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The analogue to the Wick theorem for Pauli operators is given and by summation of the simplest diagrams 
the energy of a spin wave exitation is obtained. 

T h e r e  a r e  two d i f f e ren t  s c h e m e s  to get  an a p -  
p r o x i m a t e  e x p r e s s i o n  for  a Green  function: 1) 
One w r i t e s  down the equation of motion for  the 
Green  function under  cons ide ra t ion  and b r e a k s  
off the chain of equat ions by a ce r t a in  decoupl ing 
p r o c e d u r e  for  the h igher  Green  functions [1]. 
This  decoupl ing  i s  a me thod ica l ly  n e c e s s a r y  s tep  
but  phys i ca l l y  not well  unders tood.  2) One app l ies  
quantum f ield t heo re t i c  p e r t u r b a t i o n  theory  [2]. 
In p r o b l e m s  of the theory  of magne t i sm  the p e r -  
t u rba t ion  theory  has to o v e r c o m e  the d i f f icu l t ies  
a r i s i n g  f rom the p e c u l i a r  commuta t ion  r e l a t i ons  
of the spin o p e r a t o r s .  T h e r e  have been  done d i f -  
f e r en t  p e r t u r b a t i o n  theore t i c  app roaches  to the 
p r ob l em of magne t i c  i m p u r i t i e s  in m e t a l s  [3, 4] 
for  a r b i t r a r y  va lues  of spin.  

We intend to develop a pe r t u rba t i on  theory  for  
spin  ½ only with the hope to find a r a t h e r  s imp le  
s t r u c t u r e  of i t .  The e s s e n t i a l  point  i s  the proof  
of the Wick t heo rem for  Pau l i  o p e r a t o r s .  T h e r e  
have been s e v e r a l  p a p e r s  on this  subjec t .  Mi l l s  
et al .  [5] and Wang et  al .  [6] i n t e r p r e t e  the Paul i  
o p e r a t o r s  a s  Bose  o p e r a t o r s  when ac t ing  at  d i f -  
f e r e n t  l a t t i ce  s i t e s  and as  F e r m i  o p e r a t o r s  when 
ac t ing  at  the s a m e  l a t t i ce  s i te .  Taking  into a c -  
count the p r o p e r t i e s  of the unper tu rbed  s t a t e s  
they can fo rmu la t e  the Wick  theo rem in the usual  
fo rm.  If we accep t  this  point  of view, def ining 
the f r e e  Green  function as  in the F e r m i  case ,  
then we do not get  a phys i ca l l y  accep t ab l e  sp in  
wave energy  f rom the summat ion  of the s i m p l e s t  
d i a g r a m s  and we cannot find c o r r e c t i o n s  which 
make  the r e s u l t  be t t e r .  Tyabl ikov  and Moska l en -  

ko [7] have given compl i ca t ed  e x p r e s s i o n s  for  an 
analogue to the Wick theorem for Pau l i  o p e r a -  
to r s .  These  au thors  do not use  a l l  the a l g e b r a i c  
p r o p e r t i e s  of the Pau l i  o p e r a t o r s  and do not r e -  
fer  to t r a c e s  over  speci~.l s t a t e s .  We want to 
wr i t e  down the analogue to the Wick theo rem 
adequate  to the p e r t u r b a t i o n  theory  for the He i -  
s enbe rg  f e r r o m a g n e t  with the Hamil tonian  

= ~o + ~i, where ~o = ~o (Eo = J(O) + 
m//) and 

~ i  = - ~  ,3.. b +b - ~  J--b+b~b+-b-. (1) 
f , g . r g  f g f ,  g ]g  J J g ~  

J~gaiS the exchange in t eg ra l ,  no i n t r a - a tomtc  ex -  
nge i s  p r e sen t :  J f f  = 0; J(0) = g~ @g, f ,  g 

labe l l ing  the l a t t i ce  s i t e s .  The Paul i  p e r a t o r s  
obey the commuta t ion  r e l a t i ons  [bg, b +] = 
~eg(1-2b'~bf). We wish to ca l cu la t e  th'e two-po in t  
~ r e e n  fu~chon in the M a t s u b a r a  f o r m a l i s m  [2] 

G l m ( ' r l - r m )  = - (T .  c (b lO' l )b~ (1" m) S)  o / (S )  o (2) 

where  S i s  the S - o p e r a t o r  (T  T i s  the exponential  
of the i n t eg ra l  over  - ~ i  f rom 0 to 1/T) .  

