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T H E  RESISTIVITY OF D I L U T E  MAGNETIC ALLOYS *) 

by  A: J.  D E K K E R  

I n s t i t u t e  of T e c h n o l o g y  U n i v e r s i t y  of Minneso t a ,  Minneapol i s ,  Minneso t a  

The resistivity of dilute magnetic alloys is discussed in terms of a model which 
assumes an exchange energy only between magnetic atoms which are nearest neigh- 
bouts. The perturbing potential produced by the magnetic atoms is assumed to consist 
of a spin-independent and a spin-dependent part. It is sho,wn that the elastic scattering 
resulting from nearest-neighbour pairs of magnetic atoms contains a temperature- 
dependent term. It  is suggested that this model might explain the occurrence of a 
maximum followed by a minimum in the resistivity versus temperature curve ob- 
served for some alloys. 

1. Introduction.  I t  is well-known tha t  the electrical res is t iv i ty  of the 
rare-ear th  metals drops rapidly  below the ferro- or an t i fe r romagnet ic  
t ransi t ion tempera ture .  E l l i o t t  1) has discussed this behav iour  in terms 
of a spin- independent  in teract ion between the conduct ion  electrons and the 
ion cores under  t h e  assumption tha t  a fract ion of the ions is exci ted as a 
result  of the crystalline Stark  effect. K a s u y a  2) and more recent ly  de  
G e n n e s  and F r i e d e l  3) considered the resist ivi ty in these materials  as 
arising from the exchange interact ion between the conduct ion  electrons 
and the localized spins of the ions. A review of the effects resulting from 
spin-disorder in metals  and alloys has been given b y  C o l e s  4). 

In  magnet ic  alloys with localized spins one expects  contr ibut ions  to the 
resist ivi ty f rom atomic disorder as well as from an exchange coupling 
between the conduct ion electrons and the magnet ic  ions. Of par t icu lar  
interest  are dilute magnet ic  alloys of t ransi t ion elements in metals  such 
as copper, silver and gold. G e r r i t s e n  and L i n d e  5) observed tha t  dilute 
alloys of manganese in copper  exhibit  anomalous resist ivi ty behaviour  at 
low tempera tures ;  this behaviour  has been confirmed by  S c h m i t t  and 
J a c o b s  8). These alloys also show an interest ing magnetic  behaviour  6)7). 
In the earlier work 6)7), the magnet ic  propert ies  of dilute magnetic  alloys 
have been discussed in terms of a molecular-field model, employing as- 
sumptions very  similar to those used in the Curie-Weiss and N6el theories 
of cooperat ive magnet ic  phenomena.  As a result of a certain amount  of 

*) Th i s  p a p e r  was  p r e p a r e d  a t  tile U n i v e r s i t y  of G r o n i n g e n ,  tile N e t h e r l a n d s ,  where  tile a u t h o r  
s p e n t  the  a c a d e m i c  y e a r  1958-59  as a G u g g e n h e i n l  Fel low oil a s a b b a t i c a l  leave f rom tile Un ive r s i t y  
of Minneso ta .  
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dissatisfaction with such a treatment, in particular for dilute alloys, the 
author s) discussed the magnetic susceptibility of such alloys from a different 
point of view in which the distribution of magnetic atoms plays an essential 
role. Objections to the molecular-field model for alloys were raised indepen- 
dently by  S a t o  and A r r o t t  9), who discussed the statistical aspects of 
the problem at some length. In view of the results obtained in this work, 
one may express doubt concerning the validity of calculations of the electri- 
cal resistivity of dilute magnetic alloys based on a magnetic model involving 
a molecular-field treatment 6)7)10). In the present paper, therefore, some 
aspects of the electrical resistivity of dilute magnetic alloys will be discussed 
on the basis of a magnetic model which is rather similar to that used earlier 
by the author 8), and in the pair-approximation of the cluster-variation 
method in the work of S a t o  and A r r o t t  9). 

2. The model o / a  dilute magnetic  alloy. Consider a dilute alloy of A-atoms 
of spin 1/2 and non-magnetic B-atoms. We shall assume that there exists 
an exchange interaction only between A-atoms which are nearest neighbours. 
An A-atom which has only B-atoms as nearest neighbours will be referred 
to as a "single" A-atom; magnetically, it behaves as a free spin. Similarly, 
two nearest neighbour A-atoms constitute a "pair" if they are surrounded 
by  B-atoms only. For a pair of nearest neighbours with spin configuration 
A+A+ or A - A -  let the exchange energy be - J / 2 ;  for a pair A + A  - let it 
be J /2 .  We shall consider both ferromagnetic (J > 0) and antiferromagnetic 
(J < 0) interactions.Let there be N,  single A-atoms per unit volume and 
NAA pairs of A-atoms. Assuming for a moment that the A and B-atoms are 
distributed ar random one has 

