Science

RESEARCH ARTICLES

Cite as: G. Harari et al., Science
10.1126/science.aar4003 (2018).

Topological insulator laser: Theory

Gal Harari,* Miguel A. Bandres,'* Yaakov Lumer,? Mikael C. Rechtsman,? Y. D. Chong,* Mercedeh
Khajavikhan,® Demetrios N. Christodoulides,” Mordechai Segev't
IPhysics Department and Solid State Institute, Technion—Israel Institute of Technology, Haifa 32000, Israel. 2Department of Electrical and Systems Engineering, University

of Pennsylvania, Philadelphia, PA 19104, USA. ®Department of Physics, Pennsylvania State University, University Park, PA 16802, USA. *Division of Physics and Applied
Physics, Nanyang Technological University, 637371 Singapore. SCREOL, College of Optics and Photonics, University of Central Florida, Orlando, FL 32816, USA.

*These authors contributed equally to this work.
1Corresponding author. Email: msegev@tx.technion.ac.il

Topological insulators are phases of matter characterized by topological edge states that propagate in a
unidirectional manner that is robust to imperfections and disorder. These attributes make topological
insulator systems ideal candidates for enabling applications in quantum computation and spintronics.
Here, we propose a fundamentally new concept that exploits topological effects in a unique way: the
topological insulator laser. These are lasers whose lasing mode exhibits topologically-protected transport
without magnetic fields. The underlying topological properties lead to a highly efficient laser, robust to
defects and disorder, with single mode lasing even at very high gain values. The topological insulator laser
alters current understanding of the interplay between disorder and lasing, and at the same time opens
exciting possibilities in topological physics, such as topologically-protected transport in systems with
gain. On the technological side, the topological insulator laser provides a route to make many
semiconductor lasers to operate as a single-mode high-power laser, while coupled efficiently into an

output port.

Topological insulators emerged in condensed matter physics
(1-3), and constitute a new phase of matter, with insulating
bulk and quantized and robust edge conductance. The pro-
spect of observing topological effects in non-electronic sys-
tems was first proposed and demonstrated in microwaves in
gyro-optic crystals with broken time-reversal symmetry (4-
6). The transition to optical frequencies required another
conceptual leap. Theoretical proposals (7-10) were followed
by the first two experiments utilizing artificial gauge fields,
one based on a honeycomb lattice of helical waveguides (11),
and the other based on an array of aperiodic coupled silicon
microring resonators (12). To date, topological protection is
known to be a ubiquitous phenomenon, occurring in many
physical settings, ranging from photonics (6, 11-16) and cold
atoms (17, 18) to acoustic, mechanical and elastic systems (19-
22). So far, however, most of these activities were carried out
in entirely passive, linear, and conservative settings.

Non-hermiticity in topological systems

Lasers represent complex non-conservative systems ca-
pable of exhibiting very rich dynamics. They are fundamen-
tally non-Hermitian and non-linear entities that rely on
saturable gain. Introducing non-Hermiticity to topological
systems raises fundamental questions on whether non-Her-
mitian topological systems can exist at all (23), and if they
do—how to define the topological phases and their stability
(24). Part of this controversy has recently been resolved, and
it is now known that one-dimensional non-Hermitian sys-
tems can have stationary zero-dimensional topological edge
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states (25, 26) and topological defect states (27-29), and these
can even lase (29-32). However, being one-dimensional sys-
tems lasing from a localized defect, none of these systems can
support transport via edge states. Very recently, lasing from
a topological edge state in a photonic crystal subject to an
external magnetic field—a photonic-analog of the quantum
Hall effect—was reported (33). That system employed mag-
neto-optic effects, which are very weak at optical frequencies,
and accordingly only a narrow topological bandgap (40 p.m.)
within which it was claimed that lasing occurred (33). Clearly,
it would be important to pursue new approaches in expand-
ing the topological photonic bandgap, and hence the degree
of protection endowed to such structures. Equally important,
in terms of applications, will be to follow an all-dielectric
strategy that is by nature compatible with semiconductor la-
ser technologies.

