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BINDING ENERGYOF A MOTT-WANNIER EXCITONIN A POLARIZABLE MEDIUM

C. Aldrich andK.K. Bajaj

Air ForceAvionics Laboratory/DHR,Wright-PattersonAir ForceBase,OH, U.S.A.
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A new effectiveinteractionpotentialbetweenanelectronandahole of a
Mott—Wannierexciton in a polarizablemediumis derivedfollowing apro-
ceduresimilar to thatof Haken.Thevariationalpolaronwave functions
usedare thosefirst proposedby Haga.Usingthis effectiveinteraction
potentialthevaluesof thebindingenergyof an excitonarecalculated
variationally in severalpolarcrystals.Thevaluesthusobtainedagreevery
well with thosederivedfrom experimentalmeasurementsandare always
considerablysmallerthan thosecalculatedusingHaken’spotential.

THEREHAS BEEN a greatdealof interestin theoretical In this notewe calculatetheeffectiveinteraction
andexperimentalinvestigationsof thebehaviourof potentialbetweenanelectronandahole of a Mott—
Mott—Wannierexcitonsin polar crystalsin recentyears. Wannierexciton in a polarcrystal following a procedure
Thesestudieshaveyieldedimportantinformationabout similar to thatof Hakenbut usingthevariationalfree
thebandparametersof thesematerials.Sometime ago, polaronwave functionsfirst proposedby Haga.12Using
Haken1derivedan effectiveinteractionpotential the effectivepotentialthusderived,we calculatevari-
betweenan electronandahole of a Mott—Wannier ationally thebinding energyof a Mott—Wannierexciton
excitonin apolarizablemediumusinga two-particle in severalpolar crystalusinga hydrogenictrial wave
generalizationof the Fröhlich2 Hamiltonian.Towards function.This workwas motivatedby our desireto find
this endheuseda wave functionfor the excitonwhich outhow the useof different freepolaronwave functions
wasexpressedin termsof productsof freeelectron in Haken’sprocedurewill modify thepotentialhe
polaronand freehole polaronwave functionsof Lee, derivedusingLee, Low andPineswave functions.As
Low andPines.3Thisprocedureneglectsthe correlation shownin Table2, thevaluesof the bindingenergywe
effectsbetweenthe electronpolaronandthe hole calculateare significantly lower than thoseobtainedby
polaron.As the Mott—Wannierexcitonsin mostpolar usingHaken’spotentialandarein goodagreementwith
materialsarerathershallow,this wasconsidereda thoseobtainedexperimentally.
reasonableassumption.Recently,BachrachandBrown4 The Hamiltonianof our system,which consistsof a
havedeterminedexperimentallythebinding energiesof conductionelectronanda holecoupledtogetherby an
Mott—Wannierexcitonsin thalloushalides.Theyfound attractivescreenedCoulombpotential,both interacting
valuesof 6.5 ±1 and11 ±2meVin TlBr and TlCl with thelongitudinal-opticalphononfield of thecrystal
respectively.Usingthe bestknownvaluesof the electron latticecanbewritten as1
polaronmassesand theholepolaronmassesin these 2 2 2

materialstheycalculatedthe bindingenergiesusinga H
0 = + — e + ~ h~ib~b~

simplehydrogenicformulawith a static dielectriccon- 2m1 2m2 e~r1 — r2 q
stant.The valuesof thebindingenergythey obtained . -

weremuch toosmall.Theuseof the latestcyclotron + ~ [7q(e~~ r~+ e”~r2)bq + c.c.] (1)
resonancemasses

5doesnotchangethesituationsignifi-
cantly.6 As thalloushalidesarepolar crystals,the effec- whereb~andb~arethe annihilationandcreationoper-
tive interactionbetweenthe electronandtheholemay atorsfor a longitudinaloptical phononof wavevectorq.
not be purelyCoulombic.Using Haken’spotential,1 The opticalphononfrequencyis w andis assumedto be
theythen calculatedvariationallythe bindingenergiesof independentof q. Themomentum,position coordinate
excitonsin thesematerialsusinga hydrogenicwave func- andthebandmassare denotedby p

1, r, andm1 where
tion asa trial function.Thevaluestheycalculated i = I for the electronandi = 2 for thehole.
turnedout to be aboutan orderof magnitudelarger Thequantityy~is defmedas
thanthoseobtainedexperimentally.This circumstance ~
led to severaltheoreticalattempts

711to calculatethe = — — (2)
binding energyof a Wannierexcitonin a polarizable q ~ /
medium.
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1 1e213,\ massesm,

= ~ (3) mt = m
1(1±cxj/l2) (12)

f2mjw\h/’2

= ~h ) (4) as first calculatedby Haga.
12

The effectiveinteractionpotentialV(r) canbe
1 = (1 — 1) (5) written as

V(r) = ~- _+n(~VH(~+V’(r) (13)
V is thevolume of thecrystalande,~,andE~denotethe e,,,,r n
highfrequencyandthestatic dielectricconstantsrespect- where 2 ~ -~ r + ~
ively. Notethat the parameter‘y~is the samefor both an VH(r) = ~— I 1 — e e 2 (14)
electronanda hole. 6r (~ 2

To derivean effectiveinteractionpotentialbetween is the expressionfirst derivedby Haken.1The other
anelectronanda hole of a Mott—Wannierexcitonwe symbolsin equation(13) are definedas
usethe following productwave function for the exciton r /

V’(r) = ~ 17 (~iq.r~c(2) I + ~ c~*c~
= ~ Ci~

1,j~2Øf~(ri,b)Ø~(r2,b~) (6) q ~ k
k,,k2 /

whereØ~(r1,b~)is afree electronpolaronwave func- + C~ —

7q (e~r

2 c~ 1 + cf~~*c~
2)

tion andØ}L2)(r2, b~)is a freehole polaronwave function. k k
Forthesewave functionswe usethefollowing form as

12 j~. (1) (2)*first derivedby Haga. Ck Ck

~g.)(r
1,b~)= ~ uw (i + ~ c(q0bq+) Iø~)(6) n(r) = (i + ~ ~ (i + ~

where IØ~,>is the phononvacuumstateand~ is the / \ /
canonicaltransformationfirst usedby Lee,Low and + (i + ~ c~*c~)(1 + ~ cf~*c~)— 1,
pines.

3Forsmallvaluesof k. we have3 k / \ k / (16)

= expF ~ ~ _f~I)*bq (7) andn standsfor the quantityobtainedby integrating
q (~JI*~Ji)overall the electron,hole andphononvariables.

where / 3\I/2 •~ Whenwe putcq = 0 theHaga’swave functionsgo over
f(i) = i 2i 2 2 (8) to Lee,Low andPines3wave functionsandequation

V ,i q(q + !Ji) (13) reducesto theeffectiveinteractionpotential

2f~q2 obtainedby Haken.
= ~ + ~ 2 + ~ (9) It is possibleto evaluateV’(r), n(r) andn analyti-

~ ~‘ ,~q ~ cally usingmethodsof complexintegration.The
In equation(8) (—) signcorrespondsto the electronand expressionfor V(r) thusobtainedis rathercomplicated.
(+) correspondsto thehole. As Wannierexcitonsare However,termscontainingproductslike c~c~*and
rathershallow in mostsemiconductorswe haveused c~c~*whensummedoverthe wavevectorsmakea
free polaronwave functionsfor smallvaluesof k

1. relatively smallcontributionto the bindingenergyof an
Followinga methodsimilar to thatusedby Haken’ we excitonin mostmaterials.For thepurposeof exhibiting
find, usingHaga’s free polaronwave functions,

12that the generalform of theeffectiveinteractionpotential
the effectiveHamiltoniancanbe written as we neglectthesetermsandwrite V(r) as

H = — a~hw — a
2 hw + + V(r). (10) V(r) — -f--- + VH(r)

Herep andrarerelativemomentumandpositionco- + e~31 e_~1r

ordinatesrespectivelyandp’ is definedas 2ë {1 + a1/[4(1 + al/12)
2]}(l + ai,i

2)

1 1 1 e
2R eP2’~

(11)
;j~ m m~ 2e {1 +a

2/[4(l +a2/12)
2]}(l + a

2112)

wherethepolaronmassesm~are relatedto theband (17)
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Table1. Valuesof theelectronbandmass(mi), electronpolaronmass(m’), holebandmass(m2), holepolaronmass
(mr), all expressedin termsoffreeelectronmass,staticdielectricconstant(�0), opticaldielectricconstant(e~)and
longitudinalopticalphononenergy(ho.,)expressedin meV in severalpolarcrystals. Theelectronbandmassesand

theholebandmassesaredeterminedfrom their respectivepolaronmassesusingequation(12)