The b r a c k e t s  mean  the t r a c e  over  the e igen-  
s t a t e s  of ~ o ,  the dens i ty  o p e r a t o r  Po con ta in s  
~;~o" T~ s tands  for  the  usual  T - p r o d u c t  with r e s -  
pec t  to T. We look a t  the Pau l i  o p e r a t o r s  a s  a t  
Bose  o p e r a t o r s  with q-nUmber  commuta t ion  r e -  
la t ions .  Expending the S~opera to r  we get  a s e -  
r i e s  for  the Green  function (2) containing t r a c e s  
of m o r e  and m o r e  Paul i  o p e r a t o r s .  
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Us ing  the  iden t i t y  [1] 

[ a l , a 2 . . . a  n ] = 

= [ala2]a3. . . a n + . . . + a 2 . . . a n - 1  [ a l , a  n] (3) 

and the r e l a t i o n  aPo = PoaT, ~=exp{+(Eo-P) /T  } 
(upper  s ign ,  if  a i s  a c r e a t i o n  o p e r a t o r ,  l ower  
s ign ,  if  a i s  an  ann ih i l a t ion  o p e r a t o r )  we obta in  

( a l ' "  "an >o = (1 -~) -1  ( ([al ,a2]a3""  "an >o + ' ' "  )" (4) 

H e r e  we cannot  put  the c o m m u t a t o r s  ou t s i de  the 
b r a c k e t s ,  b e c a u s e  they a r e  q - n u m b e r s .  Th i s  
fac t  i s  an e x p r e s s i o n  of the s o - c a l l e d  " k i n e m a -  
t i c  i n t e r a c t i o n " .  As an e x a m p l e  we w r i t e  down 
the z e r o t h  o r d e r  G r e e n  funct ion .  In the  c a s e  r I > 
~m we have  

6 l °  (~l-Tm) = (5) 
= - ( l - T ) - 1  (YoSlm e x p { - ( r l - r m )  (~o-bt)}, 

w h e r e  ct o = (1 - 2bfibf) o = 1 -  2ff o i s  the  m e a n  
m a g n e t i z a t i o n  pe r ' l~ / t t t ce  s i te .  C o m p a r i n g  with 
Gl ° = - ( 1 - ~  o) exp { - ( r / - r m )  (Co-P)} we find the 
F e r m i  d i s t r i b u t i o n  func t ion  fo r  no" The  F o u r i e r  
t r a n s f o r m  Gl°m (w) i s  the one of B o s e  o p e r a t o r s  
wi th  an add i t iona l  f a c t o r  a o. Comput ing  the  t r a c e s  
o v e r  p r o d u c t s  of m o r e  than two Pau l i  o p e r a t o r s  
we take  into accoun t  that  the  t r a c e s  o v e r  an odd 
n u m b e r  of o p e r a t o r s  van i sh .  In th is  way we can 
r e d u c e  a l l  the  t r a c e s  a p p e a r i n g  in the p e r t u r b a -  
t ion s e r i e s  to p r o d u c t s  of f r e e  G r e e n  func t ions  
GlO and a f t e r  that  we m a y  i n t r o d u c e  d i a g r a m s  
fo r  the  t e r m s  in the s e r i e s .  The  s i m p l e s t  d i a -  
g r a m s  a r e  the  u sua l  ones .  

- - 3 ~ - - J ~  . • • ~ -  ~ -  . . . . .  ~ ~ ~ (6) 

The  poin t  i n d i c a t e s  the  2 - i n t e r a c t i o n  ( f i r s t  
t e r m  in eq. (1)) ,  the  s q u a r e  s t ands  fo r  the 4 -  
i n t e r a c t i o n  ( second  t e r m  in eq. (1)) .  S u m m i n g  
a l l  the d i a g r a m s  ind ica t ed  in (6) we find the e -  
n e r g y  of a sp in  w a v e  exc i t a t i on  e (k )  = m H  + a o × 
[ J (0 ) - J (k ) ] .  T h i s  e x p r e s s i o n  d i f f e r s  f r o m  that  
one ob ta ined  by the  " e q u a t i o n  of m o t i o n "  in the 
R P A  decoup l i ng  by the fac t ,  that  the t r a c e  fo r  
a 0 i s  t aken  with r e s p e c t  to the f r e e  H a m i l t o n i a n  
i n s t ead  of the  ful l  Hami l ton ian .  So we do not  get  
t e r m s  p r o p e r t i o n a l  to T 3, T 4 e tc .  in the m a g n e -  
t i za t ion .  We could obta in  the r e s u l t  of the " e q u a -  
t ion of mo t ion  m e t h o d "  for  the m a g n e t i z a t i o n  [1] 
r e q u i r i n g  s e l f - c o n s i s t e n c y  of the equa t ion  d e t e r -  
min ing  ~ at an i n t e r m e d i a t e  s t ep  of the c a l c u l a -  
t ions .  H i g h e r  o r d e r  con t r i bu t ions  to the m a s s  
o p e r a t o r  wi l l  g ive  c o r r e c t i o n s  to the above  e x -  
p r e s s i o n  fo r  the  sp in  w a v e  e n e r g y  and wil l  a l t e r  
the " r e n o r m a l i z a t i o n  f a c t o r " .  W o r k  about  that  
i s  in p r o g r e s s .  The  p e r t u r b a t i o n  p a r a m e t e r  wi l l  
be  ~o,  the  n u m b e r  of f l ipped  sp ins .  

The  a u t h o r s  a c k n o w l e d g e  g r a t e f u l l y  helpful  
d i s c u s s i o n s  wi th  D r .  H a u b e n r e i s z e r  and P r o -  
f e s s o r  H e b e r .  
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