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Abstract—An analysis is presenied that relates-the crack spacing in a brittle film on'an élastil substrite
to the stress in the film, its thickness and fracture toughness. This analysis differs from an earlier one
presented by one of the authors in that it considers the effect of a sequential, rather than a concerted,
propagation of cracks, and predicts a larger crack spacing, The validity of the present analysis was
confirmed by experimental results from a model system consisting of epitaxial PrBa,Cu,0, _, films on
SrTi0), substrates. The experimentalty observed relationship betweer. the c¢rack spacing and the film
o thickness was i excellent agreement with the theory. = R .

Résumé——On. présente une analyse qui lie 'espacement des fissures dans un film fragile sur une substrat
étastique 4 la contrainte dans.le film, & son épaisseur et 4 sa ténacité A la rupture, Cette analyse différe
d'une précédente présentée par l'un des autcurs en ce qu'elle considére P'effet’ d'une propagation
séquentielle, plutdt que concertée, des fissures ot prévoit yn plus grand espacement des fissures, La validité

" de'la présente analyse est confirmée par les résultats expérimentaux pour un sytéme modéle formé de films
de PrBa,Cu,0,_, sur des subfirats d¢ ‘5rTiO,. Les relations observées expérimentalement enire .
I'espacement des fissures et 'épaisseur du film sont en excellent accord avec la.théorie. e

Zusammenfassung—Es wird eine Analyse vorgelegt, die den RiBabstand in einem spréden Film auf einem -
elastischen Substrat mit der Spannung im Film, der Filmdicke und der Bruchzihigkeit verbindet. Diese
Analyse unterscheidet sich von einer friiheren Analyse eines dieser Autoren darin, dab sie den Einflub eines
sequentiellen statt eines konzertierfen Fortschreitens von Rissen ‘betrachtet; sie sagt grofere RiBabstinde
voraus. Die Giltigkeit der jetzigen Analyse wird von-Experiinenten an einem Modellsystem bestitigt, -
welches aus epitaktischen PrBa;Cu, ;. -Filmen auf SrTiO,-Substraten besteht. Der ‘experimentell.
beobachtete Zusammenhang zwischen RiBabstand und Filmdicke stimmt ausgezeichnet mit-der Theorie
iberein. - - ¢ - : ‘ . )

‘where ¢, is the minimuin stress in thee film requited to
‘propagate a crack, 4 is'the film thickness and < is the ;
yield stress [2}. Tf the substrate is clastic, and no

1. INTRODUCTION

*-A'brittle film attached to a substrate and subjected to

‘a tensile stress may fail by the propagation of a series
of éracks along the film (Fig.-1). When the stress state
within the film is one of biaxial tension, and there is
116 preferred cleavage direction, the cracks will divide
‘thie film into a-series of islands in a ghttern often seen
_ in diying mud. In this'paper, attention is focused on
‘situations in which-there is a directioniality associated
~ with the crack pattern, ¢ither because there is some
‘preferred cleavage direction, or because theré is some
degree of uniaxiality in the stress. Under such con-
" ditions, the cracks form in a series of parallel lines.
The; spacing between the cracks is not uniform, but
there is @ mean value that i dependent on the stress
in the film ). 7ot R
When the substrate is dukctile, the crack spacing is
dictated by the yield stress of the substrate [2, 3). A
shear-lag analysis predicts that thie cracks can be no
closer than '

A* =20 hit : Y]

+Present address: Department of Physics, Chalmet8 Univer-
sity of Technology, 412 96 Goteborg, Sweden.

delamination Sccurs’ at'the inteTface, an analysis by
one of the present authors [4] has shown that the
crack spacing is dictated by, A, the film stress and the
fracture resistance- of the film. A° thermodynamic
minimum. %spaditg - was - obtained by equating the
energy chianges between a cracked and uncracked film
to the energy associated with an array of cracks. It
was emphasised. that this minimum spacing was a
lower bound that could bé obtained only in the
presence of a sufficiént density of initial flaws. Stat-
istical effécts associated with the initial flaw popu-
lation have been studied recently in a, series of
experiments by Delanney and Warren [5]. However,
for reasons that are discussed in the present paper, it
is now recognised that the minimum spacing pre-

.sénted in Ref. [4] is probably unobtainable in prac-
- tice, even in the presence of a suitable density of flaws.