Material m1 m~’ m2 m~ e~ hw

CdTe 0.0917 0.0965 0.32 0.35 10.23 7.21 21.3
(6)

CdS 0.158 0.179 0.57 0.7 9.68 5.24 38
(6)

ZnO 0.235 0.271 0.78 0.95 8.15 4.0 72
(13)
TiC! 0.355 0.55 0.49 0.82 37.6 5.1 21.5

(6)

Table2. Valuesof thebindingenergiescalculatedusingHaken’spotential(EH), usingourpotential(En), using
simplehydrogenicformula(e~s)andmeasuredexperimentally(EexPt) in severalpolar crystals.All energiesare
expressedin units ofmeV. ThevaluesofEH are calculatedusingbandmassesdeterminedfrom thepolaronmasses

usingLee,LowandPines
3formula i.e. mr = m

1(1 + o~/6)

Material E~ eis Ee~~t

CdTe 12.2 10.2 9.8 10(14)
CdS 34.1 24.8 20.8 28(15)
ZnO 88.0 58.7 43.8 59(11)
TIC! 79.4 46 3.17 11+2(4)

To obtainthe ground-stateenergyof our system (e18= p*e
4/2e~h2)andthoseobtainedfrom experi-

describedby equation(10), we follow a variational mentalmeasurements.Wefind that thevaluesof the
approachsinceit is obviouslynot possibleto solve for bindingenergywe calculatearein goodagreementwith
theeigenfunctionsandeigenvaluesof this Hamiltonian the experimentalvalues(exceptfor T1C1) whereasthose
in an analyticform. We choosethefollowing hydrogenic obtainedby usingHaken’spotentialshow aconsiderable
wave function asour trial function disagreement.Evenin thecaseof T1CI theuseof our

/ 3 \ 1/2 effectiveinteractionpotential reducesthe binding
Ii) = I ~-~Ie~~~’0 (18) energyto abouthalf thevalueobtainedfrom Haken’s

~iraj potential.We find that exceptin thecaseof T1C1, the
where/3 is avariationalparameteranda is the effective valuesof the bindingenergywe calculateare somewhat
Bohr radius smallerthan theexperimentalvalues.In thesematerials

— eo112 (~9\ the polaronholemassesareknownonly approximately
a — p*e2 “ ~‘ as no cyclotronresonancemeasurementshavebeen

donefor theholes.Ourcalculationof the binding
Usingthis wavefunctionwe calculatetheexpec- energydoesnotinclude the contributionsof exchange

tation valueof the Hamiltoniangivenby equation(10) interactionandthe central cell effects.The centralcell
in a closedform. This expressionis thenminimized effectsmakea positivecontributionand theexchange
numericallywith respectto /3 for severalpolarcrystals. interactionmakesa negativecontributionto thebind-
The valueof thebinding energyof anexcitonis then ing energythuspartially cancellingeachother.
obtainedby subtractingthis expressionfrom the sum Wehavealso calculatedthe energiesof severallow-
of the electronpolaronselfenergy (— a

1ho.~)and the lying excitedstatesof a Mott—Wannierexciton in polar
holepolaronself energy(— a~hw)asthe latterarethe crystals.This alongwith thedetailsof our calculations
energiesof theelectronpolaronand theholepolaron anda comparisonbetweenour resultsandthose
respectivelyat a very largedistance.The resultsare obtainedby otherswill be publishedelsewhere.
shownin Table2. The valuesof thevariousphysical To conclude,we havederivedaneffectiveinter-
parametersusedare given in Table1. In Table2, we actionpotentialbetweenan electronanda hole of a
alsogive thevaluesof the binding energyobtainedby Mott—Wannierexciton in a polarizablemedium,using
usingHaken’spotential(EH), thehydrogenicexpression Haga’sfree polaronwavefunctionsand following a
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proceduresimilar to thatof Haken. Usingthis potential Smallerthanthoseobtainedby usingHaken’spotential
we havecalculatedvariationallythe valuesof the bind- andarein betteragreementwith theexperimental
ing energyof an excitonin severalpolarcrystals.We values.
find that thevaluesthusobtainedareconsiderably
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