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Splay States in a Ring of Coupled Oscillators: From Local to Global Coupling∗
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Abstract. In this work, we study dynamical behavior in a ring of coupled nonlinear oscillators and focus on
the stability of homogeneous steady state and splay states by performing linear stability analysis.
Different cases from local (nearest-neighbor) coupling to global (all-to-all) coupling by increasing
the range of coupling are studied. Some explicit stability results for each possible splay state are
analytically obtained. It is valuable to compare their similarities and differences for these different
cases. All these results could shed improved light on our understanding of the organization of splay
states in coupled oscillators.
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1. Introduction. Collective behavior in coupled nonlinear oscillators has attracted great
interest among researchers in nonlinear science due to its significance for both dynamics theory
and various applications [1, 2, 3, 4]. One of the important collective behaviors, splay state,
in which all oscillators take an identical periodic orbit but with a (constant) phase difference
between them, has been extensively studied [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25, 26]. It appears to be a very general phenomenon, and it has been
observed in such diverse systems as Josephson-junction arrays [6, 7, 8, 9, 10, 11, 12], electronic
oscillator circuits [13], arrays of laser models [15, 16, 17, 18, 19], coupled phase models [20, 21],
and biological systems [22, 23], to name only a few. Clearly it can play important roles in the
pattern (or structure) formations and self-organizations in coupled systems. In the literature,
the term “splay state” was also called “antiphase (or splay-phase) state” [5], “ponies on a
merry-go-round” [12], “periodic traveling (or rotating) wave” [13, 14], “waltz state” [16], etc.

In most of existing works, splay state has been studied in globally coupled systems, and
some unusual properties have been reported so far, including (1) attractor crowding [6, 7], in
which the number of system attractors increases dramatically with the increase of the oscillator
number and, consequently, the volume occupied by each attractor gets extremely small and
the coupled systems become extremely sensitive to noise, and (2) the neutral stability of splay
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SPLAY STATES IN A RING OF COUPLED OSCILLATORS 1325

states with more than one zero eigenvalues existing in a large parameter space [8, 9, 10, 11, 12],
in contrast to our common sense that any neutral stability of state can occur only at special
parameter points, when a state is at the crossover from stable to unstable (or vice versa).
Comparatively, splay state in locally coupled systems has been less studied [18, 24, 25, 26], to
the best knowledge of the authors. For recent developments, some researchers [27, 28] found
that splay state may even appear in chaotic systems, if the concept of splay state is redefined
and the average distribution of phase of chaotic oscillators is considered. In [29, 30], Zhan
and authors uncovered a novel generalized splay state in extremely weakly coupled chaotic
oscillators, in which all chaotic oscillators transit to a periodic state with an identical periodic
orbit and taking different and functionally related phases. Very recently, Zhan and Kapral
[31, 32] generalized the concept of splay state to an Archimedean spiral splay field, in which a
spiral wave in a two-dimensional space is considered to be a special splay state where spatial
points having identical phase space orbits take phases determined by the Archimedean spiral
on which they lie. Again, the splay state can be periodic or chaotic. On the basis of this
simplification, the spatial structure of line defects in complex oscillatory spiral waves [31] and
the destruction of chaotic spiral waves [32] have been well analyzed.

The purpose of this work is to investigate dynamical behaviors in a ring of coupled nonlin-
ear oscillators. Both the homogeneous steady state and splay states for each wave number will
be treated. Based on rigorous mathematical analyses of linear stability of these states, explicit
stability results are obtained. As a special case of splay states for a zero wave number, the
stability of an in-phase state can also be easily analyzed. In our model study, we conveniently
set a system parameter to characterize the range of coupling of systems, and thus by tuning it
we are able to study coupled systems under different situations, from local coupling to global
coupling via intermediate-range coupling. Results show that different coupling ranges change
the system dynamics tremendously.

The remainder of this paper is organized as follows. In section 2, we give our model and
solutions of the model including the homogeneous steady state and splay states. We will
analyze their respective stabilities in sections 3 and 4, the main parts of the paper. Finally,
section 5 is devoted to some brief discussions. Some useful matrices and their relations are
given in Appendix A. The detailed analysis on the stability of the general splay state is
presented in Appendix B.

