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A microscopic theory is developed for the laser gain due to stimulated intersubband electronic Raman
scattering pumped by CO2 laser in modulation-doped GaAs/AlGaAs asymmetric coupled double
quantum wells (ACDQWs). Based on the charge-density-excitation (CDE) mechanism, the formula for
electronic Raman scattering cross-section is given, taking into account the coupling between
intersubband plasmon and optical phonons including GaAs confined LO phonons and interface phonons.
Stimulated Raman gain factor is then derived from the cross-section. The optimization of Raman gain,
the gain saturation and threshold condition are also discussed. Numerical analysis for temporal variation
of stimulated Stokes photon density, subband populations and output Raman laser power is carried out by
using the self-consistent conventional rate equations. The theory can predict the presence or lack of
coupled modes in lasing in agreement with the recent experimental results.
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1. Introduction

Finding the new sources for mid- and far-infrared semi-
conductor lasers (wavelength 1–20 mm) has attracted much
attention of researchers because of increasing requirements
for trace gas analysis, remote chemical sensing, laser radar
and wide-band communications etc. As the most attractive
source, development of electrically pumped unipolar semi-
conductor quantum cascade (QC) laser has proved its
importance in physics and device applications.1,2) However,
in optimizing the population inversion and electron transport
in cascading through the active regions, it must rely on the
complicated design of the state-of-the-art epitaxy method. In
adddition, the presence of doped injectors and contact layers
makes long-wavelength radiation difficult to achieve be-
cause free-carrier absorption-losses dramatically increase
above 11 mm.3) Therefore, the second development of the
alternate type of unipolar laser based on conduction-
intersubband transitions, the so-called quantum fountain
(QF) laser, was realized in GaAs/AlGaAs coupled quantum
wells.4,5) Unlike the QC lasers, QF lasers use the optical
pumping by CO2 laser. Population inversion between the
upper and lower laser levels is achieved by the fast electron
relaxation from the lower laser level into the ground subband
level mediated by LO phonon scattering. With no current
flow and not necessary of doped cladding layers and metal
contacts, there are low internal losses at long wavelengths
due to free carrier absorption. QF lasers were then expected
to have better performance in output power than QC lasers at
longer wavelengths above 10 mm. However, there is a
difficulty in gain optimization by independent control of
the quantum well and barrier widths, because it requires both
the large stimulated emission cross-section and population
inversion between the subbands.6)

More recently, making use of the stimulated Raman
effect, unipolar three-level conduction-intersubband Raman
laser (IRL) pumped by CO2 laser has been proposed6) and

also been realized experimentally7,8) for mid-infrared radi-
ation (10–15 mm) in modulation-doped GaAs/AlGaAs
asymmetric coupled double quantum wells (ACDQWs)
system. In contrast to QF laser, the use of Raman process
in IRL has the advantage of providing independent control
for emission cross-section and effective lasing life-time to
get the optimal Raman gain. In the early stage of the
development of IRLs, only one kind of AlAs-like optical
phonon mode was observed in the Stokes Raman process in
the ACDQWs structure that was used,7) and from the
analysis of electron–phonon coupling matrix element this is
expected to be a AlAs-like interface (IF) mode coming from
the barriers of the ACDQWs structure.8) Interestingly, later
experiments with use of several ACDQWs samples have
revealed a new picture of the coupled-mode behavior in
Raman lasing between the bulk phonons and the intersub-
band plasmon, and by using a simple phenomenological
coupled mode solution these phonons are assumed to be the
GaAs and AlGaAs-like bulk LO phonons.9) However, the
reasons for the selective presence or lack of coupled modes
containing also coupling with IF phonon modes observed in
lasing processes in all the above experiments have not been
explained yet. Moreover, the microscopic origin of these
coupled modes and their role of importance have not been
fully understood. In a theoretical treatment of IRL, Khurgin
et al. in ref. 6 derived the Raman gain from the third-order
nonlinear susceptibility tensor �ð3Þ deduced from the
coupling of the electromagnetic waves,10) and pointed out
the advantages of use of the Raman effect in lasing
compared to QF lasers. However, their approach can not
be readily applied to the present ACDQWs-based IRL
devices, because the lasing in IRL is mediated by the
coupled electron–phonon modes, not by the pure phonon
modes with known frequencies. In particular, their nonlinear
susceptibility tensor cannot reveal the microscopic origins of
these coupled modes in lasing process, and will not be able
to predict the lasing Stokes frequencies found in the
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experiments.7–9) Therefore it still remains to develop a
microscopic theory of intersubband Raman lasing process in
the presence of coupled electron–phonon modes under the
presence of intense optical pumping laser and Stokes fields.