The analysis was limited to the concerted propa-.
gation of an array of cracks; it will be seen that a

.. rather different result is obtained when the cracks are

assumed to propagate sequentially, so that the array
evolves over time. Two recent papers [6, 7]_ have
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Fig. 1. TEM' mlcrograph of cracks along the (001)-planes in a YBa,Cu,0,_; (YBCO) film deposited on

CRACKING Of‘ BRITTLE FILMS ON: ELASTIC SUBSTRATES

a [110}-8rTiO; substrate (S) at 625 °C.

considered the mechanics of a cracked film incorpo-
rating the effects of an elastic mismatch between
the film and substrate. However, results for the
crack density were not explored in detail. In this

paper, a simple result is obtained. for the crack

spacing in a homogeneous system, and i is verified by
observations on a ceramic film deposited on a ceramic
substrate.

2. THEORY

Figure 2 shows a schematic illustration of the
geometry considered-in this paper. A semi-infinite
plane of modulus E and Poisson’s ratio v is covered
by a brittle film of thickness 4 with identical elastic
properties. The film contains a series of semi-infinite
and parallel cracks equally spaced at a distance /
apart. These cracks are assumed to extend through
the entire thickness of the film but are arrested, with
no slip, at the interface. In addition, the film is
assumed to be subject to a strain with a component
orthogonal to the array of cracks that is uniform,
tensile and of magnitude ¢,. This can be considered
either to be a residual strain, or to result from the
application of an external load. A previous . calcu-
lation [4] has shown that the difference Jin strain
energy (per unit area of mterface between the film and
substrate) between a cracked and uncracked portion
of the film is given by

AU = 1.98(h/1)Eeih, k8
=[0.5-0.0316(/m)Eeth, k<8 ()

where £ is Young’s modulus in plane stress and
E/(1—v?) in plane strain. Since the strain energy in
the uncracked portion of the film is

U,=0. SEegh ©)]

‘1t can be shown that the stram energy in the cracked
portion of the film is

=[05~1. 98(h/l)]E£§h I/hz8
=0.0316(1/h)£e(, Ih<8. (@)

TIt is recogmsed of course, that this can be comldered only
as an approximation for analytical purposes since
cracks, unlike dxslocations, cannot adjust their spacing
to maintain uniform arrays. y

A final expression required for the calculations of this
section relates the energy associated with the array of
cracks to the mode I fracture resistance of the film,
Ty

U=Thfl. ()

These four equations allow various bounds to be
placed on the crack spacing that can be expected for
given values of , ¢y and I';. For example, if AU < U,
it is thermodynamically impossible for an array to
advance-across the flm. Use of the first expression in
equation (2) sets the bound on the parameters
required for a single crack to propagate across the
film [4, 8]

v Bk 205, ©)

The second expression in equation (2) sets the ther-
modynamic limit on the minimum crack spacing,
! = Api, that can be obtdined when the cracks are
c]ose enough to interact [4]

(/) = 8[1 = /1 0. STEe) M

An array of cracks more closely spaced than this
limiting value will not propagate. To achieve this
minimum spacing, not only must there be a sufficient
density of initial flaws, but the cracks must propagate

in a concerted fashion across the flm [4]. The.

following analysis will show that a-larger spacing is
predicted when the cracks develop in a sequential
manner. ]

- As an approximation for.investigating the sequen-
tial development.of a crack array, the Energy associ-
ated with uniform arrays of mcreamrfé density is
considered.} It is assumed that the maximum crack
density is obtained when the change in elastic energy
between a film with a crack spacing / and one with a

o
T/////K

l

Fig. 2. Schematic illustration of a thin film" of thickness 4,
with a series of semi-infinite and parallel cracks spaced at a
distance / apart.
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. malised propeme: of the film. The curve for.the thermodyn-
* amic minimum [equation (7)] is compued to the ethlmum
) results of equahon ).

“"crack spacing _l-—&l is insnﬂicient to provide, the
-energy required for the additional cracks. This
" -condition can be expresscd as - .

ou, e
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Dlﬂ'erentmuon of equations {4} and (5} then yxelds the
followmg expression for the crack spacing

o ' Aqunth = 5.6/T{(Eeh), ©

© provided that Ee3h/T,20.5. This expression- is
" plotted and compared ‘with equation: (7} in Fig. 3.
1t is perhaps of some interest to note that'equations
" (8) and (9) can also be obtained by a slightly different
drgument since, as illustrated in Fig. ‘4, }.,q,m,
corresponds. to the spacing that results in minimis-
ing the total energy, U, = U,+ U,, of the cracked
fitm, The analysis of Hutchinson and Suo [6) gives a
.spacing that is intermediate to the two limits given
bhere.
-~ Beyond the absolutc magmtude of the two ex-
presslons an important difference between equations
(7) and (9) is the predicted relationship between the
thicknéss and the spacing. Use of equation (7)

N suggests that the crack spacing should decrease as the o

“film- thickness increases. Conversely, equation (9)
_peedicts that the crack spacing increases as kY.

' It’will be seen that this latter relationship is

nnnﬁrmedbythcexpenmcntalmuitsofthe

' followmg section. Furthermore, the two expressions
lpdmte an interesting feature about the- stability: of
o my of cracks pmpaganqg with a density gre_ater

sy

mngmcrmmmﬁmtyasthelhmkmofthcﬁlm
is'decreased to its critical value. The details of this region
are lost in' the' approximate analytical expresmons used
7rin the anxlysn however, the- dotted line in F1g 2
4. indicates the asymptotic behaviour. * .

ﬂ'lns expression can also be obtained by using the second
- part of equation (2) in the Reciprocal-Theorem analysns
of Ref 8
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TCIooe to the condmons defined by equation (6) the. crackil
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than that given by equation (9). The. condition for

fra¢ture can be satisfied for all the cracks i in such an
array if their tips remain co-linear. However the
results suggest that if a pemu:bauon occurs whereby

" 'some cracks advance ahead of the array;the laggmg

cracks may be shielded to such ‘an extent that the
energy-release rate associated with them drops below
the value required for fracture A less dense array
would then be created. :

Finally, it is posmbie 10. use thc equatnons of this
section to compute an effective’ modulus for the
cracked film.  This ¢an be used. to calculate, for
example, the curvature of ‘a- film-substrate system
containing an array of cracks {7]. The effective
modulus, E, is related to U, by -

U, 0.5Ezelh, (0

so that, by oompanson with equation (4) it can be
seen that .

_ ,ﬁ/£=|—'3.96(h;1), Hhz8
=00632(/h), A8 - (1D

Simpie beam theory can then be used to.determine the
curvature of a film on a substrate, If it is assumed that
the film is very thin compared to the substrate, the
curvature, of the cracked system is :
Kk = (6eoht [ H ) (Erf B}

where- H is.the thickness of the substrate. -

Beuth [7] used -an :elegant . Reciprocal-Theorem
analysis to calculate the change in curvature between
a cracked and. uncracked system for the general case
when the film and substrate have different clastic
constants. However, the solutions presented -in
Ref. [7] are limited to geometries for which the cracks
are sufficiently far apart that they do not interact. The
first part of equation (11) is completely consistent
with the solution in Ref. [7] for the special case of a
homogeneous system. The second part of equation
(11} allows the change in curvature to be calculated
when the cracks do interact.} .

