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The low temperature mobility is calculated in a two-dimensional system at a
GaAs/Al,Ga, _,As heterojunction. Scattering mechanisms are assumed to be the
Coulomb scattering from ionized donors in the Al,Ga,_As layer, interface
roughness, and scattering caused by alloy disorder present in the Al,Ga,_.As
layer. The calculated mobility for the Coulomb scattering explains recent ex-
perimental results. The interface roughness and the alloy scattering can play a
role at high electron concentrations (~ 10*2 cm~?2).

§1. Introduction

It is now well-known that extremely high
low-temperature mobility can be achieved by
the modulation doping technique in a two-
dimensional electron gas at a GaAs/Al,Ga, _,-
As heterojunction.? '3 Such superior low-
temperature transport properties attracted much
attention in exploiting its benifits for the
implementation of high speed field-effect de-
vices.!*) Extensive experimental studies have
been performed to approach maximum
mobility. It is also a theoretically interesting
problem what can be dominant scattering
mechanisms. The purpose of the present paper
is to present results. of calculation of the
low-temperature mobility in this system.

There have been some theoretical investiga-
tions on transport properties in GaAs/Al,-
Ga, _,As systems.!> 21 Scatterings by optical
phonons have been discussed by Ferry'® and
Hess.!®) The phonon scattering has also been
studied by Basu and Nag'” and by Price.!®:21
Scatterings by charged centers and screening
effects have been discussed by Hess,'®
Price,?%21 and many others. In case of single
quantum wells, Mori and the present author!®

calculated the low-temperature mobility limited

by charged centers and interface roughness
and studied effects of intersubband scatterings
when more than a single subband is occupied
by electrons. In this paper the similar method
is applied to the present single-heterojunction
case. We consider three different scattering
mechanisms, i.e., the Coulomb scattering from

ionized donors in the Al ,Ga,_,As layer,
roughness of the interface, and scattering
caused by alloy disorder present in the Al,-
Ga, _,As layer.

In §2 variational wave functions are intro-
duced and the subband structure is discussed
and compared with the more exact numerical
result. The self-consistency of donor con-
centrations in the Al,Ga,_,As layer and the
electron concentration is also discussed. Mo-
bilities are calculated and results are presented
and compared with experiments in §3. It is
shown that the calculation which assumes the
dominant Coulomb scattering explains recently
observed dependence of the mobility on the
electron concentration very well. The agree-
ment is satisfactory also for its absolute mag-
nitude. The alloy-disorder scattering is shown
to be important at high concentrations espe-
cially for systems with a small Al content x.
The interface-roughness scattering can also
play a role at high electron  concentrations.
A brief summary and a conclusion are given
in §4.

§2. Energy Levels and Wave Functions

In the previous paper,?? which will be
referred to as I in what follows, wave functions
and energy levels of subbands have been cal-
culated numerically. For practical purposes,
however, it is more convenient to use a varia-
tional wave function which enables us to cal-
culate various quantities analytically rather
than numerically. The simplest trial function
will be
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(b3/2)! 2z exp (—boz/2) (z>0),
{(2)= 2.1
0 (z<0),
with b, being a variational parameter. We
have chosen the interface of GaAs occupying
the right half-space (z>0) and Al,Ga,_,As
occupying the left half-space (z<0) at the xy
plane. This function was first proposed by Fang
and Howard?® and has widely been used for
Si inversion layers,>*’ where the boundary
condition that the envelope should vanish at
the interface is known to work quite well. In
the present system, however, the wave function
has ‘a nonvanishing amplitude in the Al,-
Ga, _,As layer, which can play an important
role in certain phenomena. A more elaborate
trial function will be

BbY*(bz+ B) exp (—bz/2) (z>0),
BV exp (b'z/2) (2<0),
2.2)

where b, b’, B, B, and B’ are variational pa-
rameters. Among these parameters, ff, B, and
B’ can be expressed in terms of b and b’ through
boundary conditions at z=0 (see eq. (2.1) of
I) and the normalization. It is a straightforward
task to calculate the total energy E(b,d’) in
the Hartree approximation. In this paper we
confine ourselves to the Hartree approximation
which is expected to be sufficient for studying
transport properties. The parameters » and b’
are determined so as to minimize E(b,d’)
[but not the subband energy Ey(b, b")] numeri-
cally. ’

Figure 1 compares energy levels, wave func-
tions, and potentials calculated by using the
functions (2.2) and (2.1) for x=0.3, N,=5x
10" cm™? and Ny, =5x%10"° cm™?2, where
Nj is the electron concentration in a unit area
and Ny, is the concentration of fixed space
charges in the GaAs layer. The parameters used
in the calculation have been chosen to be same
as in 1.2% It is clear that a main effect of the
finite barrier height V, (=300 meV) in the
AL Ga,_,As layer is a simple shift of the
average electron position {z). The correspond-
ing wave function calculated numerically is
also shown in the figure. The subband energy
calculated using eq. (2.2) turns out to agree with
the numerical result quite well. The agreement
is satisfactory also for the relative amplitude
of the wave function in the Al,Ga,_,As layer.

{2)=
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Fig. 1. An example of the wave function, the self-
consistent potential, and the bottom of the lowest
subband calculated by using variational wave
functions. The wave function given by eq. (2.2)
gives the solid lines and that given by eq. (2.1)
gives the dashed lines. The dotted line represents
the wave function calculated numerically. The
spacer thickness d; is 50 A and the binding energy
Eg of donor levels in Al,Ga,; _,As is 50 meV.

The function (2.2) gives several % larger values
for the average electron position {z), as can
be seen in Fig. 1. The both variational wave
functions (2.1) and (2.2) tend to have larger
amplitude than the exact numerical one for
large z. In any case, the present variational
functions, especially given by eq. (2.2), are
sufficient for the calculation of the mobility
as long as only the lowest subband is occupied
by electrons. Effects of intersubband scatterings
which play important roles when more than a
single subband is occupied is not explicitly
taken into account in this paper. We will return
to this problem in §4.

When the two-dimensional system is in
equilibrium with the donor levels in the Al,-
Ga, _,As layer, we have the condition:

4me? 1
Eo+ Ee=Vo— Ey— —— 5(No—N)d3
4me? 4ne* ~ B'?
- K (Ns+Ndepl)d1+ K NSF’
2.3)

where x is the static dielectric constant, d,
is the thickness of the undoped Al,Ga;_,As
layer (sometimes called the spacer), d, is the
thickness of the Al ,Ga,_,As layer containing
ionized donors, Ny, and N, are donor and ac-
ceptor concentrations, and — Ej is the energy
of a donor measured from the bottom of the
Al,Ga, _,As conduction band. The last term
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Fig. 2. Maximum available electron concentrations
as a function of the spacer thickness d; for different
values of the Al content x. The solid lines and
dashed lines are obtained by using wave functions
given by egs. (2.2) and (2.1), respectively.

of the right hand side of eq. (2.3) appears be-
cause the electron density is nonzero in the
Al,Ga,_,As layer and should be dropped for
the wave function (2.1). The subband energy
E, measured from the bottom of the conduc-
tion band of GaAs at z=0 is a function of only
Ng, Nyep, and V, in a good approximation.
The Fermi energy Ep is measured from the
bottom of the lowest subband E,. The charge
neutrality requires

(N N \d —N LN
YD T AT A T 4Vs T LV depld

2.4)
which determines together with eq. (2.3) the
equilibrium value of Nj—N, and d, for a
fixed value of N; and Ngep,.

For each d; there is an upper limit in the
concentration of electron which can be stored
in the two-dimensional system in equilibrium
with donor levels in the Al,Ga,_,As layer.
This upper limit can be obtained by taking the
limit d,—0 and N{,— N,— oo with their product
being kept fixed in eq. (2.3). Figure 2 shows an
example of such. upper limits as a function of
the spacer thickness d, for different values of
the Al content x. The binding energy Ey of a
Si donor in Al,Ga,_,As, which has not
exactly been known experimentally, is chosen
to be 50 meV in this figure. Extremely heavy
doping is necessary to achieve electron con-
centrations near such upper limits (see also
Fig. 4).

§3. Low Temperature Mobility

3.1 Coulomb scattering
The relaxation time for scattering from
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charged centers is given by?%

o P
’L'C(k) "“27{ j' dZ Ni(Z) = |:q8(q):| |F1(qa Z)l
X (1 —cos 0)0(ex— x> 3.1

with g=2k sin (6/2) and &, =h?k?/2m where k
is the wave vector, 6 is the scattering angle,
and m is the effective mass of GaAs. The
static dielectric function of the two-dimensional
electron gas is given by

2ne? 2m
hZ F(q)9

8(q)=1+—7€‘q—T (3.2)

for g <2ky where kg is the Fermi wave vector.
The form factors are defined as

Fi(g, z)= j dz'[{(z)|* exp (—qlz—2]),  (3.3)

F@)= [ 8z [ & @RI exp (—gla—2),

(3.4
which can easily be calculated for the wave
functions (2.1) and (2.2). The impurity dis-
tribution N,(z) is assumed to be

[0 (—d,<2),
N(2)={ Ny+Ni (—d,—dy<z<—d,),
]2N,; (z< —d, —d). 3.5

Since the contribution of charged centers which
are far apart from the interface (|z;|>kg?,
where |z;| is the distance from the interface)
is exponentially small, the relaxation time is
determined by N}, + N, and does not depend on
d, except in the case that d, is extremely small,
i.e., except when the electron concentration is
close to the upper limit discussed in the previous
section. The compensation of Si donors in
Al,Ga, __As has not been known exactly.

An example of calculated mobilities at zero
temperature is given in Fig. 3 as a function of
N, for different values of the thickness d; of
the undoped layer. We have assumed that
Ngep1=5x10"° cm™2, Eg=50 meV, and K=
0.25, where K=N,/N{, is the compensation
and we have determined N}, and N, using
egs. (2.3) and (2.4). The corresponding results
for N,— N}, are given in Fig. 4.

In the case N <Ng.,, a small increase in
N,—N, is sufficient to increase the electron
concentration and the mobility increases with
N, because the increase of the electron kinetic
energy reduces the strength of scattering from
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Fig. 3. An example of calculated mobility limited
by charged centers in the Al,Ga,;_.As layer. The
sold lines and dashed lines are obtained by using
wave functions given by egs. (2.2) and (2.1), respec-
tively. At each electron concentration Nj, the effec-
tive doping Nj-NS is determined by the charge
neutrality condition and the equilibrium condition
between the electron system and donor levels in the
Al,Ga;_,As layer. The total concentration of
charges, Nj+ N/, is determined by assuming K=
NZ/N5=0.25.

108 T
x=0.3
Ngept = 5x10Ccrmi?
Eg =50 meV
<
£
(RT3 E
o
£
Q
o
o Present
¢ | - Fang-Howard
E R |
w dy (A)
200
,,,,,, 100
’ 0
il "
‘015,0\0 o1 1012

Ns (cm2)

Fig. 4. An example of calculated effective doping
Np—N{ as a function of the electron concentration
for the spacer thickness d;=0, 100, and 200 A.
The solid lines and dashed lines are obtained by
using wave functions given by egs. (2.2) and (2.1),
respectively. The dotted lines are obtained by put-
ting Ex=E,=0 and neglecting the band bending
due to the two-dimensional electron gas.

each impurity as well as the number of impuri-
ties which are effective in scattering. As shown
in Fig. 4, however, the doping level should
increase much faster and the mobility starts
to decrease with N, in the case N> Ny,
The behavior is quite different from that in
superlattices or quantum wells in which the
mobility increases with the concentration
except at low electron concentrations.’® In
case of quantum wells N, increases in propor-
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tional to Nj,— N,, whereas in the present case
N, increases more slowly as is shown in Fig. 4
when N;>» Ny,

The another important feature is that the
mobility becomes higher for larger spacer
thickness d; except near the upper limits of the
electron concentration although the doping
level N,— N, is larger. This demonstrates the
effectiveness of the modulation doping in
achieving a higher mobility.

Figure 5 shows an example of calculated
mobilities for a fixed value of the doping level,
ie. Np—N,=2x10"7cm™3. The other pa-
rameters are the same as in Figs. 3 and 4. The
mobility x4 depends on N, like pocN? where
y~1 for d;=0 and y~1.5 for d,=200A.
The figure contains experimental results of
Tsui et al.,® who fabricated insulated-gate
field effect transistors with different d,’s and
showed that y increased from ~0.5 at d;=0
to ~1.4 at d; =165 A. The calculated value of
y for large spacer thickness d; agrees quite well
with the experiments. For the vanishing thick-
ness, however, the experiments give much
smaller y. A possible diffusion of donor
impurities into the GaAs layer might be re-
sponsible for this disagreement. Other scattering
mechanisms can also be another candidate.
Hiyamizu et al.2>) increased the electron con-

10’ T v
x=0.3 Present
Ngept = 5x10°0em? - Fang-Howard
Np-Nz = 2x107 em® Z
b | K=0.25
v.—: Experiments
% «o Hiyamizu etal. (d;=150A)
S v Tsuietal (d;=0)
:105 |+ Tsui etal. (dy=165A) -~
Z Z
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’030\0 o1 1012
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Fig. 5. An example of calculated mobilities limited

by charged centers in the Al,Ga,_,As layer for a
fixed concentration of charged centers. The solid
lines and dashed lines are obtained by using wave
functions given by egs. (2.2) and (2.1), respectively.
Experimental results ot Hiyamizu et al.?® and of
Tsui et al.*? are also shown. The effective doping
Njp—N{=2x10'7 cm~2 has been chosen to account
for the electron concentration under the equilibrium
condition (the black dot) observed by Hiyamizu
et al.?> The circles have been obtained under light
exposure.
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centration by exposing the system to band-gap
radiations. The results are also plotted in Fig.
5. The experiments can be explained if we as-
sume that the radiation does not influence the
concentration of charged impurities in the
vicinity of the interface and that its main
effect is- to simply increase the electron con-
centration. The doping level Nj,— Nj=2x 10'7
cm~? roughly corresponds to the equilibrium
electron concentration (the black dot in Fig.
5) observed by Hiyamizu et al.>® Therefore,
the agreement is satisfactory even concerning
the absolute value.

Hiyamizu and associates® showed that
N,ocN&/? between N,=2x10'!' and 10'?
cm~2 for d;=60 A in qualitative agreement
with Fig. 4, where Ng; is the concentration of
doped Si in Al ,Ga,_,As. Quantitatively,
however, only 109 of doped Si atoms con-
tribute to the effective doping Nj,— N, which
determines the electron concentration in our
system. On the other hand, the magnitude of
the observed mobilities is explained by as-
suming relatively small compensation (K~0.3)
as is shown in Fig. 5. Therefore, we have to
conclude that most of doped Si forms neutral
(deep) levels and only 109, of Si atoms be-
come shallow donors in the Al ,Ga,_,As
layer.

3.2 Interface-roughness scattering

The relaxation time for interface-roughness
scattering is given by the same expression as
that for Si inversion layers:?#

h 4 Feﬁ]z ( 1, 2)
—=2 exp | —5q°4
@2 ] e (e

x (1 —cos 0)0(er— e o)- (3.6)
Here, we have defined the effective field F.¢ by

6v(z) 4re* (1
K (2 Ns +Ndepl> )

(3.7)

where v(z) is the electrostatic potential [vy(z)
in I] and the overlapping of the wave function
with the Al,Ga,_,As layer where donors are
ionized is neglected in the last equality. The
roughness A(r) has been assumed to have the
correlation function,

CAMA(r)y =47 exp (= |r—r'?/4%),

where (- -

Foe= j dz {1 =~

(3.8)

-» means an average, 4 is the mean-

Tsuneya ANDO

(Vol. 51,

109 . T v
Interface-Roughness Scattering J
A=4A

A=15A

3
®

o’ F Ngept (cri? ) E
5x10"°
1x10°

Mobility (cm2V's)

Present
[ -————- Fang-Howard

5 L
1010 101 1012
Ns (cm?)

Fig. 6. An example of calculated mobilities limited
by interface-roughness scattering for the mean
deviation 4=4 A and the lateral decay rate A=
15 A. The solid lines and dashed lines are obtained
by using wave functions given by egs. (2.2) and (2.1),
respectively.

square deviation of the height, and A is the
lateral spatial decay rate of the roughness. It
should be noted that eq. (3.6) is applicable to
heterojunctions characterized by much more
complicated boundary conditions like InAs/
GaSb systems®*® as long as change in the
electrostatic potential caused by the roughness
can be neglected. Note also that the strength
of the interface-roughness scattering is in-
dependent of the barrier height and therefore
the value of x and solely depends on the values
of A and A. Further the product A4 is the
important parameter as long as the wave length
of electrons 2n/ky is much larger than A.

An example of calculated results for x=0.3
is shown in Fig. 6, where the mobility is plotted
against N, for Ny, =5x10'" and 1x10°
cm~2. The parameters used in the calculation
are 4=4 A and A=15A, which are typical
roughness parameters used for explaining the
mobility in Si inversion layers at high con-
centrations like N,~10'3cm™2.2” The com-
parison of the results for the two wave func-
tions (2.1) and (2.2) clearly demonstrates the
independence of the mobility on the barrier
height or the Al content x mentioned above.
The figure demonstrates that the roughness
can be effective in determining the mobility
at electron concentrations as high as N,~10!2
cm~ 2. However, the roughness might be
expected to be smaller in the present system
than in Si/SiO, systems.
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3.3 Alloy-disorder scattering

As is shown in Fig. 1 the wave function has
a nonvanishing amplitude in the Al,Ga,_,As
layer. Therefore, an electron can suffer from
scattering due to alloy disorder in the layer.
The band structure of III-V compounds is
well reproduced by a linear combination of
S, Px, Py, and p, orbitals in the nearest neighbor
empirical tight-binding approximation.?® Es-
pecially, the conduction band edge is described
by an s orbital on the anion site. This means
that the potential of Al and Ga can be replaced
by a short-range d-potential with the strength
(1—-x)4E (a*/4) and —x4E(a®/4), respectively,
where AE, is the difference of the conduction
band minima of AlAs and GaAs, a is the lattice
constant, and the factor (1/4) appears because
a cubic unit cell contains four anion sites. The
relaxation time for the alloy-disorder scattering
is given by
0

a3
=2nx(1—x)ZAE§§ dz |{(2)I*

o

Tan(k)
1—cos 6

Xy Ok tn):

q

(3.9)

Figure 7 gives the mobility limited by this
mechanism for x=0.1, 0.2, 0.3, and 0.4 and for
Nyep1=5x10"%cm™2 and 1x10°cm™2. We
have assumed AE =1eV and used the wave
function (2.2). The figure shows that the alloy
scattering can be a dominant scattering mech-
anism at high electron concentrations especially
for small x. In addition, the two facts are
noteworthy: First, the mobility depends on the
Al content x and increases with x. Second, its
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5 !
1010 101 1012
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Fig. 7. An example of calculated mobilities limited
by alloy-disorder scattering for different values of
the Al content x. The both solid and dashed lines
are obtained by using the wave function (2.2).
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dependence on N, and Ny, is quite similar
to that of the mobility limited by the interface
roughness. These features can be understood
as follows. Since the effect of the discontinuity
in the envelope function at the interface is
small as is shown in Fig. 1, we use the simple
boundary condition that it is smooth across the
interface. When the barrier height V, is suf-
ficiently large, the wave function for z<O
is approximately give by ((z)~{(0) exp[(2mV,/
72)1/2z]. Therefore, the strength of scattering
1/14p is proportional to |{(0)|*V /2. On the
other hand, the condition that the total force
acting on an electron must vanish gives
VolL(0)|? +<{dv(z)/0z) =0. Therefore, we get

RS x(l—x)F (1—x) 1N N
TADOC V(s)/z eff OC $Z\2 st Naep1 |

(3.10)

which explains the two characteristic features
mentioned above.

The calculated mobility shown in Fig. 7
has become smaller than observed by Hiyamizu
et al.*® given in Fig. 5. Note, however, that
the present model of the alloy disorder scat-
tering can predict only the order of magnitude
of the scattering. Equation (3.9) is based on
the simplest nearest-neighbor LCAO approxi-
mation for the band structure. From a micro-
scopic stand point, the boundary layer of
GaAs and Al,Ga, _.As consists of Ga and Al
atoms distributed randomly even in ideal
interfaces. Fluctuations in the interface posi-
tion having a spatial dimension much larger
than the lattice constant can certainly be
considered separately from the alloy disorder.
However, it is not possible to distinguish
between the interface roughness and the alloy
disorder when the fluctuation is comparable to
the lattice constant. The present effective-
mass approximation is inappropriate and more
microscopic theory is necessary to deal with
these problems. '

Scatterings due to disorder in amorphous
SiO, have been discussed by Stern in case of Si
inversion layers.?®> Stern argued, however,
the scattering strength is proportional to the
portion of the electron density in SiO,,
whereas it is proportional to the fourth power
of the amplitude in the Al,Ga,_,As layer in
the present case.
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§4. Discussion and Conclusion

So far we have ignored the fact that excited
subbands become occupied by electrons at
high electron concentrations. As has been
shown in I,2? the Fermi level reaches the
bottom of the second subband at N,=7.3 x
10 em™2 for Ny, =5x10"°cm™ and at
N,=3x10""cm™? for Ny, =1x10°cm™2
When the Fermi level lies in excited subbands,
intersubband scatterings can become important.
As has been shown above, the finite barrier
height of the Al.Ga,_,As layer does not play
an essential role in determining the mobility
* limited by the Coulomb and interface-roughness
scatterings. Therefore, results of a previous
work for Si inversion layers®® are expected to
be valid in the present system. It has been shown
that electrons in excited subbands have a
mobility much higher than that in the lowest
subband. However, strong intersubband scat-
terings reduce the mobility of the lowest sub-
band from that in the single-subband case.
The latter effect dominates the former and the
net average mobility becomes smaller when
excited subbands become populated by elec-
trons.

As shown in Fig. 5 the mobilities observed-

by both Tsui et al.'? and Hiyamizu et al.*®
have the tendency of decreasing with N, at high
electron concentrations. This fact might be
explained by effects of intersubband scatterings.
As has been shown, however, other scattering
mechanisms can also be important at high
electron concentrations. In order to distinguish
between these two effects, combined experi-
ments of the mobility and Shubnikov-de Haas
oscillations are highly desirable.

We have calculated the low temperature
mobility in a . two-dimensional system at
GaAs/Al,Ga,_,As heterojunctions. Two trial
wave functions have been used. The simpler
one corresponds to the infinitely high barrier
in the Al,Ga,_,As layer and the other more
accurate one includes effects of nonvanishing
amplitude in the layer. It has been demonstrated
that the Coulomb scattering from ionized
donors in the Al Ga,_,As layer depends on
the thickness d; of the spacer and the electron
concentration strongly. Especially the mobility
has been shown to be expressed as pocN?
where y~1 for d; =0 and y~1.5 for d; =200 A,
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in qualitative agreement with recent experi-
ments. Interface roughness has been shown to
play a role at high electron concentrations.
The two wave functions give similar results
for the both Coulomb and interface-roughness
scatterings. Effects of alloy-disorder have been
shown to be more important and can dominate
at high electron concentrations especially for
small x.
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