In the present paper we give a theory of optically pumped
unipolar intersubband Raman laser realized in modulation-
doped GaAs/AlGaAs ACDQWs. We explore a new theo-
retical approach for the derivation of Raman gain in
ACDQWs based on the stimulated electronic Raman
scattering due to charge-density-excitation (CDE) mecha-
nism. The theory can predict the lasing frequencies shifted
from CO2 pumping frequencies by the amount of the
frequency of one of the coupled intersubband plasmon–
phonon modes in which both the confined LO phonons and
IF optical phonons are considered for coupling with
intersubband plasmon. This is well consistent with the
experimental results.9) In addition, we find that the electron–
optical phonon coupling strengths are determined by the
electrostatic potential profiles of phonon modes, and these in
turns strongly depend on the structural parameters of
ACDQWs. These coupling strengths determine the frequen-
cies and relative magnitude of intensities of the coupled
modes observed in stimulated Raman scattering.

The content of this paper is as follows. In §2, we discuss
the electron–phonon interaction in ACDQWs. Two kinds of
optical phonons: confined LO phonons and the interface (IF)
optical phonons, can couple with the electrons in ACDQWs.
We first explore the dispersion relation and electrostatic
potential of each phonon, and then electron–phonon inter-
action Hamiltonian is given. Section 3 is devoted to the
derivation of Raman scattering cross-section due to the
charge-density-excitation in conduction subbands, taking
into account the many-body electron–electron and electron–
optical phonon interactions. The density–density correlation
function that appears in the cross-section is then related to
the electron Green’s function within the random phase
approximation (RPA) framework.11) We find the coupled
intersubband plasmon–phonon collective excitation from the
Dyson equation of the dynamical response function � and
give the final form of spectral differential scattering cross-
section in ACDQWs. The stimulated Raman gain factor is
derived from the scattering cross-section and the self-
consistent rate equations for the population dynamics in
subbands are developed. The way for optimization of Raman
gain is then given. The saturated gain at high-intensity
pumping levels and the threshold gain is also derived. We
adopt our theory in §4 to analyze the GaAs/AlGaAs
ACDQWs structures, and the calculated results are discussed
in comparison with the recent experimental results. Finally,
concluding remarks are given in §5.

2. Electron–Optical Phonon Interactions in ACDQWs

The ACDQWs structure consists of periodic multiple
quantum wells (MQW) with each period containing two
coupled wells (widths w1 and w2), a very thin central barrier
(width b2) and the two wider outside barriers (widths b1=2)
which are n-type modulation-doped at their centers, as
displayed schematically in Fig. 1. The well and barrier
layers are made by the binary (GaAs) and ternary
(AlxGa1�xAs) mixed materials, respectively. Each well is
populated by two dimensional electron gas (2DEG), and

consequently the band bending and self-consistent electronic
subband structures are formed in ACDQWs. These 2D
electrons are coupled with the optical phonon modes of
ACDQWs.

The two kinds of optical phonons, confined LO phonon
and interface (IF) phonon, are to be considered for the
electron–phonon interactions in ACDQWs. The dielectric
functions of binary and ternary mixed materials making the
wells and barrier layers in ACDQWs, respectively, can be
described as

"wð!Þ ¼ "1w

ð!2 � !2
LwÞ

ð!2 � !2
TwÞ

;

and

"bð!Þ ¼ "1b

ð!2 � !2
Lb1Þð!2 � !2

Lb2Þ
ð!2 � !2

Tb1Þð!2 � !2
Tb2Þ

; ð1Þ

where the suffix w (b) corresponds to well (barrier) and
suffix 1(2) denotes two kinds of LO phonons in ternary
mixed material, e.g. GaAs-like and AlGaAs-like phonons in
AlxGa1�xAs layer, and "1 is the high frequency dielectric
constant in each layer. Following the dielectric continuum
approach,12–15) the basic electrostatic equation that the
phonon modes satisfy in each layer is

"ið!Þ
@2

@z2
� q2

� �
�phðq; zÞ ¼ 0; ð2Þ

where suffix i = w (b), �phðq; zÞ is two-dimensional (2D)
Fourier transform of scalar potential of each phonon mode in
the q–z plane, k being the magnitude of 2D wave vector
q ¼ ðqx; qyÞ. Taking the boundary conditions that �phðq; zÞ
and "ið@�ph=@zÞ are continuous across the interfaces, the
phonon frequencies and dispersion relations can be deter-
mined by eq. (2). The condition of "ið!Þ ¼ 0 yields the
dispersionless confined LO phonon modes with the same
frequency as that of bulk LO phonon. We have derived the
normalized electrostatic coupling-potential energy defined
by �phðq; zÞ ¼ e�phðq; zÞ with electronic charge e. Therefore
for the confined-LO phonon modes we have