Notwithstanding recent progress in topological photon-
ics and lasing therein, the fundamental question is still open:
can topological protection of transport be employed in non-
Hermitian, highly nonlinear, open systems such as lasers?
Addressing this issue is at the heart of the topological insula-
tor laser, along with many new questions, such as, can a top-
ological insulator include gain—which has no equivalent in
condensed matter physics? What happens to the stimulated
emission under topologically-protected transport? Perhaps
the most important question here is: can a topological insu-
lator laser exist without magnetic field, and if it does, can it
exhibit new features, and profoundly improved laser action?

Laser cavities are typically optimized to attain high Q-
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factors, and they are always strongly affected by disorder,
that could arise from manufacturing imperfections, opera-
tional failure, stresses, etc. A prominent consequence of dis-
order is mode localization, which has dire implications in
photonics (34, 35). To a laser, disorder implies degraded over-
lap of the lasing mode with the gain profile, lower output cou-
pling and multimode lasing, altogether resulting in an overall
reduced efficiency. These problems are further exacerbated
in more involved arrangements such as laser arrays. Such la-
ser array structures tend to lase with many modes simultane-
ously, with their modal structure (near field and spectrum)
varying with the pumping strength. Despite many methods
suggested to control the emission pattern of laser diode ar-
rays, current technology is still not able to make the lasers
operate as a single high power coherent laser source. Conse-
quently, the most common application of laser arrays is their
usage as pumps (instead of flashtubes) for solid state lasers.

Topological insulator lasers

We introduce topological insulator lasers: lasers whose
lasing mode exhibits topologically-protected transport, such
that the light propagates along the edges of the cavity in a
unidirectional fashion, immune to scattering and disorder,
unaffected by the shape of the edges. We show that the un-
derlying topological properties lead to a highly efficient laser,
robust to fabrication and operational disorder and defects,
and single-mode lasing even at gain values high above the
laser threshold. The proposed topological insulator laser al-
ters the current understanding of laser systems and opens a
new realm of study of topological insulators in active media.

We consider two possible configurations involving pla-
nar arrays of coupled, active resonators. The first is based on
the Haldane model (18, 36)—an archetypical model for time-
reversal-broken topological insulators. The second relies on
an aperiodic array architecture that creates an artificial mag-
netic field, as was demonstrated experimentally in passive
systems (silicon) (8, 12, 13, 37). This is an all-dielectric system,
which has been realized with current semiconductor laser
technology—as described in (38).

Design of the topological laser cavity

In the Haldane design (36), the resonators of the topo-
logical insulator laser are arranged in a honeycomb lattice
(Fig. 1A). Each resonator is coupled to its nearest neighbors
by a real hopping parameter ¢;, and to its second neighbors
by a complex parameter t, exp(id) (39). The two sublattices
of the honeycomb structure have identical on-site potentials.
The passive Haldane model (no gain or loss, but #, # 0) exhib-
its two phases: the trivial phase when ¢ (the Haldane flux
parameter) is equal to O or &, and the topological phase when
¢ = 0, m. In the topological phase, edge states emerge with
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energies extending across the topological gap that is propor-
tional to %, sin (¢), reaching a maximum at ¢ = /2. To pro-
mote the lasing of the topological edge mode, we specifically
design the honeycomb array to have zig-zag edges that have
small penetration depth into the bulk. The evolution of the
field of this laser system is governed by

oy . igp
= H Haldane‘ll - IY\V + 2 \V + H output\ll
ot 1+ ff /L,

¢y

where v is a column vector encompassing the modal ampli-
tudes of the array elements, Hyadane iS the standard Haldane
Hamiltonian (39), which depends on the resonance frequency
of a single resonator «,, the hopping constants, #;,, and the
Haldane flux ¢. Here, y represents the loss in each resonator,
and is assumed to be linear loss (as in all CW lasers), although
we simulated saturable loss as well, and our results are effec-
tively the same. The third term in Eq. 1 represents optical
gain via stimulated emission that is inherently saturable (Zg,).
Here, IP stands for the spatial profile of the pump, and Hoyput
describes the output coupler (a semi-infinite chain of resona-
tors), which is what makes this an open system, and its cou-
pling to the cavity. To promote lasing of the edge modes, the
gain (g) is provided only to the resonators on the perimeter
(Fig. 1A). In general, g is a function of the frequency; however,
in semiconductors the gain is broadband (compared to the
inter-ring coupling constant), hence it is assumed to be fre-
quency-independent.

