAAR R R BAEE IR BT B A 2R RER AT .
FAVET s T S b m g, 22X HEAE R R
142 NMMEESMAITEENRT KR

AR AR R =R SRR AR, — BRI
W MR S AR B AR E TS I BRI P LA NP 2E . — 2 AT LUE
TR AR FZOR AW 2SR a8, HAFEIFRFMET 5 SR/ = FR
/s 5B RN I [ SR 5T R B BRI T AR AN A R A . (H

32



Atomic orbitals

pTG Induce EBR
k.o (p TG LG, Restrict to
v A 4 i little group
‘ ‘ I _! 1
R R 1
Ke & I,
9 J—
rANS G ]V
5
1_“8 B Graph theory =

— 2 I

K, v ]
R« T K r

K,

l Wannier functions l

Connected EBR Disconnected EBR

—

Topological insulator

B 1.15 “Blw k. B $E E (Bradlyn 4, 2017).
Figure 1.15 Graph theory.

Topological semimetal
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AR PR RS

TN (B IR) LR A BB 2 30 EON AR R SR A TR0 o AEiX—
FRAE A AN A AT BRI R B TR EAR DS TR R SRSk, AT 7 31 28
—PEJRE A 2017 SE)R, FRATAAEET Bernevig /1 Watanabe HY T/EX |,
ANURRE T X FRIEFE AR Y SCRIEN LR # AN &, 815381 T OF) % EA
T TE RE B R ZR HRPR PR RO 2 4 F AN A B S8 BE XTI 56 2R (Song 4%, 2018a,b;
Khalaf £, 2018),

XIFREEFEIR S VR A T— MR R A AT LR RA BB XL (2 /\ 1) @k
PRRERIAN AT Z930R kI Wi4R TS, Watanabe S AAE ML TTHY TAFH b A3ATTEA
MEE: LR MRRAS TR AN ZE, I AR MR —E BTN, 2.
AR RGRIAFRMERRARAH A, AR 2P0 MR R MR —E FHIF; 3. WP
RGPS RSV, AB 2K RGN - {H /& Watanabe
T NHSCREH A — 2 A A RE (Po 55, 2017), filn: 1. AR FRIE TS
PRIPIEL S SCRIER TR A 20 R— REIRRIEFEIRASAZ, B4
X ROXAD RREENE T AFERIARTN (FRFMAZAR. TS Bt 2R M iR 4 2%
)5 3. IR ARG RN LEGAR, 20X RGH A WLEIEF R A AR
4 R ARGEEAIEEE, IBARTMRIP R AR S A2 AT B KX
ESEARS: Ly

PR #1 23[R, SREOS TR SRR R 2 M 2R, R R X Y —
AN [R) S g B L (R CR AP B PR F AR B RS . BRI BRI, — DA £
FOS PRI B PR P A A H R FE R, X LR i BUEA A
S MBI HIS . AABXERINA T REEA S H R, A hes%
HAT R FRE RIS 5o 2017 4F IRFRATTZH AT 58 RO BT B AU AT LA i — >
MEHESA AR BARIMERT, AT s HE OF) BBtV 4a M it
(IERMHFIAAZ ), TR A RN FE H AR RGBT B 4
FEREE A gt I BERREL WA (WIS T) . (IR1E) JiE
e ANAR . AR SO AN T LAR Sy ARt . HB AR ADREAT BELH DX S R
RCEROREGE, A, (RIS AAOR AR MR R FME T (Song 4,
2018a,b; Khalaf 2, 2018), 3¢ (1.16,1.17) 248 i#E BA ATEER S 2%
HORFRIEFETR 2 2o

K 1.18 LI&JE #225 =X [RiE SnTe 1675 & B HERIE R & =X R IR A=
T

B, RS SnTe FIRTFRIEEUR ;
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B1EFTE

il

‘ Indicator ‘ SGs Formula
Zow,j=1,2,3 All SGs with inversion Z'K ng mod 2 *
24 All SGs with inversion > KeTrmM 37Kk — 3Nk mod 4
Z2 All SGs with 5,4 > K éné - %n?{ mod 2 "
83 (123, 127)° In(EL,) - §n(ES,) — gn(BT,) + n(BT,) + In(ES,) — 3n(ES,)
_%n(Efg) +3n(EL )+ n(Egg) - n(Eg‘u) mod 4
Zam,m

221

%n(Eé(g) — %n(E)%(u) — %-71(E§g) + %R(E)%(u)
+%n(Egg) — %n(Egu) + n(Fgg) - n(Fgu) — %n(E}gg) + %n(E?u)

+72(Efg) + n(EgIg) - n(Equ) - n(EI%uu) mod 4

zs 83, 87, 123, 124, 127, 128, 139, 3nd —3n; — ol 4+ InT mods!
140, 221, 225, 226, 229 z 2 2 2
—intEE Sn(tEE Ln(*EEY - LnPEE 3n(PE¥ In(PEE
23m,0 174 (187, 188, 189, 190)° 2n(By)+an(EBy) +on(By) = onCEy) +5nCEy ) +an(CEy)
+n(EY) —n(EY) mod 3
2
—inEY Sn(tEd LnEEY - LnEY Sn(?Ef In(PEY
3w 174 (187, 189) © snCED) +5n(CEs) +an(C By ) — on(CEL) + 3n(CE3) +5n("Ey)

+71(Ei£) — n(Ef%‘) mod 3

Zemo | 175 (191, 192), 176 (193, 194)°

%n(Egg) — gn(Elég) — %n(Egg) — %n(E%u) + gn(Egu) + %n(Egu)

+3n(EX) — 5n(EX) — n(E?) + %n(EgIg) —3n(EY) mod 6

%n(E*%‘g) _ g.n(Egg) — %n(Egg) — %n(E’gu) + gn(Egu) + %n(Egu)

Lo 175 (191, 192) ©
+3n(EY) — sn(BE) — n(FH) + %n(Ei‘g) — %n(Ei‘u) mod 6
2 2 2
213 175, 191, 192 { (26m,0 + 26m,=) mod 6 + 3[(25,.,170 + Z6m,r — z4) mod 4]} mod 12
1o 176, 193, 194 {Zﬁm,o + 3[(z6m,0 — z4) mod 4]} mod 12

1.16 A1 ] i3 5 8 H e # A48 R R FR e bn A 5. B ECH (Song 45, 2018b)

Figure 1.16 Indicator formulas for systems with time-reversal symmetry and spin-orbit cou-

pling.
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AR PR RS

Lattice SGs ‘ n ‘ Definitions for 71'5, ng, n} ny
2 2 2
n n(EL Y+ n(EY )+ n(E? )+ n(EL )+ n(EY ) +n(ER)
29 29 29 29 29 29
Tetragonal | 83 (123, 124, |n n(EL ) +n(BY) +n(EL) +n(EL) +n(EY,) +n(ET)
rimitive 127, 128)* 2 2 2 2 = =
b  128) n n(ES )+ n(EY )+ n(EZ Y+ n(E4 ) +n(EY ) +n(ER)
29 29 29 29 29 39
n n(ES ) +n(BY,) +n(BE ) +n(ES) +n(EY,) + n(ET,)
2 2 2 2 2 2
n n(EEg)+n(EfIg)+n(Efg)+2n(Ei]g)+n (Ef)"
2 2 2 2 2
Tetragonal 87 (139, 140)° n n(Egu) + n(Equ) + 71(E§u) + Qn(Egu) +n (Eg)
body-centred = ; X N b
n n(E%g)Jrn(E%g)Jrn(E%g)+2n(E%g)+n(E%)
n n(Egu) + n(Equ) + 71(Efu) + Qn(Efu) +n (Ef)
2 2 2 2 2

T
1
2
1
2
n
3
2
3
2
n
1
2
1
2
+
3
2
3
2
ny | n(EY ) +n(FY ) +n(EF )+ n(FE )+ 2n(BY) + n(BY) + 2n(EY ) + n(EY)
3 29 29 29 29 29 29 29 29
Cubic 991 ny |n(EY ) +n(F5,) + n(Efu) + n(Ffu) + 2n(Efu) + n(Eiguu) + 271(Efu) —+ n(E)é(u)
rimitive 2 2 2 2 2 2 2 3 3
b ni n(Fgg) + 71(Egg) + n(Fgg) + n(Egg) + 2n(E%"g) + n(Egjg) + Qn(E)%(g) —+ n(E)%(g)
2
ng [n(Fy,) +n(Fs,) + n(Félu) + n(Egu) + zn(ngu) + n(Egg) + 271(E%(u) + n(E‘;u)
2
ni n(Egg) + n(Fé:g) + QH(E?g) + n(E)%(g) + 271(E1%‘g) + 2n(EI%‘g) + n(E;V)
2
5 |mx|  n(EL)+na(FE) +2n(BL) +n(BS,) + 2n(EL,) +20(ES,) + n(EY)
225 Pl 3™ P zv 2" 2% 2% 2
n} n(F5,) +n(Es )+ QH(E);(Q) + n(Efg) + 271(E11‘g) + 2n(Eé‘g) +n(EY)
2 2 2 2 2 2 2 2
Cubic ng|  n(FY) +n(EL ) + 20(EX ) + n(EX ) + 2n(EY ) + 2n(EL )+ n(EW)
face-centred 2 u Fu Fu zu U gu 3
n%r n(Egg) + n(Fgg) + n(E)%(g) + n(E)%(u) + 71(E§u)
996 ny n(Egu) + n(Fgu) + n(E)%(u) + n(E}%(g) + n(Eé(g)
2
ni n(Fgg) + n(Egg) + n(E)%(g) + n(E)%(u) + n(E%(u)
2
ny n(Fgu) + n(Egu) + n(E?u) + n(E}%(g) + n(Eé(g)
2
n%r n(Egg) + n(Fgg) + n(Egg) + n(F‘%Hg) + STL(E%NQ) +mn (E%P) +n (F;)
Cubic ny n(EL ) +n(FE ) +n(EY Y+ n(FE )+ 3n(EY )+n(F§)+n(E§)
229 3 P U U U plkad 3 2
body-centred = - T 0 N B -
nér n(F%g) +n(E%g) +n(F%g) +n(E%g) +3n(E%g) +n (F%) +n (E%)
ng n(Fgu) + n(Egu) + n(F%Hu) + n(Egu) + Sn(E‘gu) +n (Eg) +n (Fg)
2

