
PhysicsLettersA 179 (1993) 372—378 PHYSICSLETTERS A
North-Holland

Plasmonsin boundedsystems:2D disk and 1D needle
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Thewholespectrumoftwo-dimensionalplasmaoscillationsin a 2Ddiskwith a nonuniformdistributionofthesurfaceelectron
densityis calculated.Multipole modesof oscillationsconnectedwith thenonuniformdistributionof thesurfaceelectrondensity
neartheedgeof thedisk areshownto arise.Theinfluenceof themagneticfield on thisspectrumis considered.Also thespectrum
of plasmonsin a thin needleis found.Theabsenceoflocalizedmodesin thiscaseis shown.

1. Introduction

Electromagneticradiationor movingchargedparticlescanexciteplasmaoscillationsinboundedconducting
objects.Plasmafrequenciesgenerallydependon the sizesandshapesof thesesystems.The quantitativeeval-
uation of the resonancefrequenciesis of considerableinterestbecausethe excitementof them canresult in
sucheffectsas resonantscattering,absorptionof light andenhancementof the field. Plasmaoscillationscan
also amplify the intensity of different physicalphenomena,as for instancesecondharmonicgeneration[1]
andsurfaceenhancedRamanscattering(SERS) [2].

Thebest-knownexamplesof plasmonsin inhomogeneoussystemsare surfaceplasmons[3] andplasmons
in small metalparticles[4]. Plasmaoscillationsarealsoconsideredon cylindricalsurfaceswith differentpro-
files [5,61, in particleswith ellipsoidalshape[7], in sphere-surface[81 andcylinder-surface[9,10] systems,
in a systemof two sphericalparticles[111, etc.

Plasmaoscillationsin boundedlow-dimensionalsystemsare alsoof sufficientinterest.The spectraof plas-
monsin both a 2D disk [12] anda 2D ring [131, in a semi-infinite half planein a magneticfield [14,151
havebeeninvestigated.Volkov andMikhailov [161 haveobtainedthe exactsolutionandthe exactedgemag-
netoplasmondispersionrelation for a sharpprofile of the surfaceelectron densityat the borderof the semi-
infinite halfplane.Theelectricfield andthesurfaceexciteddensityhavebeenfoundto demonstratea singular
behaviornearthe edge.Leavitt andLittle [171 haveonly investigatedthe dipolar plasmaoscillationmode
(seealsoref. [16], andreferencestherein)for a disk with a nonuniformdistribution of the surfaceelectron
density.

In the presentpaperthewhole spectrumof plasmaoscillationsin botha 2D disk anda 1 D needlehasbeen
calculated.The connectionof the disk plasmaeigenstateswith both the edgeplasmonandthe oscillationsin
a uniform infinite 2D electrongas is shown.The electrondensitytendsto zero at both the disk edgeand the
needlespike.Thefield andthe excitedsurfaceelectrondensityhaveno singularitynearthe edgeor thespike.
Newtypesof multipole edgeplasmaoscillationsarefoundto arisein this case.Theseoscillationsare similar
to the multipole surfaceplasmaoscillations[18]. Theinfluenceof the magneticfield on the spectrumof the
diskplasmonsis explored.We also discussthe transitionfrom needleplasmaeigenstatesto oscillationsin the
uniform infinite 1 D electrongas. Theimpossibilityof the existenceof plasmamodeslocalizednearthe spike
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(or the needleedge) is provedbelow in this casewith a specialdistribution of the linear electrondensity.

2. Thespectrumof plasmaoscillationsin a two-dimensionaldisk

Let us considera conductingoblatespheroidcharacterizedby a dielectric function ~(co). The spheroidis
placedin an insulatormediumwith dielectricconstant~. It is convenientto makeuseof theoblatespheroid
coordinates[19], shownin fig. 1, in which

x2=a2(a2+l)(l—r2)cos2~, 0~a~co, (la)

y2=a2(a2+l)(l—r2)sin2~, —l~’r~l, (lb)

z—aar, 0~,~2jt. (lc)

Herea is a parameter.Thedielectricspheroidoccupiestheregion0 ~a~~b (seefig. 1). We work in the elec-
trostaticlimit, in which effectsdue to the finitenessof the speedof light are ignored. The field potential
k( a, r, ~ t) = c1(a,; ço)e’°’tsatisfiesthe LaplaceequationV2~P=0. The spectrumof eigenfrequenciesis de-
terminedby matchingat the boundary.In the above-mentionedcoordinates,the Laplaceequationbecomes

a 1 2 ~1)\ a 1 2 acD\ a2+’r2 82~~—~(1+a )-~—,j+ ~~(1_r )-~-~)+ ~ (2)

It is well known that the Laplaceequationis separablein this coordinatesystem,so we write

~(a, t, ço)=F(a)G(r) e1m9~, (3)

wherem= 0, ±1, ±2 Thesolutionsof eq. (2) are associatedLegendrepolynomialssothat

~ 0~a~a
0,

B,mQ~mI(ja)PjmI(r) e’
m5’, a~a

0, ImI~l=0,1,2

Here1(1+ 1) is theseparationconstant,Aim andBim are invariablenonzerocoefficients.From the condition
of the continuity of ~(a, r, ~) and~(w)ö1’(a, r, ~)/öa at a=a0, we obtain the dispersionrelation for the
electrostaticplasmaoscillationsin the oblatespheroid[17],

z
/ :C%

ix
Fig. 1. Coordinatesa,t oftheoblatespheroid.Themetalparticle
occupiestheshadedregion0 ~a~a0.
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~ pim
1(~) dQjmI(ia)/da 4

fo dpjm(ia)/da Qim~(ia) g=ao (

Thespectrumof eigenfrequenciesfor a spherecanbefoundfrom eq. (4) if we assumethata
0—* co anda0a—‘ R

simultaneously.HereR is the radiusof the sphere.
As mentionedabove,the material forming the oblate spheroid is a free-electronmetal, then �(w)=

— w~/w
2 wherecot, = 4itnye2/ m* is the bulk plasmafrequencyof the metal.Heren v= N/V is the bulk elec-

tron density;N and V are, respectively,thetotal numberof electronsandthe volume of the spheroid;m* j~
the effectivemass,e is the chargeof the electron.

We makea limiting transitionwith a
0—oO, in which the oblatespheroidchangesto a disk of radiusa. We

also makethe total numberof electronsN invariablefor this transition. The limiting transformationgives us
the whole spectrumof disk plasmaoscillations,

2 — 3,t
2,t

5e
2 l2—m2+l(l— mi )!(1+ Imi )!

Wiimi — m*~oa22~{[~(1_ mi )]!}2{[~(1+ mi )]!}2’ (5)

where1+ Imi =2, 4, 6 Hereu1s=N/S=(N/ V) V/S— n~x4aa
0/3(asa0—~0)is the averagesurfaceelec-

tron densityin the diskandS= ita
2 is thesurfaceareaof thedisk. As a result,the local surfaceelectrondensity

is equalto

ns(p)=~fis~Jl_(p/a)2, (6)

wherep is the distancefrom the centerof the disk. The frequencyof the optically activedipolar modein the
disk [17] is equalto

~ 2— 2
2 2 ~xnse= 4m*�oa (7)

Thefrequenciesof the antisymmetricmodes (1+ ml) is odd) tend to the frequencyof the bulk plasmonco~
andare much higher than the frequenciesof the symmetricmodes (1+ I m I is even).

Let us investigatethe higher typesof oscillationsin the disk. The asymptoticbehaviorof eq. (5) as l—~co

canbefound by usingthe Stirling formula,

2 3iri1
5e

212—m2+lm*~oaJl2m2’ l>ImI . (8)

In fig. 2 we presentthe curvesfor co,
1,,,1 as a function of both land Imi. For fixed valuesof Iml=0, 1, 2,

weobtain,usingeq. (6), W~>ImI —w
2(q)=(21~n~e2/m*~o)q,n~=~fls, whenbothland a tendto infinity but

the ratio I/a tendsto q which is constant.The frequencyw(q) correspondsto the frequencyof the plasma
oscillationsof an infinite uniform two-dimensionalelectrongas.The indicatedlimiting transitionis possible
becausetheeigenfunctionsin thelimit 1>> 1 havethesameform asthoseof acylindricalwavewith wavevector
q= 1/a: P)mI(r)cx:cos[~9(l+~)+y], t=cos~, p=a sin 0. The phasey doesnot dependon 0.