+ +
+ +
+ +
+ +

one period

b
1

b
2

w
1

w
2

b
1

+ +
+ +
+ +
+ +

Fig. 1. Schematic view of a modulation-doped ACDQWs structure.
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ð3Þ

where A is the in-plane area, j ¼ 1, 2 corresponds to well 1
or 2 and the quantum number m takes the positive integer
values.

For the case of "ið!Þ 6¼ 0, solutions of eq. (2) using the
boundary conditions give the frequencies and dispersion
relations of IF modes in ACDQWs. The electrostatic
potential energy �iðrÞ of IF phonons in each layer of
ACDQWs is given by its 2D Fourier transform �phðq; zÞ as

�ðrÞ ¼
X
q;l

eiq�r�ph
l ðq; zÞ: ð4Þ

where r ¼ f�; zg, � ¼ fx; yg and the suffix l counts all IF
modes found in ACDQWs.

We apply the effective transfer matrix method16) to
determine the dispersion relations and electrostatic poten-
tials of IF modes, and found 12 IF modes in total in our
ACDQWs since there are 4 interfaces in each period. The
calculated dispersion relations and electrostatic potentials of
6 IF modes out of 12, for small 2D wave vectors involved in
the Raman scattering will be shown in §3. There are
symmetric and antisymmetric modes for each group of IF
phonon modes, i.e., AlAs-like, GaAs and GaAs-like modes.

Then the quantum mechanical Hamiltonian of single
electron–optical phonon interaction can be described in
terms of the potential energies of each phonon mode in the
form of

He{ph ¼
X
q;�

eiq�p�ph
� ðq; zÞðbþ�q;� þ bq;�Þ; ð5Þ

where � ¼ fm; lg. The functional forms of �ph
� ðq; zÞ are given

by eqs. (3) and (4) for confined LO phonon and IF phonon,
respectively, and b; bþ are the destruction and creation
operators for each phonon mode.

3. Microscopic Theory for Stimulated Raman Lasing in
ACDQWs

In practical IRL devices, the side pumping and laser
emission along the direction of facets in ACDQWs has been

utilized in experiments9) as depicted in Fig. 2(a). With
optical pumping by an intense laser field from an initial
subband state ~nn to a virtual state n close to a real subband
state, stimulated Stokes lasing occurs between that virtual
state and the final subband state ~nn0 in ACDQWs as illustrated
in Fig. 2(b). In order to develop a microscopic theory for the
stimulated Raman lasing process, we consider the 2DEG
with electron–electron and electron–phonon interactions in
the total Hamiltonian of

H ¼ He þ He{e þ Hph þ He{ph: ð6Þ

Each term represents as

He ¼
X
kn

EnðkÞCþ
k;nCk;n;

He{e ¼
1

2

X
kpq

X
nn0 ~nn ~nn0

VCoul
q Cþ

kþq; ~nn0C
þ
p�q;n0Cp;nCk; ~nn

�
Z

dz

Z
dz0� ~nn0 ðz0Þ�n0 ðzÞ�nðzÞ� ~nnðz0Þe�qjz�z0j;

Hph ¼
X
q;�

1

2
ðPþ

q;�Pq;� þ !2
q;�Q

þ
q;�Qq;�Þ;

He{ph ¼
X
pq

X
nn0

X
�

Cþ
pþq;n0Cp;nðbþ�q;� þ bq;�Þ

�
Z

dz�n0 ðzÞ�nðzÞ�ph
� ðq; zÞ;

where EnðkÞ ¼ En þ h�
2k2=2m� and �nðzÞ are the subband

energy and corresponding envelope functions, and C;Cþ are
the electron creation and destruction operators. The vectors
k, p, q denote 2D in-plane wave vectors, nn0 ~nn ~nn0 are subband
indices. Pq;� and Qq;� are the canonical momentum and
coordinates of the phonon’s normal modes. VCoul

q ¼
ð2�e2=Aq"1Þ is the Fourier components of 2D electron–
electron Coulomb interaction. We do not show explicitly the
spin indices in the above Hamiltonians because the spin
states are not changed in the CDE Raman scattering process.
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Fig. 2. (a) Geometry of pump and Stokes laser emission in ACDQWs based-IRL. The dashed region indicates the multiple quantum wells (MQW).

(b) Schematic diagram of Raman scattering process through intersubband transitions.
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3.1 Derivation of intersubband Raman scattering cross-
section

In the second quantized formalism radiation states are
quantized through use of the vector potential A and the
electron–radiation field interaction Hamiltonian is written as

He{rad ¼
Z

dr�þðrÞ
e

m�c

� �
p � AðrÞ�ðrÞ; ð7Þ

where the electron field operators are �ðrÞ ¼
P

k;n Ck;njn; ki,
and the state jn;ki consists of subband envelope function
Fn;kðrÞ ¼ ðLxLyÞ1=2eik���nðzÞ and the conduction band lattice
periodic function UcðrÞ. For a two-photon Raman scattering
process as shown in Fig. 2(b), transition probability W from
the many-body initial state I to the final state F can be
described by the second-order matrix element T using the
Fermi-golden rule

WFI ¼ ð2�=h� Þ
X
F

jTj2	ðEF � EIÞ; ð8Þ

where the transition matrix element T has been derived in
terms of the Raman tensor R for intersubband transitions as

T ¼
2�h�e2n

1=2
i

m�Vð!S!iÞ1=2
X
~nn ~nn0

X
k

Rkð ~nn0; ~nnÞhFjCþ
kþq; ~nn0Ck; ~nnjIi: ð9Þ

Here ni is the density of incident photons and R is defined by

Rkð ~nn0; ~nnÞ �
1

m�

X
n

�
h ~nn0; kjêeS � pjn; kihn; kjêei � pj ~nn; ki

E ~nnðkþ qÞ þ h�!i � EnðkÞ

þ
h ~nn0; kjêei � pjn; kihn; kjêeS � pj ~nn; ki

E ~nnðkþ qÞ � h�!S � EnðkÞ

�
:

ð10Þ

Assuming the small wave vector transfer between incident
and scattered light as q � k; k0;Rk becomes independent of
k since k � k0. Therefore we will write Rk ¼ R in later
expressions. The spectral differential scattering cross-section
due to intersubband electronic charge-density-excitation is
then obtained in the form of

d2


d!d�
¼

r20
2�

!S

!i

� �X
n ~nn0

X
nn0

R�ð ~nn0; ~nnÞRðn; n0Þ

�
Z1

�1

dte�i!th� ~nn ~nn0 ðq; tÞ�þnn0 ðq; 0Þi;
ð11Þ

where r0 ¼ e2=ðm�c2Þ is the classical radius of an electron
having effective mass m�. Therefore cross-section is related
to the density–density correlation function defined by the
charge-density excitation operator in the subbands as
�þnn0 ðq; tÞ ¼

P
k C

þ
n;kþqðtÞCn0 ;kðtÞ. In order to derive the

correlation function, we define the Green’s functions of
electron–phonon coupled system in ACDQWs as follows:

Ge{eðq; tÞ ¼ �i
�ðtÞ
h�

h½� ~nn ~nn0 ðq; tÞ; �þnn0 ðq; 0Þ�i; ð12aÞ

D�{eðq; tÞ ¼ �i
�ðtÞ
h�

h½Qq;�ðtÞ; �nn0 ðq; 0Þ�i: ð12bÞ

Finding the time-evolution of the Green’s function Ge{e in
the total Hamiltonian given by eq. (6), we have derived the
integral form of Dyson’s equation for the dynamical
response function � of the electron–phonon coupled sys-
tem.17) Finally, the resulting matrix form of response
function � is obtained as

$
�ðq; !Þ ¼ f$1�$

Veffðq; !Þ$� 0ð!Þg�1�0ð!Þ; ð13Þ

where the explicit form of ( ~nn0n0; n ~nn) component of
$
Veffðq; !Þ

is given by

V
eff
~nn0n0;n ~nnðq; !Þ ¼

Z
dz1

Z
dz2� ~nn0 ðz1Þ�n0 ðz1Þ

�

(
VCoul
q e�qjz1�z2j

þ
X
�

2h�!q;�

h�
2ð!2 � !2

q;�Þ
�ph�

� ðq; z1Þ�ph
� ðq; z2Þ

)

� �nðz2Þ� ~nnðz2Þ: ð14Þ

Here V
eff
~nn0n0;n ~nnðq; !Þ is the effective particle–particle interac-

tion in electron–phonon coupled system. When we limit the
lowest order intersubband transition (ground subband to the
first excited subband), i.e., ð ~nn0n0; n ~nnÞ ¼ ð12; 21Þ � ð1; 1Þ,
eq. (13) can be solved approximately

�11ðq; !Þ ¼
�0ð!Þ

1� V
eff
11 ðq; !Þ�0ð!Þ

; ð15Þ

in which

V
eff
11 ðq; !Þ ¼ VCoul

11 þ V
e{ph
11 : ð16Þ

In the above equation, we have defined the strength of
Coulomb interaction as

VCoul
11 ¼

4�e2

"1
L11; ð17Þ

with

L11 ¼
Z Zz

0

dz1�1ðzÞ�2ðz1Þ

2
4

3
5 Zz

0

dz1�2ðzÞ�1ðz1Þ

2
4

3
5dz; ð18Þ

L11 being the matrix element of Coulomb interaction in
dimension of the length, and

V
e{ph
11 ¼

X
�

2h�!q;�

h�
2ð!2 � !2

q;vÞ

Z
dz1

Z
dz2�1ðz1Þ�2ðz1Þ

� �ph�

� ðq; z1Þ�ph
� ðq; z2Þ�2ðz2Þ�1ðz2Þ:

ð19Þ

Therefore relating the charge density–density correlation
function with the imaginary part of dynamical response
function �, spectral differential scattering cross-section of
eq. (11) can then be expressed as

d2


d!d�
¼ �

r20h�

�

!S

!i

� �
R�ð1; 2ÞRð1; 2Þ

� ½nð!Þ þ 1� Im�11ðq; !Þ:
ð20Þ

where nð!Þ is the Bose–Einstein thermal distribution factor
for photons. Equation (20) is the desired form for the light
scattering cross-section due to coupled intersubband plas-
mon–phonon collective excitations in ACDQWs, which is of
great importance in determining the stimulated Raman gain
factor that will be considered in the following.

3.2 Stimulated Raman gain factor and self-consistent rate
equations

The transition probability WFI in eq. (8) is for the
spontaneous Raman scattering process in which WFI is
proportional to the density of incident laser photons ni.
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However, if we consider the stimulated Raman process, this
will be proportional to ni (ns þ 1), where ns is the density of
scattered Stokes photons. Therefore we can derive the
stimulated Raman gain factor GR from the spontaneous
scattering cross-section following Bloembergen and Shen.18)

Since the change of Stokes photons NSt, in one mode per unit
length of propagation can then be described as

dNSt

dz
¼	 ðGR � 
SÞNSt; ð21Þ

where

GR ¼
4�3c2

!i!S"S
ðN1 � N2Þ

d2


dðh�!Þd�

� �
Ipump; ð22Þ

with the pump intensity Ipump ¼ nih�!ic=V�i Here V is the
active volume of Raman scattering, �i the refractive index at
the incident laser frequency, N1 and N2 the electron
populations in subbands 1 and 2, and 
s the absorption
cross-section at the scattered frequency.

Equation (22) implies that IRL does not operate in the
inverted population scheme. For the time dependent pop-
ulations of subband 1 and 2, and number of Stokes photons,
self-consistent rate equations have been derived as

dN1

dt
¼ �K 0 d2


d!Sd�
ðN1 � N2ÞniNSt þ

N2

�12
�

N1

�eff1

; ð23aÞ

dN2

dt
¼ K 0 d2


d!Sd�
ðN1 � N2ÞniNSt þ

N1

�21
�

N2

�eff2

; ð23bÞ

dNSt

dt
¼ K 00 d2


d!Sd�
ðN1 � N2ÞIpumpNSt �

NSt

�c
; ð23cÞ

where K 0 ¼ ð8�3c4=!2
S�

3
SÞ and K 00 ¼ ð4�3c3=!2

Sh�!i�
3
SÞ. In

eqs. (23a)–(23c), the relaxation times of electrons between
the subbands are denoted as �12 (from 2 to 1), �21 (from 1 to
2), �eff1 (effective relaxation time out of 1), �eff2 (effective
relaxation time out of 2) and �c (cavity life-time of Stokes
photon).