Topological insulator laser based on the Haldane model

We study the topological insulator laser by simulating
the full dynamics and by directly solving for the nonlinear
lasing modes of Eq. 1 (39). We consider two cases: (i) a trivial
arrangement where ¢ = 0, and (ii) a topological array when
the Haldane flux is ¢ = n/2. In the trivial case (¢ = 0), even
without disorder, the first lasing mode is localized away from
the output coupler (Fig. 2D), so as to minimize the power loss
through the coupler. This strongly affects the lasing efficiency
because the localized lasing mode does not use all the gain
available around the perimeter and it is coupled only very
weakly to the output. This adversarial effect is further en-
hanced in the presence of disorder given that it tends to
highly localize modes. For example (Fig. 2E), in the presence
of disorder, the lasing mode of the trivial cavity becomes fur-
ther confined within just a few resonators. Finally, because
the trivial lasing mode does not spatially deplete the gain, if
pumped harder, multiple modes can reach threshold, giving
rise to multimode operation (Fig. 3F).
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In the topological case (¢ = m/2), the lasing mode pos-
sesses all the distinct characteristics of topological chiral
edge states: it is extended all around the perimeter of the cav-
ity with almost-uniform intensity, and its energy flux is uni-
directional. The unidirectionality of the energy flux can be
observed by noticing how the energy starts accumulating
while moving clockwise around the perimeter of the array,
and then abruptly drops after the output coupler (Fig. 1B).
Even though the notion of topological invariants in non-Her-
mitian, non-linear open systems such as a laser, is still largely
unexplored, the topological nature of this array can be recog-
nized by observing its dynamics. In this regard, it is instruc-
tive to monitor the evolution in the system, starting from
below transparency to lasing. Figure 3, C and D, shows the
behavior of the complex frequency of the cavity modes as we
increase the gain from zero to the threshold level. During this
process, the frequency (real part) of each mode is virtually
unchanged, equal to the eigenfrequencies of the closed Her-
mitian system (the topological insulator lattice), and the
band gap of the topological system (blue region in Fig. 3A)
remains well defined and constant. Clearly, the topological
band gap does not close in the presence of gain (even high
above the threshold level), and no topological phase transi-
tion occurs. This is a clear indication that the system retains
its topological features even when it lases. More importantly,
as shown in Fig. 3C, one of the topological edge modes is the
first in line to lase. Moreover, we emphasize that even when
we increase the gain (pumping) high above the threshold
level, the lasing remains in a single-mode—the topological
edge mode. This is because the topological lasing mode has
almost uniform intensity all around the perimeter of the ar-
ray, saturating the whole gain medium, hence suppressing all
the other cavity modes and preventing them from lasing (Fig.
3E).

To further examine the topological properties of the las-
ing mode, we study the system in the presence of disorder
and defects. We find that even in the presence of disorder,
the topological insulator laser still operates in a topological
edge mode (Fig. 2B). Even when a defect is introduced—for
example, a malfunctioning microring at the perimeter—the
topological edge mode is able to bypass the defect with min-
imal penetration into the bulk (Fig. 2C).

It is instructive to highlight the role of topology in this
topological insulator laser by comparing its efficiency to its
trivial counterpart. The efficiency of lasers is universally de-
fined by the so-called “slope efficiency”: the slope of the func-
tion describing the output power as a function of gain above
the threshold level. The calculated slope efficiencies (in
steady-state) as a function of the strength of the disorder are
shown in Fig. 4A. When the cavity is in the trivial phase, ¢ =
0, the slope efficiency is poor and further decreases in the
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presence of disorder. In sharp contrast, when the laser is top-
ological, ¢ = 7t/2, the lasing is very efficient and robust—it has
a high slope efficiency (with a small variance) that remains
high even at significant disorder levels. The topological pro-
tection ceases only when the strength of disorder is compa-
rable to the size of the topological band gap. To reaffirm that
the high efficiency of this laser is due to its topological pro-
tection, we evaluate the slope efficiency for structures with a
smaller band gap, e.g., for ¢ = ©/8. As seen in Fig. 4A, the
slope efficiency of this “small topological gap implementa-
tion” is initially high, but when the level of disorder is in-
creased—it deteriorates much faster than the ¢ = n/2 case,
because the disorder closes the smaller topological gap more
easily. To further highlight the robustness of our topological
insulator laser, we calculate the mean value of the slope effi-
ciency as a function of disorder strength and the two main
parameters that control the size of the topological band gap:
the Haldane flux (Fig. 4B), and the second nearest neighbor
coupling #, (Fig. 4C). When the strength of randomness is less

than the size of the Haldane topological band gap [Gx/g t, sin
(¢)], the slope efficiency stays high, and just drops when the
disorder level is bigger than the size of the topological band
gap (Fig. 4, B and C). This is a clear indication that the effi-
ciency and robustness of the topological insulator laser stems
from its topological properties (40).

Topological insulator laser based on an aperiodic array
of resonators

Next, we study lasing in an aperiodic topological array of
micro-ring resonators, which was one of the two platforms
first explored for realizing photonic topological insulators in
optics (8, 12). This arrangement involves a lattice of coupled
resonators with aperiodic couplers (39)—an architecture that
can be implemented using standard semiconductor technol-
ogies (41, 42). Importantly—this system does not employ
magnetic fields, nor does it use any exotic materials (such as
YIG). It relies on current semiconductor laser technology, and
only that. The aperiodic couplers establish an artificial gauge
field, thus leading to behavior analogous to the quantum Hall
effect (12). Since in the linear regime the system is reciprocal,
both the clockwise (CW) and counterclockwise (CCW) modes
in each microring resonator experience gauge fields with op-
posite signs. This, in turn, makes the overall cavity degener-
ate, i.e., for any frequency supported by the CW modes there
is a corresponding CCW mode. In passive settings (no
gain/loss), for reasonable experimental parameters, one can
consider the CW and CCW as decoupled (8, 12). For a topo-
logical insulator laser based on this system, one must take
into account that the CW and CCW modes inevitably interact
with one another through the nonlinear effect of gain satura-
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tion and backscattering which naturally occur in active me-
dia (43).

This topological aperiodic laser array is simulated using
an extended version of Eq. 1 (39). To account for a realistic
set-up in current semiconductor laser technology, we imple-
ment saturable gain and explicit coupling between the CW
and CCW modes through the saturable medium and
backscattering. We use the parameters of recent experiments
(42) and of the accompanying experimental paper, which
yield a topological bandgap of ~1 nm, in an aperiodic ring
array made of all-dielectric semiconductor laser materials. A
topological gap of this size ensures very high topological pro-
tection of transport in the laser cavity. We essentially observe
the same features as in the Haldane model: the topological
lasing mode is extended, uniform, and couples strongly to the
output coupler, even in the presence of disorder. In contrast,
the topologically-trivial aperiodic array, having no edge
modes, suffers from localization of its lasing modes, strong
multimode lasing, and displays low output coupling (see Fig.
5). It is important to stress that despite the reciprocity of the
system and the inherent degeneracy of every ring and the
presence of scattering and saturable gain (which cause lasing
in both CW and CCW directions), the topologically-protected
features of the lasing modes prevail, and the efficiency of the
topological array is much higher than that of the trivial case.
The underlying mechanism can be clearly seen from the
mode shapes in Fig. 5, B to E, where the mutual contribution
of the two counterpropagating (CW and CCW) edge modes,
with the same temporal frequency, depletes the gain and en-
forces efficient single-frequency lasing. In a similar vein, the
topological lasing modes exhibit high robustness against de-
fects and disorder, despite the backscattering and the nonlin-
ear coupling between the CW and the CCW modes.

Concluding remarks

We introduced a new class of lasers that operate in a top-
ological phase and take advantage of topologically-protected
transport. Due to its topological properties, the topological
insulator laser exhibits high efficiency, extreme robustness to
defects and disorder, and single mode lasing even at gain lev-
els high above the threshold. The interplay between topology
and non-Hermiticity, especially in nonlinear open system
such as lasers, raises many fundamental questions. We
showed here that the laser system based on the archetypal
Haldane model exhibits topologically-protected transport,
with features similar to its passive counterpart. This behavior
means that there must be associated topological invariants,
in spite of the fact that this system is non-Hermitian. The im-
plications of topologically-protected transport to lasing sys-
tems can change existing paradigms by harnessing the
topological features of the lasing mode to yield high efficiency
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lasing single-mode lasing even high above threshold. The sys-
tems proposed here are a proof of concept, not attempting to
optimize the integration of topological properties into a laser.
The topological design of the laser cavity can take on many
different concrete designs, which may lead to new ideas and
innovative applications. For example, the topological system
can be based on topological network models of strongly-
coupled resonators (44), which can be realized with very
small units. More generally, new geometries, wherein a nar-
row linewidth gain medium is matched to the topological gap
can be considered. In a similar vein, topological insulator la-
sers could be designed from flexible gain media (organics),
and sustain distortions, manipulations, and perhaps also ex-
treme conditions. It may even be possible to integrate topo-
logical insulator lasers with sensors, antennas and other
photonic devices. The accompanying experimental paper (38)
describes the first realization of a topological insulator laser
without magnetic field. It is an all-dielectric system, based on
the aperiodic array of ring resonators described here fabri-
cated with ordinary technology for making semiconductor la-
sers.
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Fig. 1. The geometry and the lasing mode in a topological insulator laser based on the Haldane model. (A)
Cavity geometry (same for topological and trivial): a planar honeycomb lattice of coupled microring resonators. The
cavity has unpumped (lossy) resonators (red), pumped resonators (blue) and an output channel (white). (B) The
steady state topological lasing mode of the topological cavity. The lasing mode is extended all around the perimeter
of the cavity with almost-uniform intensity, and its energy flux is unidirectional. The unidirectional energy flux can be
noticed by the intensity buildup as the mode circulates (clockwise), and by the sudden drop in intensity when passing
(clockwise) the output coupler.
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A Ordered B Disorder C Defect

Fig. 2. Lasing modes in the topological and the trivial cavities (Haldane model). (A to F) The steady state lasing
modes (colors indicate amplitude) for the topological and trivial cavities with (A,D) no disorder, (B,E) disorder, and
(C,F) a defect (a missing gain resonator at the perimeter). Being unidirectional and extended, with almost-uniform
intensity, the lasing mode in the topological cavity (A-C) exhausts all the pumped sites and couples strongly to the
output coupler in all cases. The trivial cavity, lacking unidirectional extended lasing modes, couples weakly to the
output coupler even without disorder (D). The presence of disorder (E) and defects (F) make the lasing mode of the
trivial cavity highly localized, reducing the efficiency further.
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Fig. 3. The lasing process in the topological and the trivial laser cavities. (A and B) Band diagram of the passive
(no gain or loss) (A) topological and (B) trivial strip of resonators. The topological cavity has a bandgap with
topologically-protected unidirectional edge states crossing the gap (blue lines). On the other hand, the trivial cavity
has no protected transport, as there is no gap and the edge states are degenerate. (C and D) The evolution of the
real and imaginary part of the spectrum of the (C) topological and the (D) trivial cavities, from zero gain (white dots)
up to the threshold gain (blue dots), which is where the first lasing mode lases. (E and F) Evolution of the spectrum
of the laser cavity modes as the gainis increased further above the threshold gain. The topological laser (E) maintains
single mode lasing, at least up to gain values of ten times the threshold gain. On the other hand, the trivial laser (F)
becomes multimode, with three lasing modes, at a gain level just twice the threshold gain.
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Fig. 4. Slope efficiency vs. disorder in the topological and the trivial laser systems (Haldane model). (A) The slope
efficiency versus disorder strength (measured in terms of its standard deviation), for the topological laser with the
maximum gap (blue; ¢ = n/2), with a small topological gap (red; ¢ = n/8), and for the trivial-laser with no gap (black;
¢ = 0). Every point corresponds to the slope efficiency of a different realization of the disorder (1,000 in total). Solid
lines mark the mean values for each case. The topological cavities exhibit higher slope efficiency (blue line) than the
trivial cavity, even under high levels of disorder. For the topological insulator laser with a small band gap, when the
disorder level is increased to above the band gap size, the topological protection of this topological laser starts to
break and its efficiency is deteriorated dramatically (red line). (B and C) The mean value of the slope efficiency
(average over 1,000 realization) as a function of (B) disorder and the Haldane flux (¢), and (C) disorder and second
nearest neighbors coupling (t2). The dotted black line in (B,C) depicts the size of the band gap of the Haldane model