117 A7 ) i HL5 8 H e i 548 R R FR e bn A 5. B ECH (Song 45, 2018b)

Figure 1.17 Indicator formulas for systems with time-reversal symmetry and spin-orbit cou-

pling.
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B
Rl
=
hl[3

k, B ooy=4
k point| irreducibl fati ,' kS0
point | irreducible representations (‘ | 4. a0

r 2E1, 11, iFy, \w L
L Esg +2E1, +2E1, » Zg=4 » X 5 :
W ZE% +3Ezi ‘_ . 8m(uo:
y 2(110
X 2E?1g +2E%u +E§u %'%% k 621(001 u

Symmetry data Symmetry indicators

SnTe

S = = = o

woq g

k point | r

R T U
C P irreducible repnesentalions| 4E+ 11E,  12E+13E, 13E+12E  12E + 13E, 1 1
3 K point [ v X Y Z 0 0’

irreducible representationsl 13E+12E, 13E+12E, 13E+12E, 13E+ 12E,

B 1.18 A ATRE G 570 B IeSE R A I BRI R AR A R E R I 2. REYE R B
PLBER A SnTe £ IR A KXBGI ¥ TEARE R REREH CaP;
8 SRR AR 2 S

Figure 1.18 Instructions for the use of indicator formulas with time-reversal symmetry. Two

examples are systems with and without spin-orbit coupling respectively.

B0, RN TRIE R AT R A S, 155 28 = 45

B, BARAIR zs = 4 XA A LA REYE , (B2 RTEAH muo
Xt 7 B TR AR SOHRE AL DX 0 I8 5

VUL, W muo NS YA BEHRIFRECN 2 (mod 4),  [AIHE T ABHIA
SnTe X BLAY B E I —HIAFIA L o XHIRFIAL FHE R SnTe 1A H
AR RS, B moor TN Y BEIAIFAECH 4 (mod 8), #17 (001). (110)
JT R BERE AR AR Sy RAEXS R R B 2 AR R 55

4 1.18 "NEY CaPs MOEAE 8 B BEHUER G IR MEFE R 22 sCR (6 7
%

B4, RS EEEIREL CaPs TEEFR A H PR A B FREE

50, B BB BRI R AKITRIEIR R 23U, 155 zoz0z0zs =
(0101);

Bk, AmRATAL (0101) XA FME BUZ AR AT IR X TP AT A S8
(0,7, 0) RIHYTT RIERIRATRETT 2 o JX—E55RA Xu £ 2017 FFHHE IR — 2

PR MAE Y SOR K FIAE T AR T A Rt E S e B
BEAT 18 B R AR FIARME B K BRI SR F o 2018 AEAL I T —
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AR PR RS

E2HIITEM BTN (Zhang 55, 2019), FREHT T EiB LR AR
PO R 2B T A A 2
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55 2 B VR e R HAE MR R R

£25 FEREREITEEEREAERIMIEFENA

R B e AT A, FRATTRE AR REA AR X I W H AR
B2 LR ERER . FERRET AT LU SRAIW AR B30 4h, kvl LU T
PR E AR B 5 T RIIVERT, 52 MR BRI TR Z N EARE 16 . [EARE
VS (5 A AP SR ] 4R o FL - ) B S 5 3 0 AR B RE AR (E AN AE R .
T AR ) B [ A g B ORI BRI R o P T RLSRAR R, B2 A 1em®
FIATRME SR, B A 10 BRI TR LB H R 2 R T LA
FERTHEICE R, AR R 20 H ANt e K RS2 A FTRERY . A — &
FIEAAR R BURAT T A 02 T H/N e BRN 28& R DU ki i
2, 135 Born-Oppenheimer 17 {LL (Born F1 Oppenheimer, 1927). Hartree-Fock i/t
{EL (Slater, 1930; Fock, 1930)~ &b {ARF-4% AL (Lo Gl X — RFEALFF b #
I~ Hohenberg-Kohn xE3, 5t ] LUK & 421 22 44K ] @ 4k, A B B 3t LY Kohn-
Sham J7 72, Xuli/@ % 82 1L (Density Functional Theory, DFT) fJ#0 EAE 1
(Hohenberg f{1 Kohn, 1964; Kohn {1 Sham, 1965), BEIRE T PRS2 A&, (B
SRR G S R A BRI X — & B 2R AT 98 R RESR I AL
HITE .

RO BT 3 F iz eR BB I THR T 202 R B AR I M LAt & A 1
TIFARKAAR RV ETHa s TR, AT EMAEM R a3 a2 E, il
FRANTNFRZ A — P8 (ab initio calculation, or first-principle calculation).
WEE 2 B2 BRI ST BB PR 58 3 LU BN BRI & 2 . DFT 42
VLU AEZR ) B TR0 R BERRAS o EW. MRRL AR 24
IR AERT. 498, DFT DWTIMNARFM 825K BixSes(Zhang 55, 2009) ZE J T
TEAEARF MR AU % . S RE A NS AR A, RIS B 1Y
PRI RE AL SE 50 59 1 i T 1Y M) BE 43 52

2.1 EEZERIER
SR E R RGBT RESN MR WA RV, B S5 A
IR ER RGN 2T B E TS TR
HY(r,R) = EY(r,R) 2.1)
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AR PR RS

Hir H 2 RGN SR EbE, ro2EEp g B 2R ES n), REZ2
FrA R T AZ AR G (R} o AETSOA HA SN AR FHIS, [ AR G i i it
& A e AR A% B Sl RE Sk - [B B A ELVE T RE, BAACRT LS i %
FaW

H:He+HN+He_N (22)

Hrb H, 8 Ly RIZhEE T (r) IR Z IR EAEHIRE Ve (r)  BHEAH HAE
s Hy 5485 I ZhEE T (R) FIE T Z RIHIH EAEHRE Viv(R): He-n 72
- R TR B T e AR 1A R e o me . My
W Hev Hy~ He-y BARIEA 3 AI0F

2 1
H =T, Ve(r) = - Vi +: 23
() 4 Vele) == 2 5 2; P (2.3)
Hy =Tn(R) + Vy(R) = - V]%, Z (R; —Ry) (2.4)
+J
H, n = - Z Ve_n(ri =Ry) (2.5)
i,l

FIRAR (2.1) ~ (25) HREIEMXE RGN R 2, T RHERE
SR, FATHE TR AL T R B S b I 21 AU E B

2.1.1 Born-Oppenheimer T 1L

BT (2.2) APS 0 H A& R shsE e R EAER . Bk
H, JT i Aehs ro Hy RS R R ShRERIE = A SR . B
LA Hy FARHT R H AR R Heon HTA] IS A6 FEL - B ABTR AT A2 B ARAR
H AN A AR SRR T R 20, Bir LAOA T4 20 ARl i B T I 25
VRGBT B2 BT R AR R B IR R BT, HIashm i
w/NTFHFRIE s, A2 v] LS Bz sh M s s 1k 25
JEHT o RIRAN LR R R PR R BCFEAR T, LB SeE IR R 0m e
¥, JR-r a2 SR AL B MRS o XU FR A Born-Oppenheimer i/t
EL (P R-BAHE IR AN) . SUPRVE 4G EL (Born A1 Oppenheimer, 1927), fEZ45$A
LR, PR B A . ARG R AT 5N
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55 2 B VR e R HAE MR R R

¥(r,R) = x(R)y(r.R) (2.6)

Hrp y(R) BETIRAL, ¢ (r R) 2R LTI s IR R 8 1T HTRE
AR AR IRl FE I R A R AR AT A ARARERAE G o (HE AT
FEH ISR, AR E rT LA 2 B E AR B A2 &, A R H
EA— B ESEUH I 7 R Eh R R A PG 2K 1 7 s RO
JRF R AERR RIS o BRI, BTl T TR A 21 R e Rl o 1k B
i RF &, MIEF RS Hye M1 RS Heo:

H = Hys + Heo (2.7)

HN2 = HN + Z Ve<R[) (28)
1

Hey = He + ) ve(r:) (2.9)

SEAHL PR F R 0E v (Ry) RUSEF RO PGP v, (1) 45
NI MRS TR VST ST B R T SR
BTRIE RS AT

o, 1 o? )
- ; 2_mevri i ; Ir; — 1}l i Z velri)Ju(r) = Ey(r) (2.10)

AECELSR M 22 ARV S WA SR BNt — 25 Y B I BL, OF T A AR S T i) R
AR
2.1.2 Hartree 1 Fock iE {2l

XFF (2.10) e, 5] HLAY B FE T AUE 2 22008 A =58 — 30T FE - FE 1 [R]
HEAEM, RICAR R R4 B BT EAE R B iU
B2 T RAR D TCR A S W oe 2 Bl RS ER . RI BT e
HT AT BL A 7 B 18 5 A DR AR o FEH ALl ]
LI A SR B Al 7 /2 1 2 SR e HL R BRI, o AR P B2 T L A/ )N
AT R DA IR 8 L A A% AR A A, FRATTRRZ B 7 I i 185
L R, IR AE I M B s SRS 2 B AL 2 PR R U 1T & 2R HE
BRRYZAL . XM R RAUSAE R AR Z R DA St 2SI
AER R o A B RV B U O T - A R R R 2 e (Bn
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AR PR RS

i) SRzt TR RIS AR, JCILR BA RIAYE R S B AR RET Y25 Y
ST PR X — AR LA YA
J5 3K . Hartree 78 H B H 7T A LAl _E U THE IR, 258 T H 72 B9 %
M EAE RIS G B —FpPA 35, M2t 1 5 4% 1 Hartree #bl (Hartree,
1928). {f Hartree RS FEH, WEBFUE A ML, RS M1 T H
TR REUR T AL, AT LS R I R ORI IR