2. Model and solutions. Consider a popular model of N coupled Landau–Stuart oscilla-
tors,

żj = (a + iω − |zj |2)zj + ε

d∑
m=1

(zj+m + zj−m − 2zj),

j = 1, . . . , N,(1)

where a is a parameter specifying the distance from Hopf bifurcation, ω is the natural fre-
quency, both of which are set to be identical for each oscillator, ε is the coupling strength, and
d denotes the coupling range. Periodic boundary conditions are considered, namely, zj+N = zj

for all j. This ring configuration is a simple description for some coupled systems in nature
and is easy for analysis. Both positive and negative coupling ε (corresponding to the usual
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1326 WEI ZOU AND MENG ZHAN

phase-attractive and phase-repulsive coupling, respectively) will be investigated. For different
coupling ranges d, two extreme cases exist: One is the local (nearest-neighbor, diffusive-type)
coupling for d = 1, and the other is the global (all-to-all, mean-field) coupling for d = N−1

2
(N being odd). It is interesting to change d and study the system dynamics.

For a single Landau–Stuart oscillator in the absence of coupling, the dynamics is well
known [2]: If a < 0, a steady state staying at the origin is stable, whereas if a > 0, this
steady state loses stability and the system generates a new stable limit cycle, whose rotation
semidiameter is

√
a and rotation frequency is ω. This bifurcation is a supercritical Hopf bi-

furcation, and the parameter a at a = 0 is usually called the Hopf bifurcation point. As the
Landau–Stuart oscillator model is the normal form of Hopf bifurcation, the model of coupled
Landau–Stuart oscillators has been extensively studied, and some intriguing dynamical be-
haviors have been reported so far, e.g., amplitude death [33, 34, 35], ultraharmonic oscillations
(or multifrequency oscillations) [36, 37], intermittent switching [38], diffusion-induced inho-
mogeneity [39], aging transition [40, 41, 42], and destabilization patterns [43]. Obviously this
model study is of significance for both experimental observations and theoretical development.

The homogeneous steady state for all oscillators staying at the origin,

(2) |z1| = |z2| = · · · = |zN | = r = 0,

is a solution to (1), which has been termed off state in [18].
Except for this solution, the splay state solutions can also be easily obtained,

|z1| = |z2| = · · · = |zN | = rk =
√

a + εσk,

θj = ωt +
2kπ

N
(j − 1),(3)

j = 1, . . . , N, k = 0, . . . , N − 1,

where

(4) σk = −4
d∑

m=1

sin2

(
mkπ

N

)
≤ 0,

under the assumption that all oscillators have the same size semidiameter and the only dif-
ference is the phase difference 2kπ

N between any neighboring oscillators. They exist based on
an obvious existence condition,

(5) a + εσk ≥ 0.

Physically, k denotes the wave number of systems and each k represents different modes of
splay states. A special case is k = 0, representing the in-phase, synchronous state, whose
stability can be easily obtained as a special case in the analysis of splay states, as we will
see below. Due to the geometric symmetry of the coupled systems, the splay states of k and
N −k are equivalent. Therefore, in the following analysis, we need only to consider the modes
k = 0, 1, . . . , [N2 ], with [ξ] denoting the greatest integer number less than or equal to ξ.
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Figure 1. (a) The stable and unstable regions of the homogeneous steady state. The stable region is sur-
rounded by two critical curves (one a vertical curve, a = 0 (ε > 0), and the other a sloped curve, ac = −εσk,min

(ε < 0)). (b) and (c) The attractors and snapshots of oscillators at one time instant of the homogeneous steady
state (a = −0.5 and ε = 0.5) and the in-phase state (a = 0.1 and ε = 0.2) born due to the instability of the
homogeneous steady state, respectively. d = 2 and N = 15.

3. Stability analysis of the homogeneous steady state. In this section, we will analyze
the stability of the homogeneous steady state (equation (2)). With respect to the solution,
the linearization equation is

ẏj = (a + iω)yj + ε
d∑

m=1

(yj+m + yj−m − 2yj),

j = 1, . . . , N.(6)

Its eigenvalues can be calculated as

(7) λk = a + εσk ± iω, k = 0, 1, . . . , N − 1.

If Re(λk) = a + εσk < 0 for all k, the state is stable; otherwise, it is unstable. From (7), we
have λk = λN−k. Thus, we may consider only k = 0, 1, . . . , [N2 ].

Under the condition of ε > 0, if a < 0, then Re(λk) < 0 definitely as σk ≤ 0. However, if
a becomes positive, Re(λ0) = a for k = 0 becomes positive (with Re(λk) staying negative for
all other k’s). As a result, the homogeneous steady state loses stability at a = 0 and ε > 0
and the systems may generate a splay state of the k = 0 mode (the in-phase state) at the
same time. This situation is similar to that of a single Landau–Stuart oscillator. Therefore,
a = 0 (ε > 0) is a Hopf bifurcation curve of coupled systems. With a increasing further,
larger k modes may get unstable step by step. As shown in Figure 1(a), on the left side of
the vertical line in the (a, ε) parameter plane, the homogeneous steady state is stable, and
oppositely on the right, the in-phase state (k = 0) is stable. As one example, we plot the
attractors of all oscillators within and outside of the stable regime in Figures 1(b) and 1(c)
for the parameters (a = −0.5 and ε = 0.5) and (a = 0.1 and ε = 0.2), respectively, which
clearly show the corresponding dynamical behaviors as the theoretical analysis. In numerical
simulations, we have chosen ω = 2.0 and N = 15, which are fixed throughout the paper.
Clearly, this stable-unstable division line at a = 0 and ε > 0 for the homogeneous steady state
and the in-phase state does not change with different d’s.
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1328 WEI ZOU AND MENG ZHAN

However, if ε < 0, one immediate condition for the stability of the homogeneous steady
state is a < 0, as σk ≤ 0. In particular, the stable-unstable division line ac should be
determined by the first unstable mode, namely,

(8) ac = −εσk,min,

where σk,min denotes the minimum value among σk (k = 0, . . . , [N2 ]) and kmin represents the
corresponding k. Now a = 0 is no longer the Hopf bifurcation point of the systems and the
phase-repulsive coupling (ε < 0) effectively reduces the Hopf bifurcation threshold, as shown
with the sloped curve in Figure 1(a); this bifurcation has been called coupling-induced Hopf
bifurcation in [26]. More detailed information about σk,min for different d can be analyzed.

(a) If d = 1 for the local coupling,

(9) σk,min = −4 sin2

(
kπ

N

)
.

Consequently, we have

(10) σk,min =

{
−4 for kmin = N

2 (even N),

−4 sin2(N−1
2N π) for kmin = N−1

2 (odd N).

The value of kmin is exactly the middle one among all k’s.
(b) Oppositely, if d = N−1

2 and N is odd for the global coupling, we have

(11) σk,min = −4

N−1
2∑

m=1

sin2

(
mkπ

N

)
= −N,

as
N∑

m=1

sin2 mx =
2N + 1

4
− sin(2N + 1)x

4 sin x
.

It is notable that σk,min does not depend on k (k �= 0).
(c) Unlike the above two extreme cases, for the intermediate coupling range, we cannot

obtain kmin and σk,min explicitly, and we have to rely on numerical simulations. In Figures
2(a)–2(d), we plot the distributions of σk on k for different coupling ranges: d = 1 (local
coupling), 7 (global coupling), 2 (short intermediate coupling), and 4 (long intermediate cou-
pling), respectively. Their corresponding splay states with the parameters chosen out of the
stable regime and near the sloped curve in Figure 1(a) are illustrated in Figures 2(e)–2(h),
respectively. These dynamical behaviors exactly indicate the corresponding kmin obtained
from the analyses of σk (top row). For instance, kmin = 4 and 2 from Figures 2(c) and 2(d),
respectively. In Figure 2(f), for the case of the global coupling due to the simultaneous changes
of stability of all modes, a more scattered distribution of oscillators from random initial condi-
tions, which has been termed general splay state by some researchers [19], is displayed. Clearly
the general splay state (θj = ωt+ϕj and