(12)

1.0

s = o
.. @

‘ ‘Nomalisad energy. Wike
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Nomalised crack spacing, Lk

_Fig.4. A plot stiowing how the various terms for the energy

of a cracked film depends on the crack spacing; U, is the

energy {per unit area of interface) of the uncracked film, I

is the energy density of-the cracked film, U, is the energy
density associated with the cracks, and U, = U+ U,.
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Fxg 5. A schematic 1llustratlon of the relatxonshl BetWeen
the crystallog1 aphic orientation of a [llO} PrBazCu307 .
i ﬁln and ‘a [110]- SrT103 substrate

3. EXPERIMENTS

Epitaxial [110}-PrBa,Cu,0,_, (PBCO) films grown
lﬁ’y a technique of laser ablation on [110}-8rTiO,
substrates proved to be an ideal model system to
study the cracking phenomenon analysed in the
previous section. Although the films are not them-
selves superconducting, they are of interest because
they can serve as templates for growing films of the
high-T, superconductor, YBa,Cu;C,_; [9-11]. How-
ever, owing to a large difference 'in the thermal
expansions of the film and substrate along the [601]
direction, the films have a ténidency to crack along the
(001) planes during cooling from the deposition
temperature. It was this feature that made the films
of interest for this particular study. The details of the
film preparation are given elsewhere {11} The import-
ant points to note are that the films were deposited
at 625 °C on | mm thick [110}-oriented SrTiQ, sub-
strates, and that the only parameter varied between
the films-was the thxckness whxch ranged from 0 08 to
0.50 ym.

- ‘Epitaxy in this system is obtamed between the (003)
planes of the PrBa,Cu,0,_ ; film and the (001) planes
of the SrTiO; substrate, as shown in Fig. 5. However,
at the deposition temperatures, the [003)- and [170}-
lattice parameters®of the PrBa,Cu,0,: . are larger
than the [001}--and [110]-lattice ‘parameters of the
SrTiO; [11, 12]. The resultant compressive strain in
the film is relaxed by the formation of (103)-misfit
dislocations at the interface between the film and
substrate, and by stacking defects along the (001)
planes of the film (Fig. 6). Transmission electron
microscopy (TEM) showed that the dislocation
density did not vary over the range of film thicknesses

-studied; this indicates that these thicknesses were far
above the criticdl value required for the formation of
a misfit dislocation, and implied that the dislocation
densities were approaching the asymptotic limit. The
major effect of the misfit dislocations is to accommo-
date the strain “in the [110] direction. They do,
however, relieve some of the strain in the [001]
direction; measurements made by TEM showed that
the strain relaxed by the dislocations inthis direction
was 0.3% for all the samples.

'Stacking defects also Jontribute to strain relaxahon
in the [001] direction. Again, the density was indepen-

’CRACKINGT OF BRITTLE FILMS ON ELASTIC SUBSTRATES

dent of thickness. This implies that the strain in the
[001] direction; as well as in the [110] direction, was
almost totally relaxed at the deposition temperature.
The strain accommodated. in the [001] direction by
stacking defects was determined to be 1.8%. The total
strain relaxed in this direction by both the stacking
defects and the misfit dislocations was therefore
2.1%. This value compares very favourably with the
2.2% predicted from the lattice parameters at 625°C
[11}.

Upon cooling, the film contracts more than the
substrate in the [001] direction. At room-temperature
there is only.-a 0.08%. mismaich between the [003]
spacing of the PrBa,Cu;0;7 films grown under the
conditions described in Réef. [11] and the [001] spacing
of the 8rTiO, [12, 13]. Consequently, if the compres-
sive, misfit strain between these lattices is completely

relaxed at the deposition témperature, a tensile strain

of (2.1 —0.08%) will be generated in the films when
they are cooled to room temperature. This tensile
strain, which is equated to ¢, is responsible for the
development of the cracks.

After fabrication, the surfaces of thc films were
etched in a solution of 5% bromine diluted in
ethanol. They were examined by scanning electron
microscopy, of which an éxample is shown in Fig. 7.
It was observed that the films contained two types of
crack: a series of large cracks that had propagated
over large distances, and a much finer distribution of
small cracks. This observation suggests that the sys-
tern satisfies the assumption of the theoretical treat-
ment that the final crack spacing is not limited by the
defect density. The average-crack spacing for the
large cracks was obtained from micrographs such as
Fig: 7;.at least 100'measurements were made on each
film. The data is summarised in Table 1.