= ]_[ ¢i(r;) (2.11)
EIRERRL P PR AR Hartree JER AL, T HIRA TS REBUS — AU 51
T R AR IE A H—

&

< ¢i(r:)|@;(r;) >=6;; (2.12)

ARG AE S BB A B A 0 R RO 73 BRI 45 21 LR 7 Hartree J7

72 ;
(- 2mev2 +V(r Z/d ’|¢ = E;¢i(r) (2.13)

i#i’

M — WO B F-BIRE, V(r) Dy R AR MR R A2 3 1) AR %
SHUNRHRTZ | R HA BT RPRE S . A E BEE R TR
A GG B H e 1o m?ﬁﬁiﬂ%ﬁMﬁ¢@§$%¥ﬁuﬁ@m,%u
Hartree J7FEAH G R . BISGZAE R T—AHMIIAAS, 7\ Hartree J7 3K
AR FAREN AR N TR EHF AR, Z20ERKREE SR
EpGEaT

Hartree i1 {LUE 4 [AlK 7B LR 7R L, (HE2H 22K 7, RS fob
PR L Fock X AF Hartree /TPl At b R 7% pR S B Slater 1781201
X, #FRA Fock ir1bL (Slater, 1930; Fock, 1930):

Yi(qy) va(qy) - Yalay)

Uo(dy) Yo(qa) - ¥a(ay) (2.14)

Un(qy) Un(qy) - Un(ay)
Hrpq, &8 i NI EF B BER 488 WitE i Hartree ] Fock JT PV
FATB9R AT LAXS Hartree-Fock PR Sl RE R I (H AR 43, 1521 Hartree-Fock
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55 2 B VR e R HAE MR R R

Jike:

h 2 ’
Cop v TV Z/d |r—r|

i#1’

Z/d’ T gie) = Bt

i#0, ||

RO ATEEPR TR, || R BRETAT, B q, AT LARI A AR AR
HIZ A o BIA Hartree-Fock J7 7% & 1 FEL 7 [ S #1461  {H /2 i T Hartree-Fock
W RBURATHIE A B R, B WESCTAT FL 7 [ SRR P 208 1o Sl
T2 REORIRRUN T R AU 2 ATH P, tH8EE SO NS
N ICHRE AR 2 B AR T Hartree-Fock UL RIS RIA, 25 H T
KT B T B AR

213 BEZRIEIL

(2.15)

1927 4F H. Thomas 1 E. Fermi fEARATH)— D TAERHEH, BRI 5
ARSI AT LARDRL A0 %5 B2 BRI o SRl BV R GE S RE R 5 R
BTz R o FERFGEIE S HL <, P. Hohenberg 11 W. Kohn 7£ I & ELAil_EF2
th 7 H-K g

21 TR ARGEATRT AL LASRALTRE LR HNHE—Z

EM22 R EZRAEETRATNESTELRERSETFTHE LI pr) &
BHOME, 5T ASRE,

FERL (2.1-2.2) th e B ESRAERIFRY . U5 SR e ELAE
TR, HIS R ] LS dn P

H=H, + Vexs (216)
HH Hype B SIRERTHE T [R] FEAC A ELAE H 2 F:
1

Hm:T+wf-m%Z]? igr—r 2.17)

Vexe AHLTHPEBSM RV A 78 B diAs a0 By O AR B R A -

Ve = 3 V(1) (2.18)
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AR PR RS

FIr LSRR RS 7R FL 7 Z IR G AR AR T L R 5T A e 1
TERS, ZH TR RRRE WU AURIINS Vo 5. HUEH 2.1) ATRI, ARG
Vet BARGEEASH THUEIE po(r) BRI USRS 7208, sl n] LIS
B S B SHRENIEACAEE, IMTME MR RGN MR Mateid, &
GEELASHTAT R PR R] LA iy HEER S FAAT R B ME— i E » BASRERT LAE N

EMWZ<MMU+%+%MWH>=H]+%M+/QMWMMH

=mﬂ§/ﬁmmﬁﬁﬂ+@mwjﬁmamm> (2.19)

= Flp| + / drV. (r)p(r)

B Eve[p] FORHFRIYSCHOCIEE . ERE (2.2) RIS HALE p BUR
GRS T ROE R, 23 (2.19) THRYBERTZ R RERUS A/ IME. 2810 s Tp]s

Evc[p] R BRAMIEH AR IE AR 4 1A R4~ [A)#, W. Kohn A1 L. J.
Shame ¢ H} F oA AT AR RHIBHEETZ B To o] SRACEELSEHIRH ELAE R SE ) 3)

RESZ R T(p], AT T[plo 1 T[] M2 HYFBAI BRI A FI SO RE T, I HEAR
BT
=) )P (2.20)

Z/ﬁw (=V2)(r) (2.21)
TR RGE S RERTRL U p(r) B9 iAS B TR o (r) B9AS 43, 15305 52 2R
IS HUZI0N J7HE, Kohn-Sham J7 4

h2 2 3.7 p(l") 6Exc( ) A (r
GV Vo) ¢ [ v Bl S Phye) — i) 222)

A1 Kohn-Sham J5 2, FRATME RS LGB FE (2.22) SR E SRS H HL I PR AL
gi(r)o XL (2.20) HEATLAE ﬁ?%%@%ﬁri . AT E RGeS HoAh
Yy#fie. 1 Hartree-Fock JTLAHLL , %512 bR FEIRY HL L F- Kohn-Sham Jy
ﬁ%?%%,@%E¢§ﬁ?%%ﬁﬁ@%%i%ﬁﬁﬁ%m*ﬁ%,@@E
Ecclp] o BT REHAIACHOCIRAE R TCIE S A, IRUHERAT T B Hpl— 2o 5 3
ML FESEBRITSE S, fElas)Fc{L. (Local Density Approximation, LDA)
(Hohenberg #1 Kohn, 1964; Perdew {1 Zunger, 1981; Ceperley f/1 Alder, 1980) 1)
A EIT L (Generalized Gradient Approximation, GGA) (Becke, 1988; Langreth

H1 Perdew, 1980; Perdew 2, 1996) 25 2% F Eb 56 2 iYL (ML T 12 o
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55 2 B VR e R HAE MR R R

22 [EH

AR D AR AR B 1 LA PR S REAUR B S B R BRI HARE , £
FEREET e AE TR EEM . BT RSEUEOUN, BRAUEAHFH I
B S A3 ) Y SR AR 5 SO AR Bl B s [ SRR, IR T SRR ] _ERA
TR o 1 25 RERY S PRI IR R BB RO . e AH R RIS
. FEERRE, B LR SMRIZ R T, IR B X F T
SREHTHE L g E E  H  HOAS EE R R O N A H AR R
EXpER, ST 2HEFEARES, R RIEE/N BN X
TR RMA R FATTRAER SR H B KR I A F - RED . IR IR
JTIEAEPRIIE T BB BE SR AT Y AE AN L SE 4 REB A B AAEASAH [R] B9 2540 T 3k
TR AR, FERESR AU 2] T T2 H -

JESSH T EAREZ R, N EBA TR 5T IR R 3T AP HOT %
FRFET o AT I RS AN IR T RS A R 2 ] o DA PR+ 0 it X
HoAt Do 254 X 2 S R BT FITAE A e, Xl L i TS 4
TR A EAE RN, B AR AT AT SR AR 7 R B . oAt X
SR L TR A BGR A EAE A L A I R B A ELAS B B FE I R B ROR
BB A RS R, H d T IE ST I A HOR AN A5 R R E
I AEAT 8 B 38— HE AR RIS ROk o Y JEAE IR 5 55
V(r) FHEFRH X (Ev — E)lYe >< Y| ZHMERMASHFHIAERES . HPE,. E.
RS B TREN. Wy > e > 0 REHX AU R % & 2.17]
DA, SR REY V() )57 IR 2L, g Ve (r) WIAE TR -F#%
PRATARAL -2 bR RS B AT R 2 9P () BROP I — R ARk MG AT L
HIP IR HCRE SRR B N T2 XM AR SR AR 2 S5 Y

Hr FL T RDE I R E A REE 1S T R -

Hll//v >= Evl'ﬂv >

(2.23)
H|y. >=E.|¢. >
P AUE S T PRI SRR, FRATTIT LA 5 PO R B
WP >= g > + > < Welwl® > e > (2.24)

R’ H — E, AR 203 7058 Al 4521 R eR R0 2 1 5 1 -

(T+V+ Y (B = E)le >< Yyl >= E,yb* > (2.25)
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AR PR RS

VY VVYVY

V(r)

Wir)

w(r)

@(r)

2.1 JES. (a) WARII%ST Ve, (b) MRIEHBEE, (o) 3, (d) BPmB. EHH
H GER 5, 1979).
Figure 2.1 Pseudopotential. (a) is the period potential field for lattice. (b) is the Bloch wave

function. (c) is the pseduopotential. (d) is the wave function for pseduopotential.
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BINERTEAGT AR, RS2 AP LM S HIAMES, H
SRR EIF RS S GRS RN ITE R A EHS: (Empirical Pseu-
dopotential Method) , R SEEGG HIRY V((k)) ERBEREETSITRE . FF AR
AAEAE AT BB ACR SER B R i LB . SRR ROR, WE X V (k) B E 215
B &5 R SR BAR T . B EREAMGT R RIR, KBt Wi
PR A~ A5 O A 1 2 i AP o 4 R P T2 pR BRSSO RE TN
A7 IS A A AT B I SE 50 2R MR AR AT XS RS- il 2
— VBRI . HETE A IR B S R R T R A = Fh . RS E
JE## (Norm-Conserving Pseudo-Potential) . ## & (Ultra-Soft Pseudo-Potential)
M S T 172 2 (Projector Augmented-Wave Method Pseudo-Potential,
PAW),

2.3 Wannier BR%§

X T AFAERIAYE S 1 SRR, B F - ARAE U R AR 1 J it AR ] S0
SRERI T . BT Bloch P BT wn(r) = €™ e (r) H wc(r) J2 FEATERT,
K1t Bloch 52 4 FH T HUAR S AR 58— PR IR H L. o™ SR IR B A1 S 25 A) i
HASRAESRHT U AL, ne kB E R TRbnfzhigfebn. S8 T Bloch J%
BRI AE i, FEALEE ML ¥ P A R B oGk . e A B AR L
S R T M) R I3 7 eyt Wannier BN 23 B )7 48,

Bloch S5 1 Wannier 38 R A& AH A, AT AE i B AR 3] BLA%AE
Bloch 7 BRAAE k 25 [A) % JRAS R e T O 8 FE M 2080, H AR B /2 Wannier PR,
KA A Bloch PR 1A A METIE R Wannier eI (521 . A1 Wannier 15
BB ASEAS S O HRDy, BOR[ARS Y Wannier pREE I IEAT, JX B EIIE T
Wannier BRI Ao 1 Bloch RGN AV EEE S TR |

2

=2 V()] U () = Ee™ i (r) (2.26)

2m,

Hie"* M (r) = E(K)e*®u, (r) (2.27)

[ Hy = e THe™ T, e LRI U AHOL 7o LT LA HE , €Mt (r)
1 e (r) #5/2 Hi BIALERS, HALEEESE E (k) (HEATERNMEMLRTSET
Wannier pRECHIAERNE, TSI T Wannier bR #507E S22 [A] Y Ja M AR LR T
FREY R o B A U AEALIE 7 TS 20 B Jep sl A i Wannier pRi450%
KEE,
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2.3.1 EHFIEH Wannier R %1

1B _ESCRFI, Bloch 7 BRI Wannier 37 sRAF B IT AR AL R, B
PRGN :

(1) = (23)3 | ket (2.28)
V(1) = Ze-ikanR(r) (2.29)

Hrf w,r(r) A3 Wannier #7840, n. R 935N REMfE R ML 25 [ AL B AR, V
e JFHEAARF . Bloch 357 R WL HOANER E 1Y U(L) AL 52 Mm% Wannier b5
TR FIZS [ 5040, AL REH RGN — b Xoh

(1) = D Uy ()t (1) (2:30)

A TG U (K) PEACHT AL, M52 i a3 [ Wannier BK%L, Ivo Souza,
Nicola Marzari f{] David Vanderbilt #£H} 7 SMV %% (Marzari f] Vanderbilt, 1997,
Marzari 5, 2012), SMV Sk 4% OB R A SL 25 1] E L — 37~ Wannier PR
Jerdalt P R A, B SR HAR MBS 21 B R ) Wannier K% 12 pR AU TE AN -

= 2>, = <r>e)

(2.31)
= Z < a)no |I' |U.)n0 ) _l < wnﬁ(r>|r|wn0(r) > |2]

MR Q BTSSR RS sTEAARI Q AT AL U (k) BIRLTE
AR I Q 2 1

0=+

(2.32)
= Q] + QD + QOD
Hrb Qpy Qop 2 /RARBRLIEAL BT A BRI 2R XS T, BRI N

Q = > [< 0a(D)P|wn(r) > = | < wur(F)|Flwn(r) > (2.33)

n mR
= > > | < wur(r)Irlw(r) > (2.34)

n  R#0

Qop = Z Z | < @pr(r)Irlw,o(r) > | (2.35)

BT Q26 Uk) BeRE B EAFRATAT AR B HU i A B X A e S8 &Ry
Md =< | tirn > SRIT FSLHORR LSRR/ IME . 52 Q AT LISRZR B N
o
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1
Q= D wyTr[P*QMY) (2.36)
kb
1
Q=+ >y Y (—Im(InM2) = b- < >,)* (2.37)
kb n
1
Qop = Dy Y IMSP? (2.38)
kb m#n

Hrpt P =3, e >< up] . Q¥ =1 P*. b2 k MIHERIT A K ZAIRERK
L OBEN wpe Q ZRETBIZ IR k 2RI EEL. AXMERH, 4 kMK Y
TSR ECE Y, Q BU BEFROLIT . Wannier sREGHUR. |1 TN RET
BT R B0, BRIIE Q RTEAERY, XERATAFRIA Qo [HanE
HANTFr AR e A RERT s B Ak, Q BN U(K) 24t MRS ie 2
WAL Qp RAT2 I Wannier BREL T o (BORAE— T Noor A5 RETTRY RGEH
WATRIEMREN A N 5%, KR/ Wannier BRECZS N S(K)o FRATEM A 23R
o BRIME, IEEHRE] N SN RE SRR BOBIE 1. FEXT Q BT,
HURET 2] — 2 X IEAERE U (k) fdifs:

Ntol

m=1

" A A 8 {2 A SR AL ) Wannier BR%L, W 350K Bloch 37 BRI ECH IV 1Y
Wannier PREUE 5 800 . AT Bloch 3552 T G MG B AT & 1F 28 e
Hy, = U'(K)H(K)U(K), K5 FF 500 B 28 st vT LATS 2 5% 548, Wannier R %5 3%
T SE A R Y B R G i

1

H” (R) = e *REY (k) =< mO|H|nR > (2.40)

tot K

AT (2.40), fER] LA RS 2 E S AEE D k R E R, 3E
FRIREEAMERS . T S =S A AR IR Y FEFETT Hy, (R) BEE R AGEE AN,
1M HLAE NG FHE Re A0/ NE] 00 AR A FA TR i Skt Wannier sRELRS, H
g ELAE R AR A B EE R RAYME R AT . Wannier sRERIEME LGS . R BN,
i T R BT R kSt Do 5 H i T B A AT 2 19 8 25 R) K R
RESE ARG AR =, it DA R AL Y Wannier £ERPRL A I HOA B 2R
Mo

Y

el
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2.3.2  RFHIE Wannier R %]

A I8 SMV JTiEAE Z R A B SR L2 i Ui 7B
FIRCE, EAETT N B AR R R AR i R S ook (H2 BAETT
BRI PR &R M ARIXSFRIE (Evarestov 55, 2003; Smirnov A1
Usvyat, 2001). /2 id, HIE k Rl K" 52 H A R FRIE R k2 Ry, 2
NI AEAS AR ML TR . R Hyy, (R) BRI R R AR,
(A EEH DX PP BT R I fa BT Y BLR 22 S B B3R T — BB B 2R
RMEVE S AR R T EIRE L NI EA 0 M RGP R Bt
PREZNLE

FEX BRI AR EA PR — RAE A RRYE IR SMV 7 i A HE
T4 TRA AR HUE Y K Wannier bREIHAEXTFRIE . X T 2Rl %,
Sakuma R. N HG VR BAME T — LIRSS . LAY E D HRESR U(K) T
/& k XPRZRY Little Groupo R,  FRIRIE T A BEN & Sh IR REERI P X FRYE, (H
T ERALEE. XA HEPUERME AR, FANTFEHE Wannier HLER 2
R I AT 25 SEADOS R A S — ML . ISR 28 —Fh o sl vl LAR &f
DX A Al BATTAT LASBHRE — A5 8 H EPIE RS 5 B9 718 Wannier 2
R, FRE R PO AR M U TP I AR R R B BEHUE RS S R, XS
FRX R AT E BEBLE RS & R e R IR B U X PR R SRS R iEie A —
AR WERBATAIE 7 Wannier bR LB ARG T RIS 1 X2 Ak bR A
AR XS FRERAE T B9 e IR RGERY I BB R I Ee e, AR A
A5 2 FORIRIG I LA b n] LA Tight-Binding Model (TB Model) X FR{E:
AMETN, BEE A LigE— S B B XA k AR50k, BT eR
MOTER LA, T RATEE I 15 FhE 7 HiE Wannier BREU -

B, BB L MR AL, =< Ykl dn >, HA ¢ NJFTHLIES
PR N 55 HARREHF I 2] Nior 1~ Bloch S pR%L Y b

Ntor

|wnk >= Z Amn(k>|umk > (241)
m=1

Hi 1418 Wannier T E Y SMV BEEML. HETRESGM] SMV &%
Wttt Q 158100 —H 2 REoGI I ASZRENT , IXERAIT U AT DL £ 1EA
AR AY,, s PR OB 5 211 Bloch BREY L IETER 46 U(k) >k
RA5 Fe H R4, Wannier ¥ pR AR :
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Wk >= D W >< Unkl$n >= > Uy (K) g1 > (2.42)

FATATLAE B, #ai e fy3sk Wannier pR ORI IEF-$0E Wannier BRECE(LL, ME—AR
B 7 R RTAL UK) ARt Q BT BT — RIS T, AR A
ST LR AR, T8 4B TS RS B S A AR & F 8 BT EL Q [ — 2
PRALAR B SR FHOE R R SRR AR, MERER T RGFRE ELIR Ao

1 TR 7L Wannier 550 3 V0 J2 A5 % B (A R Bk 2 1 B
B . BT ATT — 2 BRATTAE TR IR B T A TR R AL AL T o 33 5 P
FRE, A B X F K AT AR —/ NS4 LN X PR RS 5 (AR B
Poy 58], X/ NS B DX AR A T 297 ELIH X

B4 | BT BB A A Bloch B ROk

1 )
</),-Ak(r) = N Z elk'R¢A(r - T; — R) (243)
R

B B AE RIFRE alt 1558 § DI ERVETE A BHE)E j R ERYE
BB, Blt+aor=1+R), NA:

Prain$ia(r) = Piapy ) €**ga(r -7, ~R)
R
= Z e Ros(a'r—a 't -7, -R)
R
= Z Ry, (r—t—ar; —R) (2.44)
R

= Z eiak'Rqu(r - T - RO - R)
R

_ ¢'B ke—i(lk'Ro
- 7Ib«a

FEER AT FRPE SRR S . SR BE S MR e 2 A iR -

Hiajz(K) =< diaclH| o1 >
=< $iarl Pl Pl HP oy Prain) |95 > (2.45)

=< ¢i'A'ak|I:I|¢j’B’ak > eiak.(RA/O—RB,O)
Al A TTLA S s

Amn(K) =< Ykl bink >=< Plajy ¥kl PlotyGiak >=< Ymak|®jp.ax > ¢ (2.46)
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kb
an =< um,klun,k+b >

=< Plaj¥mil Plait bukin >
| , (2.47)
—< e—lak.twm,ak|e—la(k+b).twn’a(k+b) S

_ ak,ab —iab-t
=M, e

 (2.46:2.46) T, A7 EHISHIOAERE— 5 K HOBUM A M RIS B g
T DAk 2 X K A2 . DR R 5 T Wannier ECE . FURTE
T2 L X T O BT

24 k-ptEHE

BRI R R SRR AR AR AT BRI REA SR AR A THERR
RE o K ROSFRIEB S XSV K IR H B E, RE e e . )
IRRIC B S XSRS K RO BECRBEIE0 )N, BB I —LE T R iR . AR
FATRT LA S5 2 B A BRI A BB, (H@AE—LeE s rh AR T
NSRS EPANS2 % T U5 N: Y =i~ S A &2l | o P 7/ S Nl s el = 4 e i 5 -
ATAE A A TOR R 2 kT VEHE, =30 N X NTEEZ N 26meV, A1
SUBAR /NI —38 53 XS HL 7 0o S M A Dok I G S Y REAT 11 715 0T
ANBEZS ARG . (A J. Bardeen A1 F. Seitz 5 HA/EESINT k- p 3l
771 (Voon #{1 Willatzen, 2009; Liu £, 2010),

24.1 RUELER

44 Bloch BB Yk = €™ Tu HENBLHL T-RE TR
p2 h h2k?

R () 75 k = 0 A04% AT B R BURIT (1) o = o Comltwo (1), FFFA L
R

n2k> 7
D HEA0) + ——10wn + —K Py }Con = E(K)Cyp (2.49)
- 2m m

N (2.49) WM Py = [ dviopuwo(r), 5 I k- p LT Gl %
X FANE R REAT 2] B WIARIRATOORIRETT AAEZE LK HAamfE K
TEIPAEE, IR 2 FHRUE /D BB XS B Y SR BRAR 2R IR A R IE2 k- p
BRI OEAR . R B I i i, I seokm i aery (1) 2%k
R RER (D 2D IE, RATATT LS 2] k- p BRI — P
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h2 k> h

H(];g'(k) = [En(O) + 2m0 ]60(1' + Zk *Poa
Rk < . 1 1 (2.50)
o 24P B Y B B0

Hrf o, €elLBeli,j=xy,zo

(2.50) 1 k- p FRURG B i B 2 AR N ] A SRR AR 2], (B2 H
TIrEE AR, Frll 31— el R S — 1 RS 2 A RE T LA RIS 2 o Rl
AL RIS R R/ NSEULH k- p BRI 2RO —D .
242 ATEHER

H5E, WNMTENAIL LD EENE L. (i =12 ...,n) 28
G " n AEFIRIE R, WHETT R /R D(R) HIE LN

Ryi(r) = y/(r) = vy (R'r) = Z v, (r)D;:(R) 2.51)

Dji(R) =< y;|Rly; >=<y;ly] > (2.52)
TORE AR A (g} R X = (X0, X, .. x,)" FIRGERE H(K) T2 LU T
A

Rx =x' = Dx (2.53)
RH(K) = H'(K) =< y'|H|y’ >=<y'|y > H < Y|y’ >= D' (R)H(K)D(R) (2.54)

WK R k - p ARG 220 0 WY AR R0 2 G BEXFRME, RIEA G BEIANAR
P, AN e I 2 e A

R'H(R'K) = D(R)H(R'K)D'(R) = H(K) (2.55)
JRUE (2.55) HX G AFHVEAT— RECERIE H , (ER MR ISR DURRBEA R, AT
AT EARTC. TR RIREICHY RN RIS R RS . ] DA A
Wo WEMEIER NG ki = x, y, 2 FNHAT n® DRI X, 56 S
JEF (Voon A1 Willatzen, 2009; Liu &, 2010) X; REFFE AFRIEREFEL,:, fEHFCIR
YER AP

X/ = R'X; = D(R)X;,D'(R) = > X,D\(R) (2.56)
J
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Hoh DO (R) stRAERETCIRE R FLL X, SRR BRI 2° 4 X,
FIVER S X6 (L k= 1,..n). A

Xk, = SO (2.57)

X% TR AU FAT A T %R

mn nl j m/n/’i/j/

D, XD = Z x" p¥) (2.58)

¥ (2.57) WA ERBIAIG 2] X B3R A1 -

x) -1 _ *
Dij,i’j’ = DiwDj; = DDy (2.59)

M BT LA, X (35 DX /TR, D @ D* HRNTE R, HHER
Hy:

xM(R) = [x(R)I? (2.60)
R ERFR T UL . SIS TR v IFREMHE A X0 k- p
R k (2 AT AR T35 v 9L, 04F K)o R AE RIS 85
T LA A IR 27 ) B a6 (e L

HK) =Y a, » Xk (2.61)
y l

Ha, B HRBEORARINZE A 7 WRETH, FAME AT LEEIE (2.55) AL

< o

H'(K)= R H(R'K) = > a, > R'XVRK
b% 1
_ Z a, Z(Z Xi(y)DEIY))(Z(D_l)l(;/)kj('y))
b4 ) i

J (2.62)
= Z Cl), Z 61]Xl(7)k](7)
Y ij

= H(k)
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£38 UEEERELSYNE—-HFREEITE

BEE TN (BhR) 424K (Zhang 55, 2009; Fu, 2011; Hsieh 5%, 2012). JRF1
& Jm (Weng 55, 2015) (YR BINIFHHMREF IR R e 3%, NS CENHE
FREBWELER =1 O6F WTFHFEREH (Li 5%, 2017; Yao 4, 2017; Lu 4,
2014; Zhang 5%, 2018). ¥ R4 H, kHz 24 Fh4s (Stsstrunk F1 Huber,
2016; Huber, 2016) fE1d 25 LR CAEMBI TR0 2, (H2 X4 b 41
AN TR SR, X B A AR A M BATRH & JRNIRH B) 1
AN HIDCF IR R R, X TRRSHH M RS2 5.
PR SRR Y 7 - RE AR R AE THz U, 2l f iR rb IR 80 A A A%
Weo FRTHIREPCRUE, 7 RIRBOA HBE ARy, T2+ B igE
SRRV U /R UV X B HL 7 R S M BN RE B R N T T
A REH . HR MR TSR SR SR RAT, 5T SRR TR 40 M
BN FHARTNE F AR AR A B LR FE . 2018 4R, RATH HIRAE
PR RS TSN (double Weyl point) (Zhang 45, 2018), 43| H
A= ERFFNVYEE MR RS, AR T R A SR ST RE T
HrYIT I o

3.1 XWIMRE

BMR AT HAMK L (single Weyl point) i1 (Fang <, 2012; Huang
45, 2016). W1 3.1 (a) . FAINRRUZEPIZERET S ORI, Wa e ) A fa]
HIEAW S N H = 5k oo MRS 32 AMR R P 4% BB T wilson
loop, MIZATE] 1 FIFREL, T AAFRIX IR KON RINR R BAMRR, 44
B, HURAUSIMR RIRET A AR £2 HIRET . 3.1 (b-d) HR/RHIZE
ZRBUIMRR S FRINMR RUZPIECRE T T MR . 20 3 P2 REAH TR
BUSEIEERE +2, -2, FIXZS —FKIINRR. B RSN R RUR =]
R, Hafaa s H = k- L, i LOAMSEN 1 e RN ERE. 2
B =4 RE T B RS RIS R 2, 0, 20 RIS IMR s gk Aok
IRKL B BHEN 1 HISMR . Cspin-1 Weyl”) o 55 =FORAMR U2 P E f I 5
Hig s mitie y H =1Q k- oo WMRBEAAPPEETITHFRE 1 LMTE] +2,
2o ISR A LA, IESERUNMR U A TR AR R
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B3R, RANIFRZ " Charge-2" KA 5w i1, DT 2 B TP AR B2 A AR
SR K 50 i e FRANTAL B AR 2 R PR AL R A B T A 3.1 (e-d)
XA R 3 o A A B DX AT 5

Single Weyl point Double Weyl points

(a) 2-band E)) 2-band (c) 3-band (d) 4-band B

WANYZAN

Spin-1/2 Weyl Quadratic Weyl Spin-1 Weyl Charge-2 Dirac

C= +1

Bl 3.1 BAAMR RADRANR B 5E o (a) EOABAMR A, HRAMR RIS RE A BIRR B4 3 R
+1o BAMR G RREHT T E A7 AR Lt G L, ISR A-E AR TaAs MR
Ko (b) A —FIAMRAL, HIPIZARM A2 UM, LHBORAMR i 4 BT B 543 7l
A £20 WRIMRRHIBER Z DA TT R 2 KB AHAT . () 5 IR AT,
HI =4 R S M, BN R R =40 REH BB 1R O, £20 X FIMR R =5
REMITE AR R M AL (d) SE=RAMR A, iU A AR 22 M, 28
AR RV S5 BB T BT VT FEHBRE BIR +20 BEZOWAIMR A By o - Il 0 B Arp
IR, P AR charge-2 FKhisist, 54 RAISMR s AL iAk b e A
X R o

Figure 3.1 Difinitions for single Weyl points and double-Weyl points. (a) is the single Weyl
point consisting of two bands, (b-d) are three different kinds of double-Weyl points
formed by 2, 3, and 4 bands.
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(a)
M i
z k,
Si {- X .r
M
| r
y
M=Fe,Mn,Co,Re,Ru K,
(c) Phonon bulk bands and DOS
15
j - 7Q ? 60
. ] 150
—_ I <
Em% T - S
= =< B 140 [0}
> =
Q — -
5 — i r 130 3
=) ()
) e &
(L C=-2 120
C=+2
C:O 1r 110
0 L 4 0
r X M r R M DOS
(d) spin-1 Weyl (e) Charge-2 Dirac
N 14.6 N 147
T - T
= &0 E C=+
3 & 3 %
S 14.4 S 145
=) ]
3 3 C=-
w 14.2 w 14.3 R

3.2 MSi FRIEH DL FeSi Jail W SRS DL B 75 T REAF M Ao (a) D9 MSi SRR
AR RS FMRE R, BT ESAE 4 ML EEEITEMUA IR, (b) 7 MSi K
AR BN X A RA (001) #5205 IR A N IX, (c)FeSi My FHEMIA 735
TR, Hrpr I AET B = H R CEE spin-1 RAAMR R, SO HEA Y E
T AR charge-2 RAIFIAMR AL, (d)FeSi Ht spin-1 RBFWIMR A, (€)FesSi H
charge-2 JkHi 58 i R HIXUIMR Ao

Figure 3.2 Topological phonons in FeSi. (a) is the crystal structure for M Si family materials,

and (b) is the Brillouin zone. (c-d) are the bulk dispersion for FeSi.
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32 WESREEAMEYIRIE: HINUNREFHH
32,1 FEFIEMNINRE

K 3.2 (a-b) i yE I AR & PO SR EE R A BEH X o 3o Y <0 s EL e
WEMFHIGEHE FeSi, MnSi, CoSi, ReSi,RuSi. flif/J#)& T #198 523 [Al#, faj
SETEER e BN RIS 8 ANET, RO B R iSRS A 24 SEREE . @
YRS, RAVEE) T FeSi (9 FiBMAZE, WA 3.2 (cd). 1
U Rl 21 SRR L RE R v LG N T = 24+ 2E 4+ 5T, HF AV E. T
I BIREE Yk PR = 4ERETT KR

2 :
RO b -
<(P> ...,-'. ._'. ....'... ) . . -
0 B m 0 B m
2 ;
IR (@) |
0 8 m 0O 6 T

3.3 FeSi YHAMR A5 Wilson loop ({35455, (a-¢) Sy FeSi AR T 556545 22, 23,
24 ZRBITHRLAR, BRI AR BX = 4000 Hrir BR800 +2,0,-2, (d) A R 21
22 Wi REAFII AR, Pt SRR EON-2.

Figure 3.3 Wilson loop result for FeSi. (a-c) are the Wilson loop results for the 22nd, 23rd,

and 24th band at [ point. (d) is the result for the sum of 21st and 22nd band at R point.

YRR R S SORRAT AR RERF AL, Hh— SO RS, 3 APTEUA
FAEESI e 18] 3.2 (¢) Fronfymof s —H R . H#id Wilson loop(Yu 5, 2011)
R =523 RET R A, HARIBRECH 0, RN B AYRRECH £20 I
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B

15

S e———— 15

]
o

10

AR

N/

Aﬂ
)
A AN

SN

_|
x
<

15 15

r“?
\/
|
|
[

Frecj:ency (THz)
N\
i
Wi

ol
(X

0
r x ™M T RIVIOFXMF R M

& 3.4 MSi BRI HEABADE I T iR o (a-e) 4} BIJE FeSiv MnSiv CoSiv ReSiv RuSi
HIF TR, AT EA U 7S TR R BN R o o RS 8
BT SR BATROR T E B B M SE45 R (LO-TO splitting)

Figure 3.4 Phonon dispersions for the rest of M Si family materials.
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SCHY RO L30T spin-1 weyl (Y5 SL—FE, AL MSi PSR P i 7 27 ST
J2 spin-1 Weyl X B HUAN R ile AEM T ERR) — /RUZ . BIrfT =2 RGERY 2
SCHRSZ spin-1 Weyl, BRAEAH PT XSFRIEMERT PSR R A k. (B2 i
ESC PSSR B A, A BEH DAL T [ A T PR RERR . IR
HERUNMR RO MR MR AR MEA T . 3.2 (¢) HRy [ Rtess s =i
FRE BRI 3.2 (d) FroR. XX =405A 3 RE #E(T Wilson loop 155
FEIRECO 0, £2 IYZ5IR, W& 3.3 (a-c). [k MSi MBI T A ==
& IR spin-1 Weyl X R AR AL, HAZE) Cott XS FRMEFIT ] BB FRIE A
AP 18 3.2 (o) HRY R FOLSE SR DU E &5 RREAT FICR R & 3.2 (e) o
BT AP RET IUBREUE 2] £2, W& 3.3 (d), KR ESCHA2RHY charge-2 2k 3
FLie fE R REAMTAIT AR REF U EF IR, ik MSi MBS R 53
2 charge-2 ZKA7 5 O I AR o

X, T R REPRSMR A, BATI AR R AL T —Fi o By E AR /7 50,
R FHDTFRYERR T C3't TERARAESN, A=A EMRN S Cpi = x,y, 2 1
e, HIR CFF = —1. WRIERAE Cy, Al R AIECH IR 5B 4 B TEEAT
M R FATAT LU R B £ 5 BERAT R R AR P (5. f TR EE0E i
BAEREAT xiory . XM A B/ NG EREE —4ER), AU R SRRt /D2 — 4
Mo (HZEHT R FUEEAM E SRR, IR =488 H AT e 7 2
TR SR X By o £7E . RESN AR BT AT 25 AR P 3R R0R THE R 2 R MR AL 200N S8
B, X R ) e /N RE M DU A o [RTIE R U RET #TO2 MY B ART A o 3L T I Sz
B Weyl (IHYFE, AL R RIEOBIMR U2 P FHEA R R Weyl /1
A BN, XM AIFRECN £2. MSi BPRZRILABER R R 3.4

322 REDSHOW

BAMES —F TR, SR &R RHEEEA R S 25 A ToRE
FERUER AR BR T TCREBIIX —Hf R, ANMRAEIERESEA —JEF & 2R R
EIEHES (helical surface state) (Fang 25, 2016). X — a4 FE EIASE
Ui, AEREHERSERER, OSBRI DGR T R mm s, 4]
A LI RN F B PG B 3R TR BR B o AR SUER B EUE O tHELHY o
XIT AR AR R R R ARG, WS AT m — SR, WA LAE R R T
PR R T S — IR RIS RUERES 53 A T MR R R AL
BHE XA RESE NI E L (surface arc) o (HZAE MSi M-SR,
TP B Weyl f243 B TAT B X A O LA G R, TR MSi #4
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K surface arc f2 5128 T8 R 1A EL YR X 1Y

(a) Double-helicoid surface state

Frequency (THz)

Single noncontractible surface loop
(c) f2 (d)y f3

=TT m = m

3.5 FeSi iy (001) J5MMYRE . (a) 24 FeSi #iv (001) i KL 5% FEE - (b-d)
K& FeSi £ (001) REAFAEREREM . BEARREM £ B f WATTAVERNERE
BB BIMR 5 B 1 AL G X I IR KTk o

Figure 3.5 Surface states for FeSi along (002) direction.

ik 3.5 (a) 2 FeSify (001) AT AS A LA, ST BN XA IBUR
ik 3.2 (b) o A£ (001) SKIAT L, e [A] SIS XS FRIE A b AP RS X Bk 2 M — )
FHOFRIE. WEE (001) JrAEGEIE. T Y spin-1 Weyl #0221 7 T, R £l
Charge-2 SIS 2] T Mol T PU4 R SNBSS M, Kt (001) KA
A IS M2 S5 R AR BB AT RATAIE, RIS A — AR
sk, HERER SO FHEM R INR R L. E3.5 (b) T s TR IER
XMANRHAER . M R T OB R R . T RUNMR RIRECH 2,
RIS A RS S 2 M FATRI LA MRS T R RS M
s HO I R BB FRIE R A — i o HBATBUNRISFRE RIS, T 3RmAs
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HABTPRAEE, SRIRESSEE T M TR, mE 3.5 (b-d)o X T

single spin-1 Weyl
noncontractable charge-2 Dirac
surface loop

3.6 Weierstrass i[5 %o B 206 ) B ARR S HOT B, MSi FKIE T 23 i) spin-1 2REDN b
IRRL, IREARE ARG HURER MSi IR R 5 charge-2 KR AUMAMR . A
TR A AR MSi RIEPRMURER T . WRBATYI—A5FaE T, AT DAAER T
A bUI EES A, MEERER IR, S0 ALt e SEE T IR R HUR
JeTek o

Figure 3.6 Weierstrass elleptic function for M Si family materials. The red solid part is the
bulk dispersion for spin-1 Weyl at I' point, the purple solid part is the charge-2 Dirac
point at R. The yellow sheets are surface states, and the green arcs are surface arcs at

different energy.

K 3.5 FHRYRVIBRER E A, A LA Weierstrass i3] K50 (o) SR4fiiA . Weierstrass
M ] R AR k 23 Rl A DGR gAY« 2016 4F Fang S5 Af5iH, SMRAR
KA TNEL & R A AT BRBUE R B, B2 23 [ B 1Y 2R 11 8l 1 > HE AL
k= ke +ikyo XFTHAE C MRS, HEOHFERTEA CHrE (C>0) 5
C il (C<0) FUMFAT R MSi MRS B RE AT TE 208 «

w(ky, ky) ~ 9(z;2m, 2m)
1 1 1 3.1
— Imtogl S Y )- ) @Y

22 A (2 + 2mm + 2nmi)?” (2mm + 2nmi)?
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Hrf z /& Weyl SN RE R, o 26,
Weierstrass #[il PREL . 1E ki = (7, 7m) KA ZIUR, RV BRECN-2 X
AT 1E ko QbR 3 RO W FRECH +2 BYRLANMR
R RN AT . [ R S AR AU ISR TR R TS, AT UG 2

SRR EEPRTRE

EMINBRECN +2 BB R R K IE R RIFRECN-2 FAUONMR L, FFHBEE
WEIDBURIERIIAR . M Si MRS EAPTRH R 7~ En 4 3.7,

(a) MnSi

Frequency(THZ)

Frequency(THZ)

Frequency(THZ)

-

quency(THZ)
®» = B
o PN

XF R I 18] 3.6 XTIt

ROy =
HE AR

Bl 3.7 MSi MRIRIBHAUA RIS (001) J5 M #5 2 Ja BRI AT 54281 (a-e) 517

FeSiv MnSi~ CoSi~ ReSi~ RuSi WFERAZE I EGER,

Figure 3.7 Surface states for A/ Si family materials along (001) direction.
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3.2.3 kp model

I AR RIABUIMR R AT LA RAEA U RZ ] o AEX B RUAL . AR IOTHT
2 G Cyl(0, 3, 3), (ERHFRAROTEMN D k i FR MR AR 15
I' /i BUMRRR ZEE I WIERTRRGERER TSN : T =k Q) bxs, H
o RESEEEAT . FESIERE T, G Gy l(0, 5, 3) T RAIERY SRR ARG T L
A

00 1
C;=[10 0
010
-1 0 0
Coy=| 0 1 0 |[HE] &k —Bi ARG 2 -
0 0 -1
0 ik, —ik,
H(k)=A-k-L=|-ik, 0 ik, |HFLAAIIEN 1 HRREE,
ik, —ik, 0

X R FCEUL, BAMRRZ I E IR, NI R SOEEAE S T =
K®I4X4 = KOy ®0-x E/‘:H:FZJ_:EO Eyééﬁkﬁ Cg}ll‘ ngl(%, %’ )0 Xﬂ‘ﬁ: C2x|(%’ %’ ) %
Ui, HAE R RN AR T LAE N

0 01 0

0 00 -1
Cox =ioy, R 0, =

-1 00 O

0 1.0 0

CI R4 MR 228,

cos({5) cos(¥)  sin(f5)  sin(f)

C§11 _ sin(%) _Si”(%) 12 1”_2)
—sin(l”—Q) —sin(%) cos(l’r—2 cos(l”—2)
cos({5) —cos(f5) sin(f5 sin(75)

)
G5 LIRS, AT LM RIS A B SRR -
' 0
0

e’z eT'12 0

0H_i5% —ie7 'z ()
A 0 B of
0 0 —ie'ts  jeltz
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k- 0
%u%ﬂRﬁ%%%ﬁﬁﬁﬂ%:MMB(oak )
o

S
©
E
> o
E') T
o . 4
5 | ®,=253 mev';/'-:r'
b ow=226mev” /1
| a /
R M
Cc
= 05| :21.39 meV
— 06 =< 1 :22.765 meV
% o | 124754 mg)t/
2 Fi
£ & i
= 30 [ ¢
o T g i {%
L i
E = AR A
00 & | !{I JAVARY
0.0 T y}‘k[

20 25
Energy (meV)

Bl 3.8 i Bk s X O FeSi 54X WAMR SR (a) 4 FeSi BLgHH
AT REM I, (b-c) & FeSi #yE A RZNETT RIS EHE. XL (a-b) HHIRATAIA
RABELETHE FeSi F2g3OWAMR RMIERE. R HUE (Miao 45, 2018)

Figure 3.8 Experimental results for FeSi by high-resolution inelastic X-ray scattering.

3.2.4 SCIRISIE

PRGN Z R T % Hrp ARSI M RET B T A
TH XOUHAT SR WA, MR MR - ASH RN AT LA S R
T REMIRTE (HEELS) « He' HUNSF. 2018 A& wiilf L E % 50w % (BNL)
Mark S A s 20 R AR SEE X SIZHT (inelastic X-ray scattering, IXS) #4301
BT FeSi MBI R A, Bk 7 FATHNEIETUS . dhfhm Oy A g
2] T HESIER

4 3.8 (a) 2B —1EITAEHR, 3.8 (bc) @IXSWEHET-M-THT-R-T
A3 TR 1 ) 77 27 SOMUNR Lo SRR 25 IR BoR AEIX PSR AN s 2 B
FPYR AR TR, (R P SR SE ORI, IR — T SR Ah
HAE—E 183.9 (a-b) & IXS AR R RSN RIY LS Hm AN s — P FEH A
RPN =l o ivelll s ol Yoot IR L Eaw D e A S A RS S R
BELG, NIAER 3.9 (a-b) mhas— M JFET R R REM AU 2R LA — P EH AL
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A7 0.8 LR 3.9 (a-b) o IXS HYSER I 45 SRANSR LA BEAL A 1RO 26
—VEHERNERESEYIE, AMSIE T RATHR S 11 ER .

c e f
1.0F % S53F ' = s42mev| T
f ! :16.0 meV :29.5 meV L : 1528 meV
IV oi2admev :30.8 meV ' QP 7k
! i 1260meV  =m=:Fit I.H/.‘ ilf
05 I ] o :27.9 meV AT 5 T
3 j i
8 7 = } :53.8 meV
c Hmee=: Fit
g O_OPD*‘ o i GE) . H !
8 10 20 30 0 = N
= d E & % 4 : 1EII il R
S :23.1 meV 0 :335meV  —w-:Fit 2 &R '-
& o :24.2 meV O :34.9 meV w H A\
= b s ' %, o542 meV
d H ?) 10 :52.9 meV
49t ! { I[{u
/ Friilzzd]
s Ll mi i I M
20 30 40 r— R —M 50 50
Energy (meV) Energy (meV)

B 3.9 i PR X BB & FeSi 7622 X WAMR R85 R (a-b) g FeSi fET -R-T
7P 1) BRSO, Horhakfa. B SO E ki R T 0.85 MEEILR
o (c-d) HHEZHEE (4.26,0.26,0.26) 1 (4.5,0.5,0.5) MISLIHLERL, (e) J& FeSi
e R M EETHE L 0.85 ERALREURIHIZ R . () AR PRRIERM: X BN
EARFZNERTT S EE. EHEBE (Miao 4%, 2018)

Figure 3.9 Experimental results for FeSi by high-resolution inelastic X-ray scattering.

1= HEAR AR X 2R AR AT LI A A S R B F R A M T A R B
1iE, @Em?ﬁ BB, FrLICiE e MR MR S . IS e a]
LA R IR L -REAK I (HEELS) . He' HU S SLIT AR S IE A M Y
RO %Hﬁ&ﬁM&%%$$¥%%%ﬁ§%%ﬁoﬁ%%@%ﬁ%
FRAARSEME X LR R SR A 3 AR B Ok, 3 PRI B = A
ALEIP BN R e BIEA 2B R XOUHU 52 B e a ] L s
AEEPBUINR SHIBF TS AR SE R E . BIFSE IS IE o
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F4F HIMEFHMENSEETE

2017 EARFN A TARAEARF MBI 42 T EORHY B (Song 45, 2018b,a;
Khalaf 5%, 2018), -l ie H4ax § shRWrn MRS AT RE. 2018 SE4E4), K
PR AN R TR 5 R, st 7 — & LU T and R R B 3h
HA A MARHEIRAE (Zhang 45, 2019). fEIX HELmAET, A L5112
AT B A28 R Y e Zn] LUK — DR N REVERRE L) ket
PRl e lg . maiRginibEaE. —RnihEE R AR
ARG . RET RN AL AR, TATHER TRt DA77 e FIHXA
SRS RIP Y e s A AR S W A IR GO vl ey Uit TR N s N ca
PRI LT R IR o XUTIUTFhaf s MR UL & 2 BT B 2 ST T B
HIFRFMIEE, B2 R AR BRI R KHER IR MR S AR
KRR MPR I B2 T AR B 5

4.1 Fh¥drRla 3L

BAMER —FH N A T AR RZ TN KL — LR B R 725
FEMCETT, O 1 il s T TR, FRA DS SR B 4= U B N AT 1
53 o IRAHTHIARIIE Z A M RETE 58 At BUAEAT BHIH DR B 2B, REAF S
RIEH R B RS R A B ARAR LR ASRET IS X I SRAA M REHT A S RE
AT BRI E X FRA b, MIFRATFRZ A m R midm 428 (high-symmetry point
semimetal) o WIERAAFMAET AC R IAERE SR mht AR e b, I FRATFRZ A X B
Arfht- % (high-symmetry line semimetal) . W1HRARFNEEN 2 R BLEAE S
XIFRAY k R MIFRATTIRZ N — R R 48 (generic momentum semimetal)

WA 4.1 LR AR T4 B o KRR B, HP LR A%
i PR, WO RERRMLSN. M TE 41 (a) kid, MEMXF 4
Ak B T EASHE AR SRS REVE — D REER. (full gap) , W HE AT
PEREBREY K/ IR BN B AR ECE - 2R B 4.1 (b) JRIRHIN M4
J&” (compensation semimetal) , A& ZH BEIRIA full gap, (HZH T 5SS
FEAT B IX I A A (2370 BoKTar, RIS S o 1 2 FR AR e =R
BN AN AR (AR gk 0T (a-b) PR ZBIOATRE, TS
IS TR AR A 2O AT 3 — 2B AR D RO N AR AR T b AR L 25 AR
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KT HFNAR L AR, FoAT T AT DAR) F SRR FE bR 28 2RO “H 1 T i SR X b f T
fridt— 2.
a b c X d e

4.1 AR SR E L. (a-e) PE AR iR ERBRAAE A, A RERRE
PaSo () RELLGAR G LA, FEBAH BN X RSN ERRICT W Z I 6
BRT . (b) REAME SR, TR AR BHMEEA LR AR T D4R 8HE 2 U048 (o) &
it B BN X P AR R X, (d-e) REABOR T RA A S W RFEAT
23 0] RO R B R B, 460 m AR TR SO AL R o

Figure 4.1 The definition for occupied bands. The blue bands in (a-e) are the highest occupied

bands and the red ones are the lowest conduction bands.

4.1 (c-e) 2 =FIRfhPEIRKHEE . Kb (o) BRI — 1 hiTaE
MR X R (d) JBIRHEA w8 H - HAA 23 8] SO R 8] S PRI A AR 2R
HTF PT 2 (A BN DX B eI BT EBE R T RO RERFALAL i, RIS R e
e A BN X AP AR AL R I DB () RN A B R B HA Y
[A] SO FRIE S ARTEZS A SO FRIERY R 58, i T Bk PT XIFRIE . RILASEH
Jig ey _EANE BE T B RE 2 A AT BELH DX TR SN iU I, 8 T mixd AR L
WIFEED . T (de) PEERAFEHE FRRIHINRELUNH, F
WEBAT I B A A B T R I IR 7 SR A R AT T

42 FRIMEFMRIMNEBEEITE
42.1 HBEIHEERRE

N T ERBEHAT REAR A, FROTAIR T 7 — &5 N R SO R w1
R B s ftimee, anlal 4.2 Hrpap @i oG AR . 2%
s ARFGE I B AT DA M A5 ER GRS M Ry
ZER) Wb XA A A RO AR IERI AR, S IR A (o RIS 2 E Ry
Wb RE R BAGPERINT

« B—d, WIFREAEE Materials project Wil FEEA 1CSD HRZEHIH
Blo WR—DMEEA ICSD R%%, BHIX AR g Sie = A ol BB #
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nsoc

4.2 B HRR. NT A ICSD WS Wp R, WAL Materialsproject Wy
(Jain 4, 2013) BRI LB E/NT 0.1up, WFE M5 K HA A AL MR R
HENT— AR XT3 54 i ADRHR O BAT [ R Rl a5 A AIIn $h 40 28, 3RATT
Joks I R ARIE A W AL B R . N TR T BIAORH A T SR TEAL 2 e, AT
AT 75 B 18 A e AR & A LAY 58— B ORI I X L
AERFRAL) o AF B0 BN X R AR R R RR R SR B AT AT IR 2K T o R TAH
FMES RN FRIEARFR, — AARAT DAy RO B A R RXITFR s indtEEE. =
MNRdanttEEE. —BInthEeE mItESERInI IR B SR ILE.

Figure 4.2 Flowchart for the high throughput calculations. Firstly, we download materials
with ICSD number from Materialsproject website, and then throw the ones with a
magnetic moment larger than 0.1u5 and a total number of odd electrons away. After
symmetrizing and standardizing the structures, we put all the rest materials into first-

principle calculations.
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HIgTHRARIE (Brown Al Altermatt, 1985), fE1X—1dH2, FATA 133691 Fft ik
AR T 39519 R EAT ICSD FREERIM L

« B0, M 39519 R AL e HESREAE/NT 0. L RO RN
ATIE A XS BRI FE AR 23 ACHT R AR A I ) SOBOS AR IE IR DL N A, AL S B 1
HIMRE B S X4, FATSILIIE L 10348 SR KT 0.1up HIHE
N N i B N A

« B, KW T ROR A O AT R WRAMPR R R T RO AT AR
RIEFATZATHITE, AR R E L. RIEFATHAF X L7
BATRE BRI S X R AL 2483 A HLFHON AT R A L

© BIL, WIS REES Materials project Wi EARFEIRIRL, X
PORHESABET T o 3T imil B TRk, BRIl Egs— 2 T E 2. B
WIXT G RRERIABER . 25 1] S s DR AR R 753 2 (A T H R AR
TR RIS R . R 2, FRATRARZS A RRE) HO R — 3R R
HARRIR T AR E . 2 iX—2, FATTE] 26688 44K

« SBIE, BT MREETE, R RS R B e E R S R TR
J& HEIER A RYTTE, BT B X 4-8 S FR s B R R e X
HRTITR, Bl A5, HEEPUER G IR T/ FrLARNIERT S #
BESROK BT REAY FX 28 42" TR T, A5 i B B R & A 2 A R H,
SIS . Bl SRR VAT R . T B EE R S R T
TFEIRERR R A 10y, DRI TAE T V8 A7 8806 A b 5 B 5 WOHE HL A D Bkchr v~
EIRKINIE, IXIRASE HHEPUE R G A -

« SN, BTEXI RGBT . TR BRI R AT AR X
PRARY S ASRET S ARG, PRI S B sl REA fal 5 0 P 2 i 2 MR 3
T8 o AN SRAR BEPH DR FR s A A — AR PR R SRR R R AR 2
EAFRRA N E R AR B BEER G T, FRATHHR] 5508 Rt dhThF
J&: X5 R IEER S A O, FATILHF 2713 MRS R .

s B, BATENTREE SR XS RAMEH T 2017 4E4A 4T
B sA PR BRI R o WER— AR S X PR _E A REAT 38R T A
TR AR, WA B S FRZ B AT RERRRY . IR, W FRATAE AT LA
FIE I BHE RS AR B2 A RE 5SS, 3 n] LUKIE RE 5 3 H BUAE MR S% i %
W& Lo fERX—8, XTHERAFE B EPUEMSHIL T, BT B H
2292, 3269 FEXS PRI L5 R -
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o 5/GE, HIWAP R R A AR AR R AR . AARTCA T H O
AR WA, WG T T —2EH

« B, AXIFRERE TR AFOREE— IR T 26, PR BB A
H ERERE & PRE BL 0 TR 8 -

XA & H TRHUE RS B R, XFREERTR I 2 R & E .
I SR -E B TS 2R AR AN R AR AU BARIX LA LA 5 XK AR 5 %
M EBAREH A, HZIRA BB AL ER) k RUARET S o MR f ]
XEPRIEFER A AT, AR AR IR AR NZAR R — IR T M )8
USRS PRYEAR AR N Nl a2 A X2, FATILHRIHY 112 Fh— B idh
FhFeJE.

XTI HBEPUERE & AR , (5 FIR PRI AR A T ME SR 3h
IR GARII Ko RIS FRIESE RN, U AR ORI R I8 o 3 10 208 25
PR ARRIFRIERE AR AN N Z WA S D7 S FRR A AT A M 2 (A
A BZARI 2 AEIX 25, AL 1814 FhinF MBI 1237 Fhif
FM AR AR

422 BHEBEEITEER
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Exactly Match Elements Eg.TeO
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Li Be B C N O F Ne
TR w5 6 7 s
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K C Sc Ti V Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr
¥ @ w4 @ a2 43 4 45 4 47 48 a9 o 5 w2 5 5
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A 2 @ w5 s @ w7 e & e 8 s 85 8
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HIAPRILS , AN LEADRI ICSD {5 R A0 OB BERSIR/ I ARG
ARG 255 B

Figure 4.3 All the data are searchable and available at our topological materials website.
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FE E—T N80 mnd S, FAE B e B R SR RILHH T 5005
Mt )E 1814 FifFha gk (R FN 1237 FhinfhdiiR a4, fEdF B igshiE
G R RF T 8889 Miiftbf-s/d. ZCH WMILE RIFHTMRE, Wnf £ B4
BERSOUE R B AL AT e £E 2018 4F &, AT & R T AL
A5 BHRDBBEE NS, L TR EE NIRRT AR 2R M st tp
//materiae.iphy.ac. coRMERMF TAEE A TA MM o MuhF 0T El 4.3 fris.
ABEFIE R R AR IERIL TR, ] DGR & A IXLEITR I
AR LU I B b o3 215 R

fEhttp://materiae.iphy.ac. oy, FATIAZE H TR —F R ICSD
FEL aX B, BERRUR/IN XRRIEFR IR AR T REF R X THh
ARG, FATETH & TR e AN R A s T . AR T
MR REHT NS IEAE RG22 SRR o A T IX DR MPR 3k, AR AHTA] LA
A5 5 B GER BT A TR M 5T LSO B BRI FME B2 T 4. BETOK,
FRAE TR TN S MR R A R sl R A T R AR, AN
4.4,

K44 (a, j) NEXNFRREIRTNEEIEASRE BaPPt BYREHT B LA AT K X H
RETT B HY 7R B B o ARAE b —/ N E S, AnERFEARI B A A RET R
AR —EX R FEE T N EgERN, IBAX AR R S R A
2P J@. BaPPt WX R T R ALK UL 50 SRR A 057 o5 Y 22 B
JERET , I AR EDS FR AN g . T U 4 B VY B R T R IOK [
fE4.4 (f) H, R pFED RIS ERIFREW BIHORAE 4.4 (g) Hio

K 4.4 (b, k) NEXIREMHNEEEAE BaCy AFREHEVIERSE)
RIEEANERRITERR, X -1\ T'=R. M - T X=%mx PR A RE X
¥ BaCy MZS RN #223 (Pm3n), T EA TP XFek, FkX-T T'-R.
M —T X = Sfmn iR Ze ERRET 2 X R A 98 & T nodal line/ring HY—743, U2
Ui BaCy /& nodal line/ring #1445 )& . £ ot 2 E 0 E . FATA I BaCy
HFE 9 NNEZEE T iR nodal ring, WA 4.5, T Pm3nfE k; =0, (i = x,y,2) —
AT B TE) A [ R B T N B A BRI AR, BT 4.5 (a) =4 EAEEEH
LMY nodal ring 2 BIX = PMEEEIAA Y. B 4.5 (b) HA 75128 K nodal
ring, EN1% ki k; =0, (i,j = x, .z i #j) P FHEIESERERS, HEMH

Firo

44 (c, D A BRRHINEEE ORFEEPUERS) et LA
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4.4 TRIMIFRHREK. (a, §) NRNFRRIATEEIR BaPPr BRI DL KA B X
REA AT IE IR A2, T R R R BRI RUBOREIAE (f, ) Hre (b, k) ARIXIFRZ
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Figure 4.4 Five candidates for high-symmetry point semimetal, high-symmetry line semimetal,

generic momentum semimetal, topological insulator, and topological crystalline insula-

tor.
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Figure 4.5 Configuration for 9 nodal rings in BaCs.
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Figure 4.7 Topological crystalline insulator states in Zr(7TiH;)>. (a) is the Brillouin zone for

Zr(TiHs)s, and the yellow plane is the mirror plane. (b) is the Wilson loop calculation for

the mirror plane in (a). (c-d) are the topological crystalline insulator states in Zr(TiH),.
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