∑N
j=1 eiϕj = 0) exists in a more general manner. For

some special set of initial conditions, a regularly distributed splay state for each mode can be
locally stable and observable. For random initial conditions, however, the general splay state,
such as in Figure 2(f), can be more easily found instead, because the basin of general splay is
expected to be much larger than that of the regularly distributed splay state.
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Figure 2. (a)–(d) The dependence of σk (equation (4)) on k for d = 1, 7, 2, and 4, respectively. (e)–(h)
The corresponding splay states with kmin obtained from the top row for the parameters (a = −0.5, ε = −0.13),
(a = −0.5, ε = −0.1), (a = −0.61, ε = −0.1), and (a = −0.5, ε = −0.05), respectively. These parameters are
chosen out of the stable regime and near the sloped curve in Figure 1(a). All instant positions of oscillators are
indicated by open circles.

4. Stability analysis of the splay states.

4.1. Common conditions. Similar to the analysis in the above section, the linearization
equation with respect to the solution of splay states (equation (3)) is

ẏj = (a − 2r2
k + iω)yj − r2

ke
i2θjyj + ε

d∑
m=1

(yj+m + yj−m − 2yj),

j = 1, . . . , N,(12)

with A representing the conjugate of A (A is an arbitrary matrix). Setting Y = (y1, . . . , yN )′,
where the prime denotes the transposition of matrix or vector, we can write the equation in
a compact form,

(13) Ẏ = (a − 2r2
k + iω)Y − r2

ke
i2ωtP 2

k Y + εBY.

Refer to the matrices B and Pk in Appendix A, where B denotes the circular matrix and Pk

denotes the diagonal matrix. Letting Y = PkPX (referring to the matrices P , S, and Λk in
Appendix A), we can transform it into

(14) Ẋ = (a − 2r2
k + iω)X − r2

ke
i2ωtSX + εΛkX,

and letting X = ΔZeiωt in order to eliminate the time-dependent term in (14), we further
have

(15) Δ̇Z = (a − 2r2
k)ΔZ − r2

kSΔZ + εΛkΔZ
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1330 WEI ZOU AND MENG ZHAN

and

(16) Δ̇Z = (a − 2r2
k)ΔZ − r2

kSΔZ + εΛkΔZ.

They can be rewritten in a compact form as

(17)

(
Δ̇Z

Δ̇Z

)
= M

(
ΔZ

ΔZ

)
,

with

(18) M =
(

M1 M2

M2 M1

)

and the submatrices

(19) M1 = (a − 2r2
k)IN + εΛk, M2 = −r2

kS.

As M is a real symmetric matrix, all of its eigenvalues are real. We have

(20) |M | = |M1 + M2||M1 − M2|,

where |A| denotes the determinant of A (A is an arbitrary matrix). It is easy to show explicitly
that the eigenvalues of the matrix M are the same as those of the matrices M1 ± M2, whose
eigenvalues can be obtained from the following characteristic equations:

(21) λ2 − αjλ + βj = 0, j = 0, . . . ,
[
N

2

]
,

with

αj = 2(a − 2r2
k) + ε(σk+j + σk−j),(22)

βj = (a − 2r2
k + εσk+j)(a − 2r2

k + εσk−j) − r4
k.(23)

For the number of eigenvalues, if N is odd, the eigenvalue equation for j = 0 has two eigen-
values, and that for the other values has four eigenvalues (considering the same form of equa-
tions for j and N−j.) Thus, the total number of eigenvalues is 2+ N−1

2 ×4 = 2N . In contrast,
if N is even, the equations for both j = 0 and j = N

2 have two eigenvalues and the equation
for the other values has four. Thus, the total number is unchanged: 2+2+(N

2 −1)×4 = 2N .
For some special cases, we may have simple forms of eigenvalues. For example, if j = 0,

we have two eigenvalues: 0 and −2r2
k (−2r2

k < 0). Clearly the first zero eigenvalue and the
second negative eigenvalue are necessary for the periodic solution of splay states for any k. If
k = 0, we have the eigenvalues εσj and εσj − 2r2

k for j = 0, 1, . . . , [N2 ]. After considering the
stability condition (εσj < 0) and the existence condition in (5), we conclude that this in-phase
splay state is stable if ε > 0 and a > 0; namely, its stable regime is located in the upper-right
corner of the (a, ε) parameter space from θ = 0 to θ = π

2 , which obviously does not change
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with d. This point is very important, and it can be viewed as one of the common features of
coupled systems.

Next let us analyze the stability condition for any nonzero k. From (21), the sufficient
and necessary conditions for the stable splay state of mode k are

(24) αj ≤ 0 and βj ≥ 0, j = 1, . . . ,
[
N

2

]
.

With αj,max (βj,min) being the maximum (minimum) value among αj (βj), we need

(25) αj,max ≤ 0

and

(26) βj,min ≥ 0.

We will refer to these inequalities as α and β (stability) conditions, respectively. In what
follows, we will go further from these conditions (including the existence and stability con-
ditions) for the three different cases: local coupling, global coupling, and intermediate-range
coupling, separately.

4.2. Local coupling. In this subsection, we will discuss the case of local coupling for
d = 1. Now σk = −4 sin2(kπ

N ), and the existence condition (5) becomes

(27) a ≥ 4ε sin2

(
kπ

N

)
.

If j = [N2 ] = N
2 for even N , a pair of eigenvalues of stability equation (21) are −4ε cos(2kπ

N )
and −4ε cos(2kπ

N ) − 2r2
k. Obviously for any stable splay state of k mode, we need

(28) ε cos
(

2kπ

N

)
≥ 0;

namely, the modes 0 ≤ k < N
4 might be stable for ε > 0, and the modes N

4 < k ≤ N
2 might be

stable for ε < 0. This finding is the same as the observation in [24], where, however, further
mathematical analyses for each mode in detail were unavailable. This restriction is also right
for odd N ; we have carefully checked this condition for small N numerically, and the above
analysis is the same for odd N if N is large.

As d = 1, we have

σk+j + σk−j = −8
(

sin2 kπ

N
+ cos

2kπ

N
sin2 jπ

N

)
,(29)

σk+jσk−j = 16
(

sin2 kπ

N
− sin2 jπ

N

)2

.(30)

Using inequality (28), we obtain

(31) αj,max = α0 = −2r2
k ≤ 0.
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Figure 3. The study of the local coupling (d = 1). (a) Schematic show of the stability distribution of all
splay states for different k’s based on the β condition (except the k = 0 mode). They are surrounded by their
corresponding critical curve and the horizontal (dashed) curve (ε = 0, a > 0). (b) Numerical results for the
dependence of the stable splay state regions for each k on the polar angle θ. The blank region surrounded by
the two vertical lines represents the stable region of the homogeneous steady state. In numerics, random initial
conditions very close to each splay state were chosen.

Obviously, now the α condition is always fulfilled if this solution exists.
For the β condition,

(32) βj = 16ε2 sin4 jπ

N
−
(

32ε2 sin2 kπ

N
+ 8ε(a − 2r2

k) cos
2kπ

N

)
sin2 jπ

N
.

Again using inequality (28), we get

(33) βj,min = β1 ≥ 0,

and then

(34) a ≥ ε
4 sin2(kπ

N )(1 + 2 cos(2kπ
N )) − 2 sin2( π

N )
cos(2kπ

N )
.

Mathematical analysis shows that this β condition is more restricted than the α condition
(or, equivalently, the existence condition) except in three extreme cases: One is k = 0, the
second is k = N

2 for even N , and the third is k = N−1
2 for odd N . For the first two cases,

the α condition is more restricted than the β condition, and for the last case, the α condition
is equivalent to the β condition. This is not surprising; as both k = 0 and k = [N2 ] modes
are born due to the instability of the homogeneous steady state by Hopf bifurcations (see the
analysis in section 3 and Figure 1(a)) and all other k modes are generated by saddle-node
bifurcations, from the knowledge of bifurcation theory we know that their stability should be
determined by the α and β conditions, respectively.

We explicitly show the stability distribution of all splay states for different k’s in the (a, ε)
phase diagram in Figure 3(a), according to the β condition in (34), except for the vertical
curve for the k = 0 mode (a = 0 and ε > 0), whose stability is controlled by the α condition.
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Figure 4. (a)–(h) The structures of the stable splay states of modes from k = 0 to 7 for θ0 = 1.35,
θ1 = 0.82, θ2 = 0.3, θ3 = 0.08, θ4 = 6.23, θ5 = 5.4, θ6 = 3.9, and θ7 = 3.45 on the unit circle (triangles on the
dashed circle in Figure 3(a)), respectively. d = 1.

From k = 0 to k = 7 modes, their critical curves should be separated for different k’s, and in
particular their stable regimes should be located within the range of polar angles: 0 < θ0 < π

2 ,
0 < θ1 < 1.16, 0 < θ2 < 0.43, 0 < θ3 < 0.14, 6.22 < θ4 < 2π, 4.54 < θ5 < 2π, 3.48 < θ6 < 2π,
and 3.39 < θ7 < 2π, respectively. Numerical results for the stable regimes of each k in
Figure 3(b) and their corresponding stable attractors in the phase space (θ0 = 1.35, θ1 = 0.82,
θ2 = 0.3, θ3 = 0.08, θ4 = 6.23, θ5 = 5.4, θ6 = 3.9, and θ7 = 3.45 on the unit circle and within
their corresponding stable parameter regimes) in Figure 4 well confirm our prediction.

The blank region in Figure 3(b) just denotes the stable region of the homogeneous steady
state. We also find that in the (a, ε) space the critical curves of all modes are distributed
regularly in a clockwise direction, and the modes 0 ≤ k < N

4 stay at the upper part of the
(a, ε) space (ε > 0) and the modes N

4 < k ≤ N
2 stay at the lower part (ε < 0). All these

findings can be easily proved by using manipulation of some algebra on the β condition. In
addition, an interesting byproduct is the occurrence of multistability of splay states. Clearly
the size of the stable region of mode 0 is much larger than that of modes 1, 2, and 3, and
the size of the stable region of mode 7 is much larger than that of modes 4, 5, and 6; see
Figure 3(a). The impact of multistability becomes more remarkable at the region near the line
ε = 0 and a > 0; for a slightly positive ε (phase-attractive coupling), all modes 0 ≤ k < N

4
are stable, and, oppositely, for a slightly negative ε (phase-repulsive coupling), all modes
N
4 < k ≤ N

2 are stable.

4.3. Global coupling. Considering the case for global coupling (d = N−1
2 for odd N), we

have

(35) rk =
√

a − Nε,

which is independent of k,
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Figure 5. The study of the global coupling (d = N−1
2

= 7). (a) The stable regimes of the homogeneous steady
state and the splay states for all different modes. The stable regime of the homogeneous steady state is exactly
located at the first quadrant; this feature is unchanged for different d’s. Oppositely, the stable regimes of the
splay states for all nonzero modes are surrounded by the same sloped critical curve and the horizontal (dashed)
curve. (b) The periodic orbit and snapshot of oscillators from random initial conditions. The parameters are
a = 0.5 and ε = −0.5.

(36) σk+j = −N,

and

(37) σk−j =
{ −N if j �= k,

0 if j = k.

Therefore, we have

(38)
{

αj = −2r2
k, βj = 0 if j = 0, 1, . . . , [N2 ] and j �= k,

αj = −2r2
k + Nε, βj = −r2

kNε if j = k.

After considering the existence condition (inequality (5)) and the α and β conditions (inequal-
ities (25) and (26)), we can easily obtain that all these modes for k �= 0 are degenerated (with
the same stability), and their stability is determined by

(39) a > Nε, ε < 0.

We also know that their stability is neutral (with N − 2 zero eigenvalues), and they
can exist in a very broad parameter space. In sharp contrast to this, for the local coupling
discussed in the previous section, the neutral stability of splay states can occur only at the
position of the corresponding critical curves of each mode. We illustrate their stable regimes
in Figure 5(a), which also includes the stable regime of the in-phase state. The attractor
and snapshot with randomly distributed structure (general splay state) from random initial
conditions are shown in Figure 5(b), which is qualitatively similar to the plot in Figure 2(f).
This time the parameter set a = 0.5 and ε = −0.5, which is deep into the stable regime, is
chosen. The stability of the general splay state is the same as that of the equally distributed
splay state; for more detailed analysis, see Appendix B.
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Figure 6. The study of the intermediate-range coupling for different d’s. (a)–(e) The stable regimes of
splay states for d from d = 2 to 6, respectively. (f) The neutrally stable regimes of splay states of the k = 3
and 6 modes. d = 4.

4.4. Intermediate-range coupling. For intermediate-range coupling, we have to first con-
sider the existence condition (5) and then both the α (inequality (25)) and β (inequality (26))
conditions. There is no easy way to obtain the explicit expression for the stability of each
mode, but clearly the problem has already been much simplified and the number of zero eigen-
values from the linear stability analysis can be easily calculated from simulations. We plot the
stable regimes of splay states from d = 2 to 6 with the increase of coupling range in Figures
6(a)–6(e), respectively. Again, all stable regimes are surrounded by the critical curve and the
horizontal curve (ε = 0 and a > 0, the dashed lines in the figures). Interestingly, we find that
the sequence of these modes may begin to get disordered; e.g., the critical curve of mode 4 is
above that of mode 5 for d = 2 in Figure 6(a), and the order of the critical curves of modes
2, 4, and 6 get completely disordered for d = 6 in Figure 6(e). We also find that some modes
may even have no stable regimes; e.g., the stable regime of mode 3 disappears for d = 2, 5,
and 6, and that of mode 7 disappears completely for any d from d = 2 to 6; see Figure 6 for
details. This behavior is similar to the prohibited state in quantum mechanics. All these are
clearly distinct from the cases of both local coupling and global coupling. However, similar
to global coupling, the neutral stability may begin to appear for certain k and d; e.g., see
Figure 6(f) for k = 3 and 6 and d = 4. Their orbits are exhibited in Figures 7(a) and 7(b)
for k = 3 and 6, respectively. The parameters are a = 0.5 and ε = −0.5. Further study finds
that the systems may show an unusual cluster behavior with several copies of general splay



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1336 WEI ZOU AND MENG ZHAN

Figure 7. The orbits and snapshots of the coupled systems for d = 4, a = 0.5, and ε = −0.5. (a)–(b) The
neutrally stable splay states for the k = 3 and 6 modes, respectively. (c) The unusual splay state in systems
with intermediate-range coupling, showing several copies of the general splay state of small-size systems.

state of smaller-size systems, as shown in Figure 7(c) with the same parameters as in Figures
7(a) and 7(b). Note that this behavior is very generic.

5. Discussion. In summary, we have systematically studied the existence and stability
conditions of the homogeneous steady state and splay states for different cases from local to
global coupling via intermediate-range coupling. For the two extreme cases (local and global
couplings), explicit results are analytically obtained. These analyses allow us to obtain more
detailed knowledge about the stability (and/or instability), structure, and organization of
splay states and their relations with the homogeneous steady state and the in-phase state.
Similar phenomena have been found in other systems, such as the coupled periodic Rossler
systems and the coupled Van der Pol oscillators. From these observations, we know that the
range of coupling plays a significant role in the organization of various dynamical behaviors.
For these different connection configurations, on the one hand, they may share some common
features, such as the upper-left corner stable regime of the homogeneous steady state in the
(a, ε) parameter space, the uniform upper-right corner stable regime of the in-phase state,
and the radiating structure of critical curves all emanating from the origin (this feature can
be easily analyzed from the existence and stability conditions). On the other hand, the
different range of coupling brings some unique characteristics indeed. For local coupling, the
critical curves appear to be distributed orderly and regularly scattered. As opposed to this,
for global coupling, all the critical curves (k �= 0) are degenerated and adhered together.
Differently, as a bridge of the local and global couplings, the stability of splay states with
an intermediate range of coupling shows its own properties. The critical curves begin to be
distributed disorderly and some of them may even disappear completely. Some behaviors such
as the neutral stability and general splay state, which were generally reported on the systems
with global coupling, may begin to appear in a novel manner. As the studies of the model of
coupled Landau–Stuart oscillators are important in nonlinear science, we hope that all these
findings can help us understand splay states and relevant dynamical behaviors in a unified
way. They are also expected to have potential applications (such as in Josephson-junction
arrays, electronic circuits, coupled laser systems, and biological systems as well) and to be
observable in experiments.
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Appendix A. Some useful matrices and their relations. Some useful matrices are as
follows.

(1) The circular matrix B is

(40) B = circ(b1, b2, . . . , bN ),

where the matrix elements b1 = −2d, bj+1 = bN−j+1 = 1 for j = 1, . . . , d and bj = 0 for
other j.

(2) The Fourier matrix P is

(41) P = (pk,m)k,m=0,...,N−1,

where pk,m = ei km2π
N .

(3) The diagonal matrix Pk is

(42) Pk = diag(p0,k, . . . , pN−1,k),

where pj,k = ei jk2π
N , j = 0, . . . , N − 1.

(4) The mirror symmetry matrix S is

(43) S =

⎛
⎜⎜⎜⎝

1 0 . . . 0
0 0 1
...

. . .
0 1 0

⎞
⎟⎟⎟⎠ .

Some relations between them are

(44) P−1BP = Λ0 = diag(σ0, . . . , σN−1),

where σk = −4
∑d

m=1 sin2(mkπ
N ), k = 0, . . . , N − 1,

(45) (PkP )−1B(PkP ) = Λk = diag(σk, . . . , σk+N−1),

and

(46) (PkP )−1P 2
k (PkP ) = P−1P = S,

where A−1 denotes the inverse matrix of A and A denotes the conjugate matrix of A (A is an
arbitrary matrix).

Appendix B. The stability of the general splay state. For the globally coupled Landau–
Stuart oscillators

żj = (a + iω − |zj |2)zj + ε

N∑
s=1

(zs − zj),

j = 1, . . . , N,(47)
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the general splay state solution can be expressed as

(48) zj = reiθj =
√

a − Nεei(ωt+ϕj ), j = 1, . . . , N, with
N∑

j=1

eiϕj = 0.

To determine its stability, we introduce the small perturbation variables ξj , defined as

(49) zj =
√

a − Nεei(ωt+ϕj )(1 + ξj), j = 1, . . . , N.

The linearized equations around the general splay state can be obtained as

(50) ξ̇j = −r2ξj − r2ξj + ε
N∑

s=1

ei(ϕs−ϕj)ξs, j = 1, . . . , N.

Let us introduce two macrovariables

(51) E =
1
N

N∑
s=1

eiϕsξs and F =
1
N

N∑
s=1

eiϕsξs.

A subspace in the whole perturbation space {ξs} determined by E = F = 0 constitutes
an invariant subspace, in which the perturbations evolve as

(52) ξ̇j = −r2ξj − r2ξj

and

(53) ξ̇j = −r2ξj − r2ξj.

From (52) and (53), we obtain the eigenvalues λ = 0 and −2r2 < 0, both of which are (N −2)-
fold degenerate. All these eigenvalues are stable or marginally stable. The perturbations
transversal to the invariant subspace obey the equations

Ė = (−r2 + Nε)E − r2F,(54)

Ė = (−r2 + Nε)E − r2F,(55)

Ḟ = −r2E − r2F + NεΔE,(56)

Ḟ = −r2E − r2F + NεΔE,(57)

where Δ = 1
N

∑N
j=1 e2iϕj , 0 ≤ |Δ| ≤ 1. The associated eigenvalues determined by (54)–(57)

can be obtained from

(58) λ2 − (−2r2 + Nε)λ − r2Nε(1 ± |Δ|) = 0.

It is easy to see that all four eigenvalues of (58) are stable if and only if ε < 0; thus the
stability of the general splay state is determined by

(59) a > Nε, ε < 0,

which is the same as the condition for the stability of the equally distributed splay states in
globally coupled Landau–Stuart oscillators (see (39)).
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