WhenI tendsto infinity, onemay show that co -+ (3x3”2e2n1~/2m*~ a)~1 /2• Theoscillationsof the surface
electron density are localized near the edge of the disk at a distance i~pcca/lbecause P~cc

(p/a)~exp[ — (1/a)(a—p)I = exp[ — (i/a )L~p1. Therefore,the eigenstateswith ml = l—*co correspondto the
edgeplasmon[16] whoseeigenfunctionhasthe following form: ø~±/ cce ± ‘~‘P~(r) cce±iOte “, q = i/a, where
~and‘i are,respectively,thecoordinatesalongandfromtheborderof thesemi-infinitehalf-plane(— ~ < ~< ~,

~ 0). Since the local electrondensity n (p)—+0 nearthe edgeof the disk (seeeq. (6)), the expressionfor
co~, (l—~co), mentionedabove,needsto be renormalizedin the following manner,

w~i/a=~ (~)1/227tet25q, (9)
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I Fig. 2. Spectrumof theplasmaoscillationsin a thin 2Ddisk. (I)

1 2 / 6’ ~ f2 /2 f~ ~8 ~ 8 m=O,(II) mimi, (III) Imi=6.

becauseat a distancez~p<<awe havefl~(~/.~)(3/~/~)(~p/a)h1’2fls. Heren~is the surfaceelectrondensity
at the localizationlength q —‘ = a/i.

Thedispersionrelation for the edgeplasmonis given by eq. (9). It is easyto seefrom eq. (8) that there
existothertypes of eigenstateswith I— I ml = 2k= 2, 4, 6, ..., whoseeigenfunctionshavenodes.Their fre-
quenciesarehigher than that of the groundedgemodewith 1= I m . Suchhigher typesof edgeplasmonsare
similar to the multipole plasmamodes[18] arising in 3D systemswith a nonuniformprofile of the electron
densitywhenspatialdispersionis takeninto account.The frequenciesof thesemodesfor largek tendto the
two-dimensionalplasmonfrequencyin a homogeneoussystem.The multipole typesof oscillationsare likely
to arise for othersurfaceelectrondensitydistributions (ns(Llp)-.0, if ~p—~0).

3. Disk plasmaoscillations in a magneticfield

Let us introducea magneticfield H alongthe zaxis. Thenthe potential c1 satisfiesthe equation

div[~(w,H)V~~1(r,w, H)]=0, (10)

where~ are thecomponentsof the dielectricfunction tensor(i, .j~= x,y, z). In Euclidiancoordinateswe have

- - -l WJ) - - - -. - co3~co~~XX�yy�J — — 2 2’ ~Zz~N — 2’ ~_—~~_1g, g— ( 2 2~’
w —co,1 co co~wH—w,

whereco,1= eH/m~ is the cyclotronfrequency(c is the speedof light). Thus eq. (10) becomes

1a211 a
2~\ a2~

(11)

375



Volume179,number4,5 PHYSICSLETTERSA 16August 1993

It is easyto showthatall thesolutionsof the Laplaceequation(2) which dependonly on the two coordinates
x andy are also solutionsof eq. (11). Imposingboundaryconditionson thesesolutionsof eq. (2) with the
electric inductioncomponent

D_IF(( +~ r2(a2+l)’\8c1+wJf aT(l_r2)8ø+~ a ~ h
2_a(a+t) (12

hg[\~ ‘ cv g ~ J ôa cv g a
2+r2 aT ~ a~j’ a2+l

we obtain the plasmafrequenciesin the presenceof a magneticfield perpendicularto the planeof the disk
when1= lmi= 1, 2,

../coj,+4w?i ±WH
Wm_±l= 2 (13)

Here

2 3~2u1
5e

212(21)!

co,,_ m*eoa 221+1(1!)2

(seeeq. (5)). Becauseø,,+
1A,,+1 (a

2+l)~2(l—r2)”2e~11~’=(A,±,/a’)(x±iy),eq. (12) is simplified and
becomesequalto

~ ifm=±l. (14)

If the magnitudeof H tendsto infinity in eq. (13), then Wm~0WH andcvm_,—oco~/co,1.One shouldem-
phasizethat the magneticfield doesnotaffect the analyticalexpressionfor the eigenfunctions,suchas ~ ±,,

butchangesthecorrespondingresonancefrequencies.However,themagneticfield affectstheanalyticalexpres-
sion of the othereigenfunctionsin the oblatespheroiddependingon the threecoordinatesx, y andzbecause
eq. (11) is not separablein this case.

