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Preserving and controlling the quantum information content of spins is a central challenge of
spintronics. In solids, the relativistic spin-orbit interaction (SOI) leads to a finite spin lifetime.
Here, we show that spin information is preserved by the hidden conserved “twisted spin” and
survives elastic disorder scatterings. This twisted spin is an adiabatic invariant with respect to a
slow change in the SOI. We predict an echo phenomenon, spin-orbit echo, which indicates

the recovery of the spin moment when the SOI is tuned off adiabatically, even after spin
relaxation has occurred; this is confirmed by numerical simulations. A concrete experiment in
two-dimensional semiconductor quantum wells with Rashba-Dresselhaus SOl is proposed to

verify our prediction.

or the manipulation of spin and spin

current by electric fields in spintronics,

the relativistic spin-orbit interaction (SOI)
is essential because it connects the orbital motion
and the spin of an electron (/). This interaction,
however, destroys the rotational symmetry in the
spin space and the consequent spin conservation
law. In the presence of the SOI, there are several
mechanisms to relax the spins by changing their
direction at and between impurity scatterings (Fig.
1A) (2-8); spins decay with a (phenomenological)
spin lifetime 1, which is typically on the order of
(or less than) 1 ns [(Fig. 1B, (i) to (iv)]. This is a
serious issue for applications because the transfer
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and storage of information for a long time/distance
is a crucial requirement for device function.

It has long been recognized that the SOI is
closely related to the parallel transport and rotat-
ing frame comoving with the electron in the con-
text of Thomas precession (9). This naturally
leads to the formulation of the SOl in terms of the
SU(2) spin gauge field 4, (u=1¢, x, », z) con-
necting the neighboring frames in the non-
relativistic approximations to the Dirac equation
(10-12). Based on this idea, there have been
many attempts to find a conserved quantity by
generalizing the spin (//—17). It has been known
(11, 12, 18) that the electronic spin is only covar-
iantly conserved as Dys, + D-j, = 0, a spin density
S, and a spin current density j, (a = x, y, z); i.e.,
the continuity equation where the usual deriva-
tive 0, is replaced by the covariant derivative
D, := (Do, D) holds. This means that the conser-
vation law is satisfied in the comoving spin frame
with the electron’s motion but not in the laboratory
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frame. In a notable recent advance related to this
concept, experiments were performed in
semiconductor quantum wells with Rashba
(o) and Presselhaus (B) SOIs described by
Hrp = g_m + 0((pycx _pxcy) + B(pxcx _py(’y),
where Hrp is the Rashba-Dresselhaus Hamil-
tonian, p is the momentum, m is the mass of an
electron, os are the Pauli matrices, and /2 = 1. In
this system, the lifetime of a Fourier compo-
nent of the spin S, for ¢ = (2v/2ma, 21/2ma)
[persistent spin helix (PSH)] is observed to be
enhanced when the condition o = f is satisfied
(19, 20). In this case, the SU(2) gauge field
strength F, o (02 — B*)o, is zero; that is, the
SOI vanishes in the rotated spin frame.

We explicitly construct a conserved twisted
spin in a generic situation when the electric field
is regarded as a background static field (Fig. 1A).
Furthermore, we study the adiabatic invariance of
this twisted spin and predict a phenomenon
called the spin-orbit echo [Fig. 1B, (iv) to (vii)].
The twisted spin preserves the information on the
spin, and as the SOI is switched off adiabatically,
the spin is recovered to coincide with the con-
served twisted spin.

We consider a noninteracting electron system
whose Hamiltonian is given by (/0-12)

1 e ~\2

H_2m (p mc? A) Ve M)
where A = YiaAdte0,/2, where 42 := ¥,e™E!
describes the SO, e; is the unit vector, and V(x) is
a scalar potential that includes the periodic crystal
potential and the disorder potential. Here, —e repre-
sents the charge of an electron; c is the velocity of
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light; ™ denotes the totally antisymmetric tensor;  effects are fully taken into account. Therefore, the The definition of the twisted spin density s*
and E' is an electric field. Note that this Hamilto- ~ SOI for an effective low-energy Hamiltonian that ~ for the generic Hamiltonian in Eq. 1 is given in
nian describes the SOI quite generally. The periodic ~ cannot be necessarily expressed thmughA canalso eq. S11 (21, 22); for concreteness, we consid-
part of /(x) leads to band formation, and multiband  be described by Eq. 1 in the multiband formulation.  er here the Rashba-Dresselhaus Hamiltonian

A A = const

SLEPSLTE A » A=A
(i)

(ii) (iii )

o
. L

s

(vii') (vi) (v)
' ‘ A=0 A(t) slowly turned - off

X

Fig. 1. (A) The electron spin (red arrows) changes its direction at and  spin (red arrows) decays in the presence of a constant SOI A [stages (i) to
between scatterings by impurities (x symbols) in the presence of the SOI; the  (iv)]. As A is reduced slowly to zero in (v) to (vii), the total spin is recovered
twisted spin (blue arrows) does not change. (B) Spin-orbit echo. Multiple and eventually coincides with the total twisted spin (blue arrows), which has
impurity scatterings cause the diffusive motion of the electron, and the total  remained constant during the whole process.
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Fig. 2. Contour maps of charge density p (first row), twisted spin (v, v,) = (5.0, 0.0). The size of the sample is 64.0 by 16.0. The two
density st (second row), and spin density s, (third row) at t = 0.1, 0.5,  bottom panels are the cross sections of the contour maps at t = 0.5
1.0, 1.5, and 2.0, where the Rashba SOl o = 0.8. The center of the  and 2.0 along the dashed lines. p, s!, and s, are shown in green, blue,
initial wave function is at (x, y) = (0.0, 0.0) with the initial velocity = and red, respectively.
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Hgp. The twisted spin density is given by
st = %\UTYTGaYW, where v is the spinor, and
the operator Y is given by

Y = lim le%’"(w“ﬁ)“’x*
X —>x

b po |0 = o+ s ﬁ}
B e Ll Sy G PN
X e’ e 2 2m? (a2 — B?) 2m? (0 — B%) +
e C e e G S LCRT e
e 2L @ -p) (o =B "l 2
. (0 — 0y
2 sin? _i@=a) (2)
8\/§m((x+l3)

with o > Oﬁnd B>0.Here, 6. =0, t 0y, X+ =
x *y,and O represents the differential operator
acting only to the left. The usual conservation law
ost + Veji = 0 s satisfied, where ! is the twisted
spin current density from eq. S11 (27, 22). An im-
portant property of the twisted spin density is that
it obeys the same transformation law as the usual
spin density with respect to gauge transforma-
tion; by the SU(2) local gauge transformation
Uy(x), the spinor, the gauge potential, and spin
and twisted spin densities are transformed into
1 (%) = Uge)g(x), A’y (x) = Ux)A(0)U(x) +
Ux)3,UT(x), s'(x) = R(x)s(x), and (s') (x) =
R(x)s'(x), respectively. Here, R(x) is an orthog-
onal 3-by-3 matrix; U (x)o, Uy (x) = ;Rbc (x)oe.
Note that Y is not a unitary operator for the SU(2)
local gauge transformation, except for in the case

of a =, because it includes a derivative operator.
In the limit o — B, the factor 1/a® — B?) in the
exponent does not lead to a divergence because the
X' dependence vanishes in this limit, leading to a
finite result as Y — U, = ¢™0x0)(x+7) The
gauge potential is transformed into zero [i.e.,
A',(x) = 0], and s, becomes the persistent spin
helix component S,, by this unitary transformation
(19, 20). Therefore, the twisted spin can be regarded
as the generalization of the persistent spin helix.

From the continuity equation, the integral S}
of the twisted spin density s! is constant; i.e.,
dS! /dt = 0, even for the case of a # B. The twisted
spin conservation law can be regarded as the map-
ping of the covariant conservation law in the
comoving frame to the laboratory frame for the
generic case of nonzero F,,. The twisted spin con-
servation law means that some information related
to spin is preserved, even after spin relaxation. We
prove that dS}. /dt does not contain terms linear
in dA\/dt, where A is the SOI coupling constant
(21, 22); the leading order term is ©< (d\/diy? fora
slow change in a spatially uniform A(7). There-
fore, S! remains constant in the adiabatic limit
dMdt — 0, whereas the total change in A(7) is finite;
S} is an adiabatic invariant. Therefore, the spin will
be recovered completely when the SOI is switched
off adiabatically within the inelastic lifetime—a
phenomenon we term the spin-orbit echo. This is
analogous to the spin echo in which the spin de-
caying within the elastic lifetime (7%) can be recov-
ered by a n-pulse within the inelastic lifetime (7).

A [R/2] [A/4mE]
10.8
1.0 feovee T N ot)
S, (1) S’ 0.5
A Sz (t) ........
0.0 UAVW —10.0
Rashba model
-0.6 0.0
0.0 20.0 40.0 60.0 50 60
B [r/2] [A/4mé]
1.0 freveeseeees e, 08
S, (t) 0.5
PSH
Se ()
0.0 AU/\VI\V/\A 0.0
Rashba-Dresselhaus model O
'-’—-M'MV-M’*“M -
-0.6 0.0
0.0 20.0 40.0 60.0 50 60

time

Fig. 3. Numerical simulations of spin-orbit echo. (A) Time evolution of the z component of the total
spin [S,(t), red curve] and total twisted spin [S!(t), blue dotted curve] for the Rashba SOI a(t) =
0.8 x tanh (<2 /t?) [A/4m&] with 1, = 40 (green curve) without the Dresselhaus SOI. (B) Spin-orbit
echo of PHS S™*" in a Rashba-Dresselhaus system where the Rashba SOI varies as a(t) = 0.8 x (1 —
tanh(2/t2))[A/4m&] with 1, = 40 (t = 0 — 65), and the Dresselhaus SOI B = 0.8 [#/4m&] is fixed.
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The spin-orbit echo in disordered Rashba
and Rashba-Dresselhaus models can be dem-
onstrated by numerically solving the time-dependent
Schrodinger equation for the Hamiltonian in
Eq. 1 with a random potential V(x) (27). The ini-
tial condition is taken to be a Gaussian wave packet
y(x,t = 0)= exp(—x2/2&> — imv - x) /n&? with
v =(5.0,0.0)[1/mé&], where the length unit is
2¢. The energy unit is Eo = 1/2m&?, the esti-
mated kinetic energy of the initial wave packet
for v=0. Figure 2 shows the time evolution of the
charge wave packet, the z component of spin (s,,),
and twisted spin (s}) densities for the Rashba
model with a = 0.8[1/4m¢&]. The center of mass of
the charge density p moves toward the right and
in a downward direction corresponding to the
anomalous Hall effect, whereas the positive and
negative spin densities split, as in the spin Hall
effect (23, 24), and decay. In contrast, the twisted
spin density s, is positive everywhere for < 0.5,
similar to the charge density (Fig. 2). For the
period 0.5 <#<2.0, s\ obtains some features
of s, and eventually becomes spatially uniform.

Figure 3A shows the numerically obtained time
evolution of the z component of the total (inte-
grated) spin S,(#) (red) and the total twisted spin
SL(¢) (blue) as a(?) is reduced according to o(¢) =
0.8 x tanh(t2 /) [/4méE], with 1, =40 (green).
B =0 is fixed. The total spin S,(?) first relaxes in an
oscillating fashion, whereas the total twisted spin
St (#) is conserved while o is constant. S,(¢) recovers
gradually from zero as the SOI is reduced, demon-
strating the spin-orbit echo. Note that the recovery
is not complete due to the finite rate of the decrease
in 0/(?). This recovery will increase as the change in
o(?) gets slower and slower and will eventually be-
come perfect because S}, is an adiabatic invariant.

In realistic cases, the Dresselhaus SOI still
remains, even if the Rashba contribution can be
tuned to zero. In this case, the SU(2) gauge
invariant point o = 3 can be regarded to have no
SOI in the rotated frame, and the total spin is
interpreted as the PSH component SIII’SH, Figure
3B shows the time evolution of SPHas a()
evolves from 0 to reach the SU(2) invariant point
ot = o) = B = 0.8[A/4mE]; i.e., a(t) = 0.8 X
[1—tanh(<2/¢?)][/i/4mE] with 1, = 40. The re-
covery of S}I’SH is seen as expected. Because the
electric control of the Rashba SOI is established
in GaAs quantum well systems (25), the spin-orbit
echo is now realistic in the PSH system. In the ex-
periment in (25), the Fermi wave number is kr =
10® m™!, the momentum lifetime is v/ = 0.5 x
10° eV, and the spin splitting energy is A, = 10>
eV. On the other hand, the parameters used in our
simulations correspond to kg = 108m ™, vh 203 %
104 eV, Ay =2 x 107 eV, and £y ~ 400 ps.

In metals and semiconductors, four spin-
relaxation mechanisms have been identified; the
Elliott-Yafet (EY) (2, 3), D’yakonov-Perel’(DP)
(4, 5), and Bir-Aronov-Pikus (BAP) (6) mecha-
nisms, as well as hyperfine coupling with the nu-
clear spins. Inelastic scattering by phonons and
electron/hole-electron interaction, such as the
BAP mechanism, and magnetic scattering, such
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as hyperfine interaction mechanism, will prob-
ably destroy the conservation of the twisted
spin. However, the relevant inelastic lifetime in-
creases as ~7' ' (7} temperature) and eventually
becomes on the order of a nanosecond at 7~ 0.1 K
(26, 27); the BAP mechanism is absent in n-type
materials. Additionally, the typical time scale of
the spin lifetime resulting from hyperfine cou-
pling is estimated at ~1 ns in n-type GaAs (i.e.,
longer than 400 ps). The cubic Dresselhaus SOI
B3 of GaAs/Aly3Gag7As quantum well samples is
the dominant term causing the relaxation of the
PSH, which is regarded as the nonpure gauge po-
tential giving finite /', and gives the elastic EY
and DP mechanisms (20). The enhanced spin life-
time on the order of 0.8 ns obtained in (20) is al-
ready long enough for the purpose of the spin-orbit
echo discussed above. Therefore, it is anticipated
that the spin-orbit echo can be tested at 7~ 0.1 K
with the Rashba SOI tuned by electric field with
the help of the optical grating method, as in (20).
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Dipolar Antiferromagnetism and
Quantum Criticality in LiErF,
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Magnetism has been predicted to occur in systems in which dipolar interactions dominate
exchange. We present neutron scattering, specific heat, and magnetic susceptibility data for
LiErF,4, establishing it as a model dipolar-coupled antiferromagnet with planar spin-anisotropy
and a quantum phase transition in applied field H, = 4.0 £ 0.1 kilo-oersteds. We discovered
non—mean-field critical scaling for the classical phase transition at the antiferromagnetic transition
temperature that is consistent with the two-dimensional XY/h, universality class; in accord

with this, the quantum phase transition at H. exhibits three-dimensional classical behavior.

The effective dimensional reduction may be a consequence of the intrinsic frustrated nature of
the dipolar interaction, which strengthens the role of fluctuations.

a consequence of Maxwell’s fundamental
laws for electromagnetism—is present in
all magnetic systems, from classical to quantum
magnets, from bulk materials to nanoparticles.
More than a half century ago, Luttinger and Tisza

The dipolar force between magnetic moments—
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(1) discussed whether a polarized state of matter
can be induced by classical dipole-dipole inter-
actions alone and in the absence of short-range
forces such as exchange interactions. They con-
jectured that both ferromagnetic (FM) and anti-
ferromagnetic (AFM) order can arise, depending
on the geometrical arrangement of the dipoles.
When the modern theory of critical phenomena
was developed, dipolar-coupled ferromagnets—in
which the dipoles are atomic magnetic moments—
presented material realizations on which concepts
could be tested. Being three-dimensional (3D)
systems, they were at the upper marginal dimen-
sion for the applicability of mean-field (MF) the-
ory. This resulted in logarithmic corrections,
which could be calculated exactly and agreed
with the measured behavior around the classical
phase transition (2). In the context of quantum

phase transitions (QPTs), anisotropic dipolar sys-
tems are excellent realizations of, for example,
the Ising model in a transverse field. In dipolar
systems, the anisotropy ratio for the dipolar in-
teraction scales as the square of the anisotropy
ratio for response to an external magnetic field,
and as a consequence, even for modest single-ion
anisotropy the dipolar interaction along the hard
axis is much smaller than along the easy axis.
This hierarchy of scales is much harder to achieve
in exchange-coupled systems in which the moment-
carrying electron wave functions are responsible
for both the exchange and single-ion anisotropies.

An excellent testing ground for the physics
of dipolar-coupled systems are the lithium rare
earth (RE) tetrafluorides, LiREF,, in which tight-
ly bound 4f electrons are far enough apart for the
dipolar interactions to dominate exchange inter-
actions. Another major advantage of the LiREF,
family is the possibility of isostructural dilution with
nonmagnetic yttrium, LiRE,Y_.F,—permitting
experiments from isolated dipoles (3) through dis-
ordered interacting dipoles forming spin glass states
(4—6)—to the undiluted limit LiREF,. To date,
activity has centered on the Ising-like ferromag-
nets LiTbF, (2) and LiHoF, (7) and their re-
spective dilution series (8). Here, we focus on an
AFM member of the family LiErF, and address
the magnetic order, the classical phase transition,
and the transition and fluctuations about the
quantum critical point.

Known as RE:YLF, very dilute (x < 1%)
LiRE,\Y-F, is used commercially in laser tech-
nology because of the long lifetimes of the crystal
field energy levels of isolated RE*" ions. The crys-
tal field also sets the stage for low-temperature
collective properties. The electric field from neigh-
boring ions act differently on the orbital wave-
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