Ms = N c ( l  - -  c) v (1) 

where c is the atomic concentration of A, N is the number of lattice sites 
per unit volume and v is the coordination number of the lattice. The number 
of A A  pairs per unit volume, surrounded by  B-atoms only, is equal to 

NAA = ( l / 2 ) N v c 2 ( l  - -  c) 2v-v'-2 (2) 

Here, v' represents the number of nearest neighbours common to both 
atoms constituting the pair; for a f.c.c, lattice, for example, v' = 6. The 
fraction of A-atoms incorporated in clusters of three or more is presumably 
given by  

/ = (Nc - -  Ns  - -  2NAA) /Nc  ~ v c 2 ( 2 v  - -  v '  - -  2) (3) 

where the approximation involves the assumption c ~ 1. For a face- 
centered cubic lattice, / ~ 192c 2. It will be assumed that c is sufficiently 
small that only effects arising from single A-atoms and AA-pairs have 
to be taken into account. 
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F or  la ter  use it  will be convenient  to  in t roduce the following densities of 
single A-a toms  and  AA-pairs  corresponding to the various possible spin 
or ientat ions:  

spin configurat ion : A + A -  A +A + A - A -  A +A- A -A  + 
densi ty :  N ,  + Ns-  N~ + N~-  (I/2)Na (1/2)Na 

In  the  absence of an applied magnet ic  field stat ist ical  a rguments  give 

Ns + = N , -  = (1/2)Ns (4) 

(1/2)NAA 
N~ + = N p -  - -  where x = J / kT  (5) 

1 + e  - x  

NAA 
Na -- - -  (6) 

1 + e  z 

In  the presence of an applied field H, let the energy of a "plus" spin in the 
field be --fill,  and tha t  of a "minus"  spin +fil l;  fl is a Bohr  magneton.  
The discussion will be l imited to those cases for which flH ~ kT. In t roduc ing  
the  qua n t i t y  e = BH/kT one then  finds in the presence of H, to a first 
approx imat ion :  

N8 + = (1 /2 )Ns (1  + ~); Ns-  = (1/2)Ns(! -- o~) 

N ,  + =  (NAA/2) 

(7) 

1 + 2oc 1 - -  2~ 
; N p - :  (NAA/2) (8) 

1 + e - z  1 + e - z  

NAA 
Na = - -  (9) 

1 + e  z 

3. The elastic scattering cross section/or single A-atoms. For  the purpose 
of calculating the resist ivi ty resulting from the presence of the magnet ic  
a toms we shall assume tha t  the conduct ion electrons can be t rea ted  as free, 
with an effective mass m. The wave vec tor  of an electron at the Fermi  level 
before scat ter ing will be denoted  by  k0 and af ter  scat ter ing by  k. We shall 
in t roduce the vector  K = k --  k0~ Since we consider elastic scat ter ing only, 
Ik] = Ikol and also I K  I = 2k0 sin (0/2), where 0 is the scat ter ing angle. We 
shall assume tha t  the scat ter ing by  a single a tom located at R, results 
f rom a per turb ing  potent ia l  which can be separated into a spin- independent  
and a spin-dependent  par t :  

V d r )  = V a 6 ( r  - R d  + V a(r - -  (10) 

Here,  r gives the position of the conduct ion electron and crei = 4Se'S~ 
where Se and S, represent  the spin of the conduct ion electron and the ion 
at  Ri, respectively.  Thus  aa  = -+- 1 depending on the relat ive or ienta t ion 
of Se and S,. The quant i t ies  Va and V0 are constants  describing the spin- 
independent  and spin-dependent  coupling between the electron and the ion. 
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The delta-functions are introduced mainly because they are convenient for 
the discussion of the scattering by  pairs, as we shall see in the next section. 
They represent undoubtedly a strong simplification of the problem, but  it 
is believed that the main purpose of this paper is not impaired by  the use 
of these functions. Delta-function potentials have also been used by  de 
G e n n e s  and F r i e d e l  3) in their discussion of the resistivity of the rare- 
earth metals. 

In the Born approximation the differential cross-section for scattering 
by the single ion at R~ is given by  

q,(O) = 2~(m/2~hz)2 t /V, ( r )  d K'" drl 2. (11) 

Substitution of (10) into (11) yields 

q,(O) = 2.~(m/2z~h2) 2 (Va 2 + Vb z + 2VaVbaa).  (12) 

The transport cross section which determines the resistivity resulting from 
scattering by  the total of Ns  single A-atoms per unit volume is then equal 
to 

i=N,[" 
Qs =._~J_._q,(0)(1 - cos 0) sin 0 dO = 

N ,  

= 4u(m/2uh2)2[Ns(Va 2 + 3V~ 2) + 2VaVb Y, aa]. (13) 
4=1 

Making use of (4) and (7) one thus obtains fo r the  cross-section in the pre- 
sence of an applied magnetic field 

Qs±(H) = (mg"/Tch4)NsIVa 2 + 3Vb ~ ± 2 VaV~o~] (14) 

Here, the ± sign refers to the two possible orientations of the spin of the 
conduction electron. For H = 0, a = f lH /kT  = O. 

4. The elastic cross-section resulting ]rom A A-pairs.  Consider a pair of 
nearest-neighbour A-atoms located at R, and R 1. We shall introduce the 
vector p = Ri  - -  RI. In analogy with the scattering by  a single A-atom, 
we assume that the pair produces a perturbing potential 

Vii(r) = Va[b(r - -  R,) + b(r - -  Rj) 3 + 

+ Vb[aaS(r - -  Ri) + aejS(r - -  Rj)]. (15) 

Substitution into the Born approximation (ll)  yields for the differential 
cross section of the pair 

( m ~ 2 
q,j(O) = 2~ \ 2~h2 / [(Va + V~**) z + (Va + Vb~eJ) 2 + 

+ 2(Va + Vo~e,)(Va + Vo~) cos(K'p)]. (16) 

Since we are interested in the cross section averaged over all directions of 
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incidence, we shall replace cos(K.p) by  the value obtained by  averaging 
over all directions of K, 

sin Kp 
<cos (K'#)>K ----- - -  (17) 

Kp 

The t ransport  cross section corresponding to the pair under  consideration 
is given by  

Q~ =fq~j(O)(1 - cos 0) sin 0 d0, (18) 

For  brevi ty  we shall introduce the function 

F(kop) = ( l / 2 ) f  sin Kp (1 -- cos 0) sin 0 dO ---- 
Kp 

= (1/2 ko4p 4) [2kop sin (2kop) --  (2k02p 2 --  1 ),cos 2kop --  1 ] (19) 

where the last equal i ty  follows from the fact  tha t  K = 2ko sin(0/2). A 
summat ion  of the Qtt over all AA-pairs  thus  leads for elastic cross section 
per unit  volume resulting from pairs to the  expression 

Q~ = Z Qii = (2m2/~h4) [NAA(Va 2 '~ 3Vb 2) -~- 
pairs 

+ VaVb ~, (aa + ael) + F(kop) {NAAVa 2 "~ 
pairs 

+ VaVb X (act + ael) + Vb 2 X (o'aaej)}]. (20) 
pairs pairs 

Note tha t  the term containing F(kop) arises from interference of the waves 
scattered by each of the atoms const i tu t ing a pair. A term of this kind has 
not  been taken into account in earlier work on alloys. 

From (8) and (9) it follows tha t  

4Naa~ 

5. The concentration dependence o/ the resistivity o/ dilute non-magnetic 

Z (aei + (~el) = :t: 2(Np+ -- Nv_ ) = :t: (21) 
pairs 1 + e -x 

( 1 1 ) ( 2 2 )  
¢le~eej = Np+ + N v- -- Na = Naa 1 + e -x 1 + e z 

pairs 

where the upper sign in (21) refers to a conduction electron with a "p lus"  
spin, and the lower sign to one with a "min u s "  spin. Expression (22) holds 
for conduction electrons with both  spin directions. F rom the last three 
equations, one thus obtains for the t ranspor t  cross section resulting from 
AA-palrs in the presence of an applied field H 

Qv* (H) -~ (2m2/~h4)NAA IVa2 + 3V~ 2 + 
4VaVbo~ 

I--+ e-~ + 

+F(k°P) V a 2 ~  1 + e -z + Vb2 1 + e -z  1 + e z (23) 
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alloys. If there is no spin-dependent scattering, Vb = 0 in expressions (14) 
and (23). In terms of the model adopted here, this would correspond to a 
non-magnetic dilute alloy. The total elastic transport cross section obtained 
from (14) and (23) for this case is given by 

[ 2NAA F(koP) ~ (24) Qelastic ~ (Ncm2Va2/~h4) 1 + N---c-- 

where we have written N8 + 2NAA ~ Nc. According to (2), the coefficient 
of F(kop ) is proportional to c, so that (24) predicts an impurity resistivity 
consisting of two terms: one proportional to the concentration and another 
proportional to c 2. 
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Fig. 1. The function F(k o p) 
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The function F(kop ) is shown in Fig. 1. For a monovalent host metal of 
face-centered cubic structure, the free electron approximation leads to 
kop ~ 1.1~z, corresponding to F(k0p ) m --0.1. Since 2NAA/NC according to 
(2) is of the order of 10c for dilute alloys, the interference effects arrising 
from scattering by  pairs of impurity atoms amounts to relative deviations 
from linearity of the order of c. 

6. Temperature dependence o/ the resistivity o/ dilute magnetic alloys. In 
the absence of a magnetic field, the total elastic cross section per unit 
volume is obtained from (14) and (23) by putting ~ -= 0. This leads to 

Qelas t ic  : (m2/7c?'~4) [Nc(Va 2 -~ 3 V b  2) + 

+ 2NAAF(koP ) {V~ 2 + V~ 2/(]/kT)}] (25) 
where 1 1 

/(J/kT) =/(x) - -  
1 + e - z  1 + e z 
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and where we have  assumed Ns + 2NAA --~ NC. Expression (25) holds for 
bo th  spin directions of the conduct ion  electrons, and corresponds to a 
t empera tu re -dependen t  impur i ty  resist ivity.  The func t ion / (x)  is represented  
in Fig. 2. W he the r  the resist ivi ty increases or decreases with increasing 
t empera tu re  depends on the sign of F(kop) as well as on the sign of J .  In  

f[x} 

. . . .  I . . . .  I . . . .  I , , 
I.O Z.O 3.0 

I 

Fig. 2. The function /(x) where x = J/kT in the text 

fact,  the possible t empera tu re  dependence of the elastic cross-section m ay  
be summarized as follows: 

dQ/dT > 0 for { F(koP) > 0 and J < 0 (antiferromagnetic)  
F(kop ) < 0 and J > 0 (ferromagnetic) 

dQ/dT < 0 for l F(k°P) > 0 and J > 0 (ferromagnetic) 

t F(kop ) < 0 and J < 0 (antiferromagnetic)  

The total  impur i ty  resist ivi ty is of course de te rmined  by  the elastic as well 
as the inelastic cross sections. In the present  model inelastic collisions would 
occur  between conduct ion electrons and AA-pairs  in which the spin of the 
conduct ion  electron and the spin of one of the A-a toms were reversed. 
Thus,  the following types of inelastic collisions would occur for a conduct ion 
electron with plus spin: 

e + + A - A -  ---> e- + ,4 +A- 
e + + A-A + ---> e- + A +.4 + 

In the first case, the electron would loose an amount  of energy J ;  in the 
second case it would gain J .  Conduct ion electrons with a minus spin would 
suffer similar inelastic collisions. In this model, as in m a n y  others in which 
the scat ter ing centers have two or more possible energy levels, the cross 
section for inelastic scat ter ing decreases with decreasing tempera ture ,  
becoming zero at T = 0. The reason is tha t  the probabi l i ty  for scat ter ing 
is propor t ional  to the probabi l i ty  for the final s ta te  to be unoccupied and 
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to the probability of finding the scattering center in the proper initial state. 
At low temperatures, absorption processes become unlikely because there 
are few scattering centers in an excited state; emission processes become 
unlikely because the final electron states are nearly all occupied. For the 
present model the temperature dependence of the inelastic scattering cross 
section would be given by an expression of the form 

Qabs + (I/2)Qem 
Qine l a s t i e  ~ NAA (H = 0) (26) 

(l + e-X)(l + e x) 

where x = J /kT ,  and Qabs and Qem are a measure of the cross section for 
absorption and emission processes. For 7"----0, this expression becomes 
zero. Similar arguments have been used in previous work to explain the 
drop of the resistivity with decreasing temperature observed in some 
dilute magnetic alloys. However, some dilute magnetic alloys exhibit a 
maximum and subsequent minimum in the resistivity versus temperature 
curve. It is suggested that the present model, which provides the possibility 
of a negative temperature coefficient for the elastic cross section, might 
explain these observations, as well as the negative temperature coefficient of 
the resistivity of certain alloys observed at high temperatures. 

It should be emphasized that in the model employed here, J is independent 
of the concentration of the alloy. In a model which relies on the molecular 
field treatment, the effective field acting at the position of a particular 
atom does depend on concentration. In principle, the effects discussed here 
are not limited to the low-temperature region; depending on the magnitude 
of J, they might occur at high temperatures as well. 

7. In/luence o~ a magnetic field on the resistivity. From equations (14) 
and (23), and from an extens{on of equation (26) for the case of a non- 
vanishing magnetic field it follows that the total scattering cross-sections 
for electrons with plus and minus spin can be written in the general form 

Qe+ = Q0 + yH 
Qe- = Qo - yH 

where for a given temperature and concentration both Q0 and y are constants. 
Since the conductivities of the two kinds of conduction electrons are additive, 
this leads to a reduction of the impurity resistivity upon application of a 
magnetic field. 
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