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Residual Stresses in MetalEeramic Bonded Strips 
C.H. HSUEH and A.G. EVANS* 

Department of Materials Science and Mineral Engineering, University of California, Berkeley, California 94720 

Residual stresses that develop during cooling of a metal/ 
ceramic strip are calculated analytically. It is shown that 
the metal may behave elastically or plastically (with full or 
partial plasticity) depending on the mechanical properties, the 
thickness of the two constituents, and the mismatch in thermal 
expansion. Residual stresses are also calculated for a sequence 
consisting of constrained undercooling, removal of the con- 
straint, and reheating. It is demonstrated that reheating, 
which results in elastic stress relaxation, may be used to elimi- 
nate the residual stress. The optimum undercooling and re- 
heating conditions needed to produce a stress-free strip, at the 
operational temperature, are calculated, and specific results 
are presented for the system Cu/A1,03. 

I. Introduction 

NUMBER of applications in microelectronics involve combina- A tions of metal and ceramic constituents. These constituents are 
subject to residual stress due to thermal expansion mismatch. The 
stresses that develop depend on the configuration of the system. 
A mctal cylinder imbedded in an infinite ceramic matrix has 
been previously analyzed,’ as appropriate for a conducting ele- 
ment in a microelectronics package.’ A metalkeramic strip, perti- 
nent to a metallized substrate in hybrid power  electronic^,^ has also 
been a n a l y ~ e d , ~  but only for a nonhardening metal. The present 
papcr extends the stress analysis for the strip configuration to 
include work hardening and to identify the existence of an im- 
portant partially plastic condition. Furthermore, a method of elimi- 
nating the residual stresses in the strip configuration is presented 
and analyzed. 

Residual stress elimination can be achieved if the metalkeramic 
strip is undercooled and reheated. Stress elimination is further 
facilitated if the strip is constrained from bending during cooling, 
allowed to undercool in the constrained state, and then reheated to 
the operational temperature. Judicious selection of the under- 
cooling temperature permits the strip to be stress free at the oper- 
ating temperature. The requisite undercooling is calculated in the 
present study. 

The evolution of the residual stresses in the metalkeramic strip 
is calculated, subject to the premise that bonding is conducted at 
elevated temperatures, where the longitudinal stresses are fully 
relaxed. Specific stresses and curvatures are calculated for the 
technologically important system Cu/A1,03. For purposes of stress 
elimination, the strip is constrained during cooling, whereupon 
spatially uniform stresses of opposite sign develop in the metal and 
ceramic. After cooling the constraint is released, bending occurs 
due to the asymmetric cooling stress, and spatially varying residual 
stresses result. Subsequent heating then straightens the strip and 
relaxes the residual stresses. 

11. Residual Stresses 

The residual stresses are determined incrementally upon cooling 
by invoking the following analytic logic for each temperature 
decrement. The two constituents experience an unconstrained dif- 
ferential shrinkage, as depicted in Fig. 1. Uniform tensile and 
compressive stresses are then imposed on the metal and the ce- 
ramic, respectively, to achieve displacement compatability, while 
the total forces still remain zero. Finally, bending is allowed to 
occur to balance the bending moment induced by the asymmetric 
stresses in the previous step. Naturally, these processes occur si- 
multaneously in the actual strip. 

The bending strains in both materials are prescribed, by bending 

theory, as being proportional to the distance from the neutral axis 
and inversely proportional to the radius of curvature.’ The strains, 
E ,  in a strip can thus be expressed (Fig. I )  by 

E = ( x  - t , , ) / r  + c 11) 

where t, is the position of the neutral axis, r is the radius of 
curvature, and c is a constant. 

The bending strains tend to reduce the stress in the metal. How- 
ever, the reduction is appreciably larger at the metal surface than 
at the metaliceramic interface. This behavior may induce partial 
yield in a strip adjacent to interface (Fig. I ) ,  i.e., when the effec- 
tive stress in this region exceeds the yield strength. Three defor- 
mation characteristics of the metal must, therefore, be considered: 
elastic, fully plastic, and partially plastic. These three conditions 
are evaluated in the subsequent analysis. 