at zero disorder, given by 6+/3 t> sin (¢). Clearly, the slope efficiency of the topological cavity stays high as long as the
disorder strength is lower than the size of the topological gap.
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Fig. 5. Lasing modes in the topological and the trivial cavities (coupled resonators model). (A) Mean slope
efficiency as a function of disorder strength (measured in terms of the standard deviation of the on-site energy)
for the topological laser (blue) and the trivial laser (red). The simulation includes 5% backscattering on each site.
The slope efficiency of the topological laser is higher and more robust up to disorder levels of the order of the
topological bandgap. (B, C, E, and F) Typical lasing modes (colors indicate amplitude) for the topological (B,E) and
the trivial (C,F) cavities. The first/second row shows the CW/CCW components, respectively. In the topological
array the CW (B) and CCW (F) components travel in opposite directions around the lattice but they both lase at
the same frequency, synergistically transporting energy from the pumped sites to the output coupler. On the other
hand, in the trivial lattice (C,F) the modes become localized in the presence of disorder, penetrate into the lossy
bulk and couple only weakly to the output coupler. (D) The spectra of the topological (blue) and the trivial (red)
lasers, for the same level of pumping. Even in the presence of disorder and backscattering, the topological array
lases in a single mode inside one of the topological band gaps (shaded blue regions), whereas the trivial array, for
the same gain and disorder levels, lases weakly and at multiple frequencies.

First release: 1 February 2018 www.sciencemag.org  (Page numbers not final at time of first release) 11

8102 ‘s Areniga- uo /610" Bewasuslos aoualos//:dny woly papeojumod


http://www.sciencemag.org/
http://science.sciencemag.org/

Science

Topological insulator laser: Theory

Gal Harari, Miguel A. Bandres, Yaakov Lumer, Mikael C. Rechtsman, Y. D. Chong, Mercedeh Khajavikhan, Demetrios N.
Christodoulides and Mordechai Segev

published online February 1, 2018

ARTICLE TOOLS http://science.sciencemag.org/content/early/2018/01/31/science.aar4003
I\S/ILA?'EIEZIIEAALESNTARY http://science.sciencemag.org/content/suppl/2018/01/31/science.aar4003.DC1
gglfxf-\rTElrE\R http://science.sciencemag.org/content/sci/early/2018/01/31/science.aar4005.full
REFERENCES This article cites 41 articles, 6 of which you can access for free

http://science.sciencemag.org/content/early/2018/01/31/science.aar4003#BIBL

PERMISSIONS http://www.sciencemag.org/help/reprints-and-permissions

Use of this article is subject to the Terms of Service

8102 ‘s Areniga- uo /610" Bewasuslos aoualos//:dny woly papeojumod

Science (print ISSN 0036-8075; online ISSN 1095-9203) is published by the American Association for the Advancement of
Science, 1200 New York Avenue NW, Washington, DC 20005. 2017 © The Authors, some rights reserved; exclusive licensee
American Association for the Advancement of Science. No claim to original U.S. Government Works. The title Science is a
registered trademark of AAAS.


http://science.sciencemag.org/content/early/2018/01/31/science.aar4003
http://science.sciencemag.org/content/suppl/2018/01/31/science.aar4003.DC1
http://science.sciencemag.org/content/sci/early/2018/01/31/science.aar4005.full
http://science.sciencemag.org/content/early/2018/01/31/science.aar4003#BIBL
http://www.sciencemag.org/help/reprints-and-permissions
http://www.sciencemag.org/about/terms-service
http://science.sciencemag.org/