It is worth indicatingthat in the presenceof a magneticfield the frequenciesof the optically activedipolar
modesin the disk are equalto

,Jco~,+4co~
1±(O,1

cvdip=com,,,±1= 2 (15)

Wealsofind anedgemagnetoplasmonlocalizedat theborderof the semi-infinitehalf planewhen I ml = 1—~~

anda-. co (seesection2).The size of theedgemagnetoplasmonlocalizationdoesnotdependon the valueof
the magneticfield in this caseandis approximatelyequalto q 1= a/I. The edgemagnetoplasmonhasthe fol-
lowing eigenfrequencies,

J~i~±4cv2(q)±w~ (16
we~ge(q,H) 2 ‘

wherew
2(q)~(~,x)h1’2(2xe2tis/m*eo)q(seesection2), and the eigenfunctions,

(17)

4. Plasmaoscillationsin the one-dimensionalneedle

Wediscussa conductingprolatespheroidwith dielectricfunction � (cv) andsurroundedby an insulatorwith
dielectricconstante~.In the prolatespheroidcoordinates[191 solutionsof the Laplaceequationare sought
in the form (3) andeigenfunctionsof a boundaryproblemarewritten by the following way,
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F(a)=PjmI(a), l~a~a0,
QJmI (a), a~c0

G(T)=p)ml, —1~t~l, ImI~<l, 1=0,1,2

Imposingthe boundaryconditionson thesesolutionsleadsto the dispersionrelation for the eigenfrequencies
of the plasmaoscillationsin the prolatespheroid,

— pimI(a) dQ)mI(a)/da 18
~dp)mI(a)/da Q’

m1(a) ( )

As a—’ 1 the prolatespheroiddegeneratesto a needleof lengthL = 2a.Let us makethis limiting transitionin
eq.(18) introducinganaveragelinearelectrondensityin theneedle:‘1L = NIL = (NI V) V/L —o fly EL2(a

0— 1)
as a0—’ 1. As a result of the limiting transformationweobtain

6e
2u1 2

2 — 2 L 1’1+l~ln . (19)co,>o,mo_co, — m*~oL2~ / exp[2~~
1(l/t)](ao—l)

Similar to the proceduredescribedin section2, thetotal numberof electronsN in theprolatespheroidis also
kept constant.Analogouslywefind the correspondinglocal electrondensity,

flL(P)~flL[~(
2PIfl] , (20)

wherep is the distancefrom the centerof the needle.
Calculating the correctionsto eq. (19) onemay understandthat they havethefollowing form, ~w,/w, cc

12 (a
0— 1). Therefore,eq. (19) is only adequatefor oscillationswith i<< (a0— 1)’ /2• Thefrequenciesof the

oscillationswith m ~0 (asa0—’ 1) tendtothefrequencyoftheRitchiesurfaceplasmon[3] andaremuchhigher
thancvlm,0.Thefrequencyof the optically activedipolar modeis equalto

2 2 l2/iLe
2 2WdjpWI = m*eoL2ln (a

0—l) e
2~ (21)

Thelogarithmin eq. (21) containsthe cutoffconstant(a
0—l)’ccL

2b2, whereb is the radiusof the cross
sectionof the needle.The exampleof the dipolarmodeof the oscillationspermitsus to observethe deviation
of the frequencyas the thicknessof theneedledecreases(fig. 3).

For oscillationswith 1>> 1 onemay obtain,from eq. (19), the following formula,

üDp

I Fig. 3. Dipolefrequencyoftheplasmaoscillationsin theprolate5 5? spheroidasa functionoftheparameterL/2b.
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2 l
2u1Le 12 c_cco

1= m*�o L~(i/L)b’ (22)

whereC is the Eulerconstant.When1>> 1 the eigenfunctionshavethe form of a planewavewith wavevector
q= 21/L. After renormalizationof thelinear electrondensityusingeq. (20), whereL—.cx, theeigenfrequency
w,=w(q) canbe representedin the form w

2(q)=(2n~e2q2/m*~o)ln(1/qb), fl~=~iiL.The expressionfor
co2(q) coincideswith the frequencyof the plasmaoscillationsin a uniform one-dimensionalelectrongas
[9,10,20]. Thus,the edgesdo not affect the frequenciesof highertypesof oscillations.Let us alsonote that
the modes of oscillations localized nearthe spike (or the needleedge) are absentin the systemunder
consideration.
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