The stress, uC, in the linear elastic ceramic can be invariably 
related to the strain by simply applying the relations 

gC = E,(E - a,AT) (0 c: x 5 t,) 

or 

where t ,  is the thickness and E,  is the Young’s modulus of the 
ceramic, ac AT and a ,  AT are the thermal strains in the ceramic 
and metal, respectively, and E~ is a constant ( E ~  = c - &,AT) .  

In the metal, plastic strains may also be involved. The metal is 
assumed to satisfy the Von Mises criterion,6 such that yield occurs 
when the effective stress equals the yield stress, gY. Furthermore, 

Received June 8, 1984; revised copy received November 20, 1984; approved 

‘Member, the American Ceramic Society. 
February 20, 1985. 

INITIAL CERAMIC 

STRESS FREE CONDITION 
METAL 

AFTER COOLING 
f I 

CERAMIC (Cc = oc AT 
UNCONSTRAINED STRAIN 

(Em= amAT 1 
I J 

Le 
CERAMIC 

( E  c )  CONSTRAINED IN-PLANE 
METAL STRAIN 

X 

4 

NEUTRAL 
AXIS 

BENDING 
PLASTIC 

LAYER BOUNDARY 
-tm 

Fig. 1. Metal and ceramic strips in stress-free initial condition. After 
cooling, strips would exhibit unconstrained differential shrinkage. How- 
ever, residual stresses allow displacement compatibility. Finally, bending 
stresses develop to balance bending moment. 
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Fig. 3. 
strip as a function of temperature change, -AT, for t m / t c  = 1. 

Position of neutral axis and elastic/plastic boundary of Cu/AI2O3 

linear work hardening is assumed, whereupon the plastic strain, 
F,,, satisfies the Prandtl-Reuss relation.6 For the present geometry 

(3) E,, = (urn - u , ) / H  

where H is the work-hardening rate and urn is the stress in the 
metal. Hence, forfully plastic deformation of the metal 

(4) 

whereas, for conditions of partial plasticity the stresses in the 
elastic region are 

u , ~  = EJEO + (x  - t n ) / r l  ( - t m  5 x 5 - t y )  ( 5 4  

while in the plastic region 

where t ,  is the thickness of the metal and x = --cY is the plane 

$ 0.004 
3 

n 3 
V 

a 
N 
a 

W 

_I 

z 0.002 
0 z 

/ 
/ 

/ ' 
I 
" I 0 . 

/ 
PARTIALLY ' / 

PLASTIC 1 
0 

IH =O) ' 
0 

?FULLY PLASTIC , (H.0) 

0 II I I I 1 
0 2 00 400 600 

TEMPERATURE CHANGE, -&T Cct 

Fi -t~,  for t m / t r  = 1 .  
4. Curvature of Cu/Al2O3 strip as a function of temperature change, 

of the elastic/plastic boundary. 
The stresses are contingent upon the magnitudes of the constants 

E,,, t,, and r (and t ,  for partial yield), which can be determined 
from the following boundary conditions.* The sum of the bending 
stresses (terms involving ( x  - tn ) / r )  is zero: 

+ / 1 E c ( x  - tn ) r - '  dx = 0 (6)  

The stress at the elastic/plastic boundary equals the yield strength 
(partial yield): 

Em[so  - (t ,  + tn) / r l  = my (7) 

The net stress is zero: 

+ /;E,[E. + (a ,  - a , ) A T ]  du = 0 (8) 

The sum of the bending moments with respect to the neutral axis 
(x = t , )  is zero: 

E m [ E o  + ( X  - t n ) / r l ( ~  - t n )  h 

General solutions can be obtained for both the elastic and fully 
plastic cases by evaluating the constants, eO, tn,  and r from the 
boundary conditions (Appendix A). However, for partial yield, 
analytic solutions of the four simultaneous equations (Eqs. (6) to 
(9)) are too complex. Essential trends, are thus elucidated (Appen- 

*Equations (6) to (9) are explicitly formulated for a metal Subject 10 partial 
plasticity. 
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Fig. 5 .  Stress  dis t r ibut ion 
within C u / A l 2 O 3  s t r ips  for 
three deformation responses  
of Cu: ( a )  elastic at - A T  = 
48.3"C, (b)  tartially plastic at 
- A T  = 122 C ,  and ( c )  fully 
plastic for H = 0 (perfect plas- 
ticity) at - A T  = 227°C. Also 
shown ( d )  compressive yield 
occurring at metal surface for 
H + 30 at - A T  = 225"C, for 
t,"/t,. = 1. 
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dix A) for two limiting cases: H = 03 (zero plastic strain) and 
H = 0 (perfect plasticity). Specific residual stresses are com- 
puted for the system Cu/A1203 (Figs. 2 to 5 )  by substituting 
the constants cot t,, r ,  and ty into Eqs. (2), (4), and (5 )  and us- 
ing the following material parameters': E ,  = 1.2 X lo5 MPa, 
E,. = 3.5 X lo5 MPa, a ,  = 17 X 
OC-', and uy = 35 MPa. 

The conditions of temperature and thickness ratio that determine 
elastic, partially plastic, and fully plastic behavior in the metal are 
summarized in Fig. 2. Note that the fully plastic condition is 
suppressed as the work-hardening rate increases or as the metal 
layer thickness increases. This trend can be appreciated by recog- 
nizing that bending generates compressive stresses on the metal 
surface, which reduce the tensile stresses induced by the thermal 
mismatch. 

The locations of the neutral axis and the elastic/plastic boundary 
are plotted on Fig. 3, as a function of the temperature change, 
-AT.  For a metal and ceramic of equal thickness, the neutral axis 
is observed to be always located within the ceramic, since the 
ceramic has the higher Young's modulus. Furthermore, for a metal 
with a high work-hardening rate, note that the elastic/plastic 
boundary never reaches the metal surface and hence, conditions of 
partial plasticity always occur. 

Trends in the curvature with the temperature change are shown 
in Fig. 4. For a perfectly plastic metal (H = 0), once the metal 
becomes fully plastic, it complies with the strains within the ce- 
ramic and the curvature does not alter with further decrease in the 
temperature. 

Some trends in the stress distributions are plotted in Fig. 5 for 
the elastic, partially plastic, and fully plastic cases. It is evident 
from Fig. 5(b) that while partial yielding conditions apply, the 
stress in the ceramic is relatively unaffected by the plasticity in the 
metal, being similar for H = 0 (no work hardening) and H = 03 

(rapid work hardening). However, once fully plastic conditions 
develop, the plasticity of the metal exerts a profound influence on 
the stress in the ceramic (Fig. 5(c)), as also apparent from the 
curvature (Fig. 4). Most importantly, the maximum tensile stress 
in the ceramic is considerably smaller for the nonhardening metal. 
Brittle fracture of the ceramic is thus suppressed by using a non- 
hardening metal constituent. Finally, it is also noted that for a metal 
with high work-hardening rate, fully plastic deformation is sup- 
pressed and the metal surface can yield in compression, because of 
the high compressive stress caused by bending (Fig. 5(d ) ) .  
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Fig, 6.  Schematic showing reduction of 
stresses by (a )  overstraining and relaxing and 
(b) undercooling and reheating; effects of work- 
hardening rate are also shown. 

111. Elimination of Residual Stresses 

The procedure used for elimination of the residual stress by 
undercooling and reheating can be exemplified and simulated by 
considering a standard elastic/plastic material subject to a sequence 
of overstraining and relaxation (Fig. 6). Upon straining, the stress 
increases linearly until yield, whereupon the stress increases at a 
reduced rate (dictated by the work-hardening rate) to a final stress 
(T* (Fig. 6(a)). However, overstraining followed by relaxation can 
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Fig. 7. Schematic showing ( a )  metal and ceