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TheBonding ElectronDensity inAluminum
Philip N. H. Nakashima,1,2,3* Andrew E. Smith,1,4 Joanne Etheridge,2,3 Barrington C. Muddle1,2

Aluminum is considered to approach an “ideal” metal or free electron gas. The valence electrons move
freely, as if unaffected by the presence of the metal ions. Therefore, the electron redistribution due to
chemical bonding is subtle and has proven extremely difficult to determine. Experimental measurements
and ab initio calculations have yielded substantially different results. We applied quantitative
convergent-beam electron diffraction to aluminum to provide an experimental determination of the
bonding electron distribution. Calculation of the electron distribution based on density functional theory
is shown to be in close agreement. Our results yield an accurate quantitative correlation between the
anisotropic elastic properties of aluminum and the bonding electron and electrostatic potential distributions.

The electronic structure associated with
chemical bonding affects all properties of
materials except radioactivity. In metals,

the widely taught concept of an ideal metal or
free electron gas is popularly expressed as a
regular array of metal ions surrounded by a sea of
delocalized valence electrons (1). Although a gross
simplification, this model is often sufficient to
give a qualitative account of many characteristic
properties of metals such as their high electrical
and thermal conductivities and lustrous or shiny
appearance (1–3). However, it fails to explain the
often strong variation in particular properties of
different metals that are sensitive to electronic
structure (2–4)—for example, the anisotropy of
elastic constants. One of the best examples of a
free electron gas is aluminum (2, 5).

Aluminum accounts for more than 40% of
world production in nonferrous metals (6). The
large global effort invested in refining aluminum
and its alloys to extend property profiles involves
the need for a fundamental understanding of
metallic structure in solid solutions and structural
evolution at the nanoscale in multiphase alloys.
Such an effort must begin with accurate knowl-
edge of the electronic structure, chemical bond-

ing, and atomic-scale mechanics in pure aluminum
(2–4, 7–12), and then ultimately extend to its
alloys (2, 8, 9, 13).

A difficulty arising from aluminum’s close
approximation to a free electron gas is that the
perturbation of the total electron distribution by
chemical bonds is subtle and difficult to deter-
mine. As a consequence, extensive experimental
and theoretical studies of the electron density in
aluminum have been carried out since the 1920s
(7, 8, 14–17) but have failed to reach a consensus
on the electronic structure of the chemical bonds.
All possible modes are represented in the lit-

erature, including bridge bonding between near-
est neighbors (17), octahedrally centered bonding
between second nearest neighbors (7, 17), tetra-
hedrally centered bonding between nearest neigh-
bors (8, 17), and mixtures of these modes (17).

Using quantitative convergent-beam electron
diffraction (QCBED), we have made absolute
measurements of electronic structure at ambient
and liquid helium–cooled temperatures that are
of sufficient accuracy, precision, and resolution to
establish the bonding electron distribution in
aluminum unequivocally. Electron diffraction is
intrinsically sensitive to electron distribution by
virtue of the strong interaction of the electron
with the electrostatic potential of the specimen.
Using Wien2K (18), we performed an ab initio
density functional theory (DFT) calculation of
the electron distribution [using the generalized
gradient approximation (GGA) in the full po-
tential linearly augmented plane wave formalism
(FPLAPW), incorporating local orbital and local
screening potentials (lo + ls)] and found that it
agrees closely with the experimental determina-
tion by QCBED. The bonding electron and po-
tential distributions determined here have a strong
quantitative correlation with the anisotropy of
Young’s modulus for aluminum.
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Fig. 1. Sets of Fg published since
1929 (14–17) are plotted as points on
the graph of Droct at the octahedral
site versus Drtet at the tetrahedral site
(o and t, respectively, in the inset). The
DFT calculations of (7) would lie in the
cross-hatched region of Droct > Drtet.
The full potential linear muffin tin or-
bital (FPLMTO) calculations of (8) would
lie in the hexagon-hatched region of
Drtet > Droct. The present QCBED and
Wien2K DFT (GGA/FPLAPW+lo +ls) (18)
results are shown as circled crosses. See
fig. S1 (17) for references for all points.
All Dr values were computed using the
Eden Crystallography package (29).
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The deformation electron density, Dr, is de-
fined as