3.3 Optimization of Raman gain, saturated and threshold
gain

With introducing the detuning factor 	 in the Raman
process such that E3 � E1 þ i� ¼ h�!i þ 	, and considering
the incoming resonance the Raman tensor in eq. (10) can be
simplified as

R ¼ �m�ð!23!31Z32Z31Þ
1

�	þ i�

� �
; ð24Þ

where !23 (!31) is the transition frequency, Z32 ¼
R
dz�3ðzÞ

z�2ðzÞ or (Z31) is the dipole matrix element and � is the
linewidth of intersubband transition. Then the expression for
GR in eq. (22) can be rewritten as

GR ¼ C1Z
2
32Z

2
31

h��

ð	2 þ � 2Þ

� �
IpumpðN1 � N2Þ; ð25Þ

with constant C1 defined by

C1 ¼ �
4�3c2

!2
Sh�!i�2S�

r20
�

� �
!S

!i

� �
ðm�!32!31Þ2

� ½1þ nð!Þ� Im�11ðq; !Þ:
ð26Þ

In addition to the stimulated Raman process, we must take
into account the liner absorption of subband 1 for the pump

laser field via the 1 ! 3 and 3 ! 2 transitions, as


12 ¼ C2Z
2
32Z

2
31

� 4��2
ð	2 þ � 2Þ2

� �
IpumpN1; ð27Þ

where ��2 ¼ �2�3=�32 is the effective lifetime of subband 2,
and constant C2 is defined by

C2 ¼
4�
0

�i

� �2h�!S

� 2
; ð28Þ

where 
0 is the fine structure constant. Therefore the net
Raman Gain is given, assuming N1 
 N2, by

Gnet
R ¼ IpumpZ

2
32Z

2
31

C1h��

ð	2 þ � 2Þ
�

C2�
4��2

ð	2 þ � 2Þ2

� �
N1: ð29Þ

This equation suggests that we can optimize the Raman gain
by adjusting 	 for a given value of � . The optimal detuning
factor 	opt has been derived as

	opt ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
C1

C2

��2
1

h�

� �
� 1

s
: ð30Þ

This form is similar to the one obtained in ref. 6, but our
derivation for 	opt contains an additional important factor
(C1=C2) in the square root term. By using eq. (30) the
optimal Raman gain is now given by

G
net,opt
R ¼ IpumpZ

2
32Z

2
31

C1h��

ð	2opt þ � 2Þ
�

C2�
4��2

ð	2opt þ � 2Þ2

" #
N1 ð31Þ

From the spatial growth rate of Stokes laser photons as
given by eq. (21), we can now determine the threshold
Raman gain for one round trip in the laser cavity having
length Lc, reflectivity R1 and R2 in the two facets, as

Gth
R ¼

1

2Lc
ln

1

R1R2

� �
þ 
S: ð32Þ

Therefore the threshold pump intensity Ith can also be
determined by equating eqs. (31) and (32).

At high-intensity pumping levels, population of subband 2
(N2) will significantly increase, and thus we can no longer
take N1 
 N2 in arriving at eq. (29). If we take account of
this fact, it will give rise to the reduction of the Raman gain
in eq. (31). The saturated Raman gain Gsat can then be
derived as19)

Gsat ¼
G

net,opt
R

1þ
Ipump

Isat

� � ; ð33Þ

where the saturated intensity Isat possessed by the gain
medium is

Isat ¼
h�!i

2
��2
; ð34Þ

with the absorption cross-section 
 ¼ 
12=N1.

4. Numerical Calculations and Discussion

We considered GaAs/Al0:35Ga0:65As ACDQWs samples
with different structural parameters. For optical resonant
pumping by tunable CO2 laser (wavelength 9.6–10.6 mm)
from subband 1 to a virtual state close to subband 3 and
Stokes scattering from that state to subband 2, appropriate
subband structures must be used. We have carried out the
self-consistent subband structure calculations with varying
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well widths. In these calculations, we take the well widths of
ACDQWs such that w1 ¼ 70{80 �A, w2 ¼ 45{60 �A, and b1
and b2 are fixed at 200 and 11.3 �A, respectively, at doping
concentration NDOP ¼ 2:14� 1017 cm�3. In Fig. 3 the self-
consistent conduction band profile and the electron wave
functions of three subbands are shown for a structural
parameters; w1 ¼ 75 �A, w2 ¼ 60 �A, 2D sheet density Ns ¼
3� 1011 cm�2 at T ¼ 80K. As shown in the figure subband
level separation E3 � E1 is to be adjusted for CO2 laser
pumping and the separation E2 � E1 is designed to be close
to one of the optical phonon-mode frequencies in ACDQWs.

We have calculated the spectral differential scattering
cross-section by using eq. (20). Raman tensor R can be
estimated numerically by eq. (10) using the calculated
subband energies and wave functions. In the calculation of
imaginary part of �, an important part is played by the
effective interaction V

eff
11 of electron–phonon coupled sys-

tem, including the electron–electron Coulomb interaction
and electron–optical phonons (confined LO and IF phonons)
interaction as described by eq. (14). While assuming the
confined LO phonon to be dispersionless, the frequencies of
IF phonon depend on the 2D in-plane wave vector q. In
Fig. 4 we plot the dispersion relations of IF phonon modes in
a sample ACDQWs with w1 ¼ 75 �A, w2 ¼ 60 �A. In the
figure we can notice that for small wave vector transfer
involved in Raman scattering process, only 6 IF phonon
modes would be observed. As indicated in Fig. 5(a), we
calculated the normalized electrostatic potentials of IF
phonon modes in a ACDQWs sample with given structural
parameters by assuming qb1 	 0:016. The appearing 6 IF
phonon modes (symmetric and antisymmetric) are named as
AlAs-like 1 and 2, GaAs 1 and 2, and GaAs-like 1 and 2. For
other two samples with (b) w1 ¼ 76 �A, w2 ¼ 53 �A and (c)
w1 ¼ 78 �A, w2 ¼ 50 �A are shown in Figs. 5(b) and 5(c). We
find that the electrostatic potentials depend strongly on the
structural parameters of ACDQWs, and these will in turn
lead to the different coupling strengths of electron–phonon
interaction.

We will demonstrate the importance of electron–phonon
coupling strength in determining the scattering cross-section.

To show it, we first calculate the scattering cross-section for
a sample ACDQWs with the same structural parameters as
those in Fig. 4, but assuming that all the electron–phonon
coupling strengths are the same as that for the confined LO
phonon. Figure 6 shows the calculated spectral differential
scattering cross-section versus Raman shift. We can see the
coupling behavior of optical phonon modes (confined LO
phonon and IF phonons) with electrons, showing the clear
peaks shifted around the corresponding frequencies. The
largest peak near 25meV comes from the lower branch of
coupled intersubband plasmon–GaAs confined LO phonon
mode (I�), and also the upper branch mode (Iþ) and other
modes coupled with IF phonons can be seen clearly.

Next, by using the actual electrostatic potentials for all
phonon modes and the electron wave functions in the
electron–phonon effective interaction V

e{ph
11 , the spectral

differential scattering cross-sections were calculated as
shown in Fig. 7(a). In comparison with Fig. 6, the spectrum
exhibits completely different feature in which the two peaks
(I� and Iþ) corresponding to the coupled intersubband
plasmon–GaAs confined LO phonon modes dominate the
spectra while other peaks due to IF modes diminish
dramatically. This suggests the importance of the relative
coupling-strengths among these modes, which affects
strongly the effective interaction and results in the relative
strength of Raman scattering cross-section. To demonstrate
more clearly, in Figs. 7(b) and 7(c) we show the calculated
cross-sections for other two ACDQWs samples correspond-
ing to two samples in Figs. 5(b) and 5(c).

In Fig. 7(a) the subband separation E2 � E1 is chosen to
be much less than energy of GaAs confined LO phonon
(	36:25meV) so that coupling between intersubband plas-
mon and this confined mode is dominant, and furthermore I�

peak is stronger than that of Iþ. In Fig. 7(b) the value of
E2 � E1 is selected between the energy of GaAs confined
LO phonon and AlAs-like 2 IF phonon (	44:8meV), and
the coupling with GaAs confined LO phonon is still
domonant, but intensity of Iþ peak becomes stronger than
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that of I� peak. It is interesting to compare the related
intensity of Iþ and I� peaks in Figs. 7(a) and 7(b). We can
see that the peak intensity of Iþ in Fig. 7(a) and I� in
Fig. 7(b) are reduced very much compared with those of I�

and Iþ peaks in Fig. 7(a) and in Fig. 7(b), respectively. This
indicates a characteristic feature of the ionic screening effect
on the coupled modes strengths for the CDE scattering
mechanism which was pointed out in our earlier study on the
light scattering in single heterojunctions.20) In Fig. 7(c)
when E2 � E1 is closer to the energy of AlAs-like 1 IF
phonon mode (	47:28meV), coupling with this IF mode is
dominant and it leads to the largest scattering cross-section
near this IF mode energy.

Now we will discuss the lasing action in IRL by using rate
eqs. (23a)–(23c). In Figs. 8(a) and 8(b) we show one typical
result of temporal evolution of Stokes photons for I� and Iþ

modes and of population in subband 1 and 2 corresponding

to lasing Iþ mode for the ACDQWs with E2 � E1 ¼
36:92meV [Fig. 7(b)]. The values of cross-sections, sub-
band-electron relaxation times for the electron-optical and
acoustic phonon scattering, cavity life-time of photon and
the pumping intensity are listed in Table I. Figure 8(a)
shows that stimulated Stokes photon density related to Iþ

mode extremely increased up to 1022 m�3 while that of I�

mode increased 106 within 200 ps. Therefore, we can expect
the presence of Iþ mode in lasing. From Fig. 8(b) it is
evident that IRL operates in noninverted population scheme.
Assuming an appropriate wave guiding structure for IRL,21)

we have also predicted the temporal pulse profile of output
power as depicted in Fig. 9. Taking the geometry of side-
pumping with perpendicular polarization to the layer plane
of ACDQWs as in Fig. 2(a), we can predict the transverse
magnetic TM lasing-mode in agreement with the experi-
ment.

We have also calculated the temporal variations of Stokes
photons and subband populations for other two ACDQWs
samples by applying eqs. (23a)–(23c). From these we can
conclude that in the IRL only these coupled modes will
induce the stimulated Stokes scattering, and then the lasing
Stokes frequency is shifted from the pump frequency by the
amount of one of these coupled modes frequencies. There-
fore the selective occurrence of these coupled modes in
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Table I. Numerical values used in the rate equations.

Parameter Unit Value

Spectral differential d2


d!d�
(cm2 sr�1 s)

0:181� 10�34 (I�)

scattering cross-section 0:496� 10�34 (Iþ)

2 to 1 relaxation time �12 (s) 0:2265� 10�12

1 to 2 relaxation time �21 (s) 0:1011� 10�10

Photon cavity life-time �c (s) 9:576� 10�11

Effective relaxation time

of subband 1
�eff1 (s) 0:9029� 10�12

Effective relaxation time

of subband 2
�eff2 (s) 0:223� 10�12

Pumping laser intensity Ipump (kWcm�2) 250
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lasing is governed by the electron–phonon coupling
strengths which are predominantly determined by the
subband separation (E2 � E1) and the energies of confined
LO and 6 IF phonon modes. These results are well consistent
with the experiments9) where the presence or lack of lasing
related to the Raman Stokes shifts in some frequency ranges
was found when several ACDQWs samples with different
subband energy separations E2 � E1 were used.

Finally, Fig. 10 shows the plot of calculated optimal
Raman gain versus pump intensity. The calculated optimal
detuning is 	opt ¼ 7:04meV and threshold intensity is Ith ¼
204 kWcm�2. The solid line shows the linear increase of
gain with increasing pump intensity. However, taking into
account the population N2 the gain does not increase linearly
and is saturated at high pumping intensities, as depicted by
dashed curve in the figure, which is in agreement with the
experimental results.9)

5. Concluding Remarks

In the present paper, we have developed a microscopic
gain theory for the intersubband unipolar Raman laser based
on the stimulated electronic Raman scattering due to the
collective excitations of coupled intersubband plasmon–
phonon modes in asymmetric coupled double quantum wells
structure (ACDQWs). Based on the charge-density-excita-
tion mechanism, the electron–electron and electron–optical
phonon interactions including the confined-LO phonon and
interface optical phonon modes are taken into account
together with the self-consistent ACDQWs subband struc-
tures. Explicit derivation for the spectral differential scatter-
ing cross-section is given in terms of the dynamical response
function � using the Green’s function method within the
RPA framework. Stimulated Raman gain factor and self-
consistent rate equations are then given in terms of the
scattering cross-section. The optimization of Raman gain is
given by changing a detuning factor, and the gain saturation
at high pumping intensities is derived. Threshold gain and
threshold intensity are also given. From the model calcu-
lations with three different ACDQWs structures we find that
in IRL the lasing occurs at the Stokes frequencies shifted
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from pump frequencies by a constant value of one of the
coupled intersubband plasmon–phonon modes, and our
calculated results show that these coupled mode frequencies
are determined by the coupling strength of electron-phonon
interactions. In charge-density-excitation (CDE) mechanism
we have emphasized the important role of ionic screening
effect on the cross-section of intersubbnad plasmon–con-
fined LO phonon modes. By adjusting the structural
parameters of ACDQWs, it can be possible to make the
lasing frequencies shifted from pump frequencies at the
desired values.

In conclusion our theory not only can explain very well to
understand the presence or lack of lasing modes for some
frequency ranges of Raman shifts as observed in IRL
experiments but also may provide a basis to design the more
efficient IRL devices.
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