” 4. DISCUSSION

it can béj seen from équation (9) that, to make a
comparison. between the predicted and observed
crack spacings, five parameters must be known: the

>-misfit’ dislocations and stacking defects (ar-
rowed) at the interface of the PrBa,Cu,0, __ film and SrTi0,
substrate.




Fig. 7. SEM micrograph of the surface of a cracked [110}-
film of PrBa,Cu0,_,. .

v

film thickness, 7, the mean crack spacing, 4, the
residual strain in the film, ¢, the modulus of the film
E, and the appropriate fracture resistance I'. The
first two parameters, # and 1, were measured directly
from the samples (Table 1). The residual strain in
the film was estimated, as outlined in the previous
section, to be 60:2‘00/0. The appropriate modulus
of the film was estimated by using published data for
the elastic stiffness constants, Cy;, of YBa,Cu;0;_;
[14], and assuming that they are not significantly
different for PrBa,Cu0; _,. The modulus of interest
is that of the [001] direction under conditions of
zero strain in the [170] direction and zero stress in
the [110] direction. This modulus can be obtained by
the methods described inRef, {15], and, from the data
of Ledbetter et al. [14], has a value of 102 GPa.
This leaves only the fracture resistance of the (001)
planes as an unknown quantity. Unfortunately, there
does not appear to be any reliable data for. this
parameter. Therefore, the expedient was resoried to
of fitting the data to ‘equation (9) and, hence, dedug-
ing its value. The resultant value of [=65Jm™%is
very reasonable. For exariple, a fracture toughness.of
- 0.8 MPa,/m is obtained if the modulus is assumed to
be 102GPa. This is slightly lower than the
1.1 MPa\/ m estimated. by Cook e al. [16] for the
(100) and (010) planes-of VBa,Cu;0,. 5, and is
consistent with the notion - that, because of their
structure, the (001) planes should be cleavage planes.
With a value assigned to all the parameters in
équation (6), a prediction of 0.09 pm can ‘be ‘made
for the critical film thickness below which no

Table 1. Observed crack ‘spacings along‘ the .
[001] direction as a function of the film thickriess
for films deposited at 625 °C -~

Film Average crack
thickness {pm) “spacing (pm)

0.08 No cracks

0.10 0.71

0.17. 091

0.26 1.08

0.33 1.29

0.50 1.53
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Fig. 8. A comparison of the experimental results for the
crack spacing as a function of film thickness with the
predictions of equation (9). The dashed portion of the
theoretical curve indicates the minimum thickness below
which a single crack cannot propagate across the film. The
error bars on this figure indicate one standard deviation of
the observed crack spacings about the mean values.

cracks will propagate. It is therefore satisfying that
no cracks were observed in a film 0.08 um thick
(Table 1). Finally a graphical comparison of the
theory ‘and experimental data is shown in Fig. 8.
It -will be observed from this figure that the form
of the relationship between the crack spacing and the
film thickness is represented very well by the theory.

" 5, CONCLUSIONS

Some simple mechanics have been presented for the
formation of an array of cracks within a film. It has
been assumed for the purposes of the analysis that no
delamination or slip occurs at the interface, and that
there is a sufficient density of nuclei from which
cracks can form, so that the spacing is not limited by
the statistics of flaw distributions. The analysis pre-
dicts that, in an elastically homogeneous system, the
crack spacing is proportional to the square root of the
flm thickness and is dependent on the tensile strain
in the film, its fracture resistance and elastic con-
stants. The assumptions of the model appear to be
well-satisfied in a system consisting of PrBa,Cu,05 . ;
deposited by laser ablation on 8rTiO; substrates, and
oriented so that the cleavage planes lie perpendicular
to the interface. Experimental observations on the
system appear to follow very well the trends predicted
by the analysis.
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