Dr ¼ rtotal − rIAM ð1Þ

where rtotal is the total electron density and rIAM
is the density associated with a superposition of
free, unbonded atoms, otherwise known as the
independent atom model (IAM) (17, 19). Given
that the total electron density in a crystal can be
expressed as a Fourier sum,

rðrÞ ¼ ∑
g
Fgexpð−2pig:rÞ ð2Þ

where Fg are the Fourier coefficients of the elec-
tron density (structure factors), g are reciprocal
lattice vectors, and r is a real space vector within
the unit cell, Eq. 1 becomes

DrðrÞ ¼ ∑
g
ðFg − F IAM

g Þexpð−2pig:rÞ ð3Þ

Experimentalists and theorists alike set out to
determine the structure factors, Fg, as accurately
as possible because the differences from IAM
structure factors, Fg

IAM, are typically very small.
In aluminum, the main problem has been to de-
termine the three lowest-order structure factors,
F111, F002, and F022, with sufficient accuracy, as
these contain all of the bonding information and
are the only ones to deviate significantly from
IAM calculated values (15, 16).

When considering all published sets of Fg
including orders up to at least F022 (14–17), it
became apparent that the strongest variations in
Dr occur at the centers of the tetrahedral and
octahedral interstices. Thus, an appropriate way
to summarize the literature is to plot each source
as a point on a graph of Droct at the center of the
octahedral interstices versus Drtet at the center of
the tetrahedral interstices. This is done in Fig.
1 (see fig. S1 for individual references). All de-
terminations of Dr throughout the present work
were executed on the basis of DF111, DF002, and
DF022, where DFg = Fg − Fg

IAM, because both
previous work (15, 16) and our own work (17)
suggest that DFg ≡ 0 for F113 and higher orders.
All structure factors were converted to T = 0 K
(17) and all charge densities presented here are
for T = 0 K.

The points corresponding to our QCBED and
DFT determinations are circled in Fig. 1. Recent
ab initio studies by Ogata et al. (7) and Kioussis
et al. (8) provide no structure factors. However,
the former explicitly describes the high excess
total electron density (i.e., positive Dr) in the
octahedral hole (also apparent from their 3D
plot), whereas the latter explicitly states that ex-
cess (i.e., bonding) charge density is preferential-
ly located in the tetrahedral hole. We therefore
partition the graph in Fig. 1 to reflect Droct >Drtet
for (7) and Drtet > Droct for (8). Although the
spread of points in the graph is large, most de-
terminations show Drtet > Droct. Our experimen-

tal (QCBED) and theoretical (DFT) results suggest
that bonding electron density is almost exclu-
sively located in the tetrahedral hole.

Experiments relying on x-ray diffraction and
the kinematic (single scattering) approximation
to interpret the data are fundamentally limited by
problems of extinction and scale (20). These can
introduce large systematic errors into the deter-
mination of the lowest-order bonding-sensitive
structure factors (14, 16, 20) and contribute to the
large spread of experimental points in Fig. 1 (14–17)

(fig. S1). Previous electron diffraction measure-
ments using the critical voltage method (15–17)
are absolute and therefore free of the problems of
extinction and scale; however, the method con-
ventionally depends on the validity of the three-
beam approximation (21, 22) and it can only
access a very limited number of structure factors
(F111 andF002 in aluminum to date), insufficient for
a unique and self-consistent determination of Dr.

In QCBED, electrons are focused into very
small volumes, allowing regions of perfect crystal

Fig. 2. An incident
cone of electrons is scat-
tered by the crystal po-
tential to form a CBED
pattern. The as-captured
intensities, I, can be
differentiated with re-
spect to scattering angle
according to the ap-
proach of (24) and then
matched with a calcu-
lated differential CBED
pattern. The parameters
refined in fitting are the
structure factors, Vg, and
phenomenological ab-
sorption coefficients, Vg ,́
of themost strongly scat-
tering crystal planes; crys-
tal thickness, H; and the
coordinates of the pat-
tern in reciprocal space.
The results for Vg and H
are reported for this ex-
ample near [110] and
200.8 keV electrons. The
crystal is oriented to sat-
isfy the 2 –2 0 Bragg
condition so as to in-
crease the sensitivity to
V022. The error map is in
units of standard uncer-
tainty per pixel in the ex-
perimental data.

25 MARCH 2011 VOL 331 SCIENCE www.sciencemag.org1584

REPORTS

 o
n 

O
ct

ob
er

 1
7,

 2
01

1
w

w
w

.s
ci

en
ce

m
ag

.o
rg

D
ow

nl
oa

de
d 

fr
om

 

http://www.sciencemag.org/


to be probed selectively (17). The incidence of
the electrons over a range of angles (Fig. 2) pro-
duces a set of diffracted discs containing intensity
oscillations that are highly sensitive to the struc-
ture factors of the diffracting crystal planes, the
crystal thickness, and the proximity of the rele-

vant reciprocal lattice points to the Ewald sphere.
CBED patterns are calculated using a full dynam-
ic (multiple) electron scattering theory (17, 23),
making extinction and scale issues irrelevant.
Quantitative matching of calculated CBED pat-
terns to experimental ones proceeds by refining the

parameters to which they are most sensitive (i.e.,
the structure factors of the most strongly scattering
crystal planes and the crystal thickness) (17).

Figure 2 summarizes our QCBED experi-
ments. We apply the angular difference method
(24) to the as-captured intensities, I, to remove
most of the deleterious contributions of inelastic
scattering from the resulting difference pattern,
dI/dq, including thermal diffuse scattering (TDS),
which cannot be removed by energy-filtering elec-
tron optics. CBED patterns were usually acquired
with the crystal oriented to satisfy the Bragg con-
dition of a reflection, thereby increasing sensitivity
to the corresponding structure factor.

Pattern matching was carried out with the
RefineCB program of Zuo (17, 23, 25), whichwe
modified for 2Dnear-zone-axis differentialQCBED.
The variable parameters were the crystal potential
structure factors, Vg, of the most strongly scat-
tering crystal planes (i.e., V220, V111, and V002 in
Fig. 2), their associated absorption potentials,
Vg´, the crystal thickness, H, and the coordinates
defining the position of the CBED pattern in
reciprocal space. This amounts typically to about
20 parameters, which are outnumbered by the ~104

data points being pattern-matched, resulting in a
highly constrained solution. Structure factors mea-
sured by QCBED in terms of crystal potential,
Vg, were converted to electron density structure
factors, Fg, according to the Mott formula (17).

In Fig. 2, the output calculated pattern has
been matched to the experimental pattern well
enough that no difference is detectable without
the aid of the error map. This is the difference
between the input experimental pattern and the
refined calculated pattern expressed in units of
uncertainty in each pixel of the experimental pat-
tern. Although some systematic difference remains,
its magnitude is small enough to ensure that almost
all of the information has been extracted.

The levels of uncertainty in the refined param-
eters listed at the bottom of Fig. 2, which derive
from a single pattern, only reflect the uncertainty
in the global minimum of the optimization crite-
rion, c2 (17), in parameter space. The true pre-
cision can only be assessed by repeating structure
factor measurements from many CBED patterns
collected across a range of experimental conditions.

We have collected 156 CBED patterns from
different zone axes, scattering geometries, and
crystal thicknesses (~150 to ~2000 Å), with dif-
ferent electron energies and at different temper-
atures, from 99.9999+% pure aluminum foils
electropolished to electron transparency. The
QCBED processing of all of these data resulted
in the measurement of 14 independent structure
factors, each one measured a large number of
times, from a total of more than 1 million data
points, effectively removing the possibility of a
non-unique solution (17). The four lowest-order
QCBED measured structure factors (converted
to Fg and T = 0 K) are compared to previously
published results and the present DFTcalculation
in Table 1 [see table S1 and (17) for all 14 mea-
sured structure factors]. The uncertainty of the

Table 1. A comparison of the four lowest-order structure factors of aluminum determined in the present
work (QCBED) at ambient and low temperatures, as well as by Wien2K [DFT with GGA/FPLAPW +lo +ls (18)],
the literature (mean of all x-ray diffraction measurements, mean of all ab initio calculations, mean of all
critical voltage measurements), and the IAM (19). F111 and F113 were not measured at low temperature, and
critical voltagemeasurements have never extended beyond F002. The Debye-Waller factors, Bambient = 0.81641
Å2 (17, 31) and Blow temp. = 0.52945 Å2 (17), were used for the QCBEDmeasurements at ambient and low
temperatures, respectively (17). Uncertainties are given in parentheses as one standard deviation of the
mean and apply to the last significant digit.

Fg
(e–/atom)

QCBED
(ambient)
(this work)

QCBED
(low temp.)
(this work)

Mean of
x-ray expts.
(14–17)

Mean of
ab initio
(15–17)

Wien2K
DFT

(this work)

Mean of critical
voltage
(15–17)

IAM
(19)

1 1 1 8.87(1) 8.8(2) 8.86(7) 8.87 8.87(2) 8.95
0 0 2 8.37(2) 8.37(1) 8.4(2) 8.40(9) 8.38 8.38(2) 8.50
0 2 2 7.32(8) 7.31(3) 7.3(1) 7.31(7) 7.30 7.31
1 1 3 6.64(6) 6.61(9) 6.65(5) 6.64 6.65

Fig. 3. (AandB) TheDr =0.0275e–Å−3

isosurface (corresponding to 50% of
Drmax for the QCBED determination) is
drawn in the lower unit cell for the
present QCBED and DFT (Wien2K) de-
terminations, respectively. The top cell
is {110} plane-sectioned to show the con-
tour plots of Dr in these planes, which
pass through both the tetrahedral and
octahedral interstices as defined in the
inset of Fig. 1. Contours are at 0.02e–Å−3

intervals, with the first dark contour
showing Dr = 0 e– Å−3. Dark solid
contours show Dr > 0 and light dashed
lines Dr < 0. The color scale indicates
the value of Dr for all surfaces and
sections. All Dr values were computed
using Eden Crystallography (29). Plots were generated using VESTA (30).

Fig. 4. (A) The 20% Drmax
(QCBED) isosurface is plotted
about a single atom together
with principal lattice vectors orig-
inating from the atomic site. (B)
The DV = 0 (QCBED) isosurface
is plotted and the volume en-
closed is colored according to
the deformation potential due
to chemical bonding, DV. The
atoms are localized at the max-
ima of DV. (C and D) Plots of
DV = 0 as a surface and colored
according to Dr intersected
by the surface for our QCBED
and DFT work, respectively. (E)
The surface represents 1/

ffiffiffiffiffiffiffiffi

Euvw
p

(where Euvw is Young’s modulus
in direction [uvw]), calculated
from the anisotropic elastic
constants of aluminum (28).
The surface coloring represents the magnitude of Euvw. All Dr and DV values were computed using Eden
Crystallography (29). Plots were generated using VESTA (30).
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QCBEDmeasurements of F111 andF002 at 300K
is an order of magnitude lower than published
x-ray diffractionmeasurements and about 5 times
as precise as the mean values of published ab
initio determinations (Table 1 and table S1).

The high uncertainty in F022 measured by
QCBED at ambient temperatures and x-ray dif-
fraction is probably due to aluminum’s low-
frequency, transverse acoustic phononmodewith
wave vectors in the {0hh} planes associated with
the rigid body movement of atomic chains along
〈011〉 (26, 27). To test this hypothesis, we col-
lected 16 CBED patterns near 〈001〉 with the use
of a liquid helium specimen stage. The diffuse
background and its structure in these patterns
were significantly reduced relative to equivalent
ambient temperature patterns (17), giving visual
evidence of reduced scattering from phonons. The
low-temperature QCBED measurements of F022
are much more precise than at ambient temper-
atures, with the uncertainty now comparable to
the uncertainties in the lower-order structure fac-
tors measured by QCBED (Table 1 and table S1).
This suggests that the spread in F022 measured at
ambient temperatures is phonon-mediated.

The increased precision of F022 shows that
there is almost no bonding information in this
structure factor and that deviations from Fg

IAM

only occur for F111 and F002. This implies that crit-
ical voltage measurements to date (Table 1 and
table S1) are sufficient to determine the bonding
electron density distribution in aluminum; how-
ever, this conclusion could not have been reached
earlier because of the large variation in previous
F022 measurements (14–16).

Using F111, F002, and F022 from QCBED at
ambient temperatures and our Wien2K (18) DFT
calculation (GGA/FPLAPW +lo +ls), we ob-
tained the maps of bonding electron density (17)
shown in Fig. 3. The Dr = 0.0275 e– Å−3 iso-
surfaces (corresponding to 0.5Drmax determined
by QCBED) show that electron accumulation
occurs in the tetrahedral interstices in both cases.
The {110} plane-sectioned contour plots show
that there is near-zero bonding density in the oc-
tahedral holes according to theQCBEDmeasure-
ments, whereas there is slight antibonding density
associated with the octahedral hole in the DFT
determination. A stronger accumulation in the
tetrahedral holes is indicated by QCBED than by
the Wien2K DFT calculation. Although there are
some quantitative differences in Dr between the
QCBED and DFT determinations, the form of
the bonding electron distribution is almost the
same. Of all previous determinations represented
by points in Fig. 1 (and fig. S1), ourDFT-calculated
Dr is the closest to the present QCBED bench-
mark Dr measurement.

An important problem in materials science is
the effect of interatomic bonding on the mechan-
ical properties of materials (2–4, 7–9, 11, 12).
The seminal work of Eberhart (4) has demon-
strated a strong correlation between the topology
of the total electron density, rtotal, and the an-
isotropy of elastic constants in metals (4, 28). In

that study (4) and related work (8), rtotal was de-
termined from ab initio theoretical calculations.
Given that rtotal is dominated by rIAM (Eq. 1),
which contains no bonding information, a com-
plementary alternative to the topological analysis
of Eberhart (4) might be to consider Dr only. The
reliability of such an approach depends heavily on
the accuracy with which rtotal (and thus Dr) can
be determined.

Figure 4A presents the 0.2Drmax isosurface
surrounding each atom in aluminum as deter-
mined by QCBED. This level was chosen to
show how the bonding density differs in the three
principal directions drawn (i.e., [100], [110], and
[111]). The [100] vector does not intersect the
drawn isosurface, whereas [110] intersects it at
the necking point between edge-sharing tetrahe-
dra and [111] passes directly through the main
pocket of bonding density and the center of the
tetrahedral hole. Thus, among these three direc-
tions, bonding is strongest along [111] andweakest
along [100]. If Young’s modulus, Euvw, is pro-
portional to Dr in any particular direction [uvw],
then Fig. 4A suggests that E100 < E110 < E111,
which is indeed the case (28).

A more sophisticated method for relating
chemical bonding to elastic anisotropy might be
developed by considering both Dr and the de-
formation potential due to bonding, DV, where,
analogously to Eq. 1,

DV ¼ Vtotal − VIAM ð4Þ

where Vtotal is the total crystal potential and VIAM
is that of a superposition of free (unbonded)
atoms. In Fig. 4B, the DV = 0 (QCBED) iso-
surface is plotted and bounds the positions of the
atoms. Figure 4C examines this isosurface plotted
around a single atom, and the surface is colored
according to Dr that it passes through. The same
is done for the present DFTcalculation in Fig. 4D.
The plots for the present QCBED and DFT deter-
minations bear a strong resemblance to one another.

A heuristically determined physical relation-
ship between the DV = 0 isosurface, Dr, and
Young’s modulus, Euvw, is detailed in (17). It
suggests that Euvw is proportional to Dr in any
particular direction and proportional to 1/r2DV=0
(where rDV=0 is the distance from the atomic
site to the DV = 0 isosurface). To represent this,
1/

ffiffiffiffiffiffiffiffiffi

Euvw
p

is plotted as a surface in Fig. 4E. This
surface is colored by the magnitude of Euvw de-
termined from the anisotropic elastic constants in
(28). Figure 4E is a close match, in terms of form
and relativemagnitude, to the QCBED- andDFT-
generated plots in Fig. 4, C and D, respectively. A
more quantitative analysis of the correlation be-
tween Young’s modulus and chemical bonding,
as determined by our QCBEDmeasurements and
DFTcalculation, in the principal directions shown
in Fig. 4A is given in fig. S3 and (17).

Our work shows both experimentally and
theoretically that interatomic bonding is tetrahe-
drally centered in aluminum, with almost no bond-
ing electron density in the octahedral interstice.

Bonding is shown to have a direct correlation with
mechanical properties—that is, the anisotropic
elastic constants—in the present case of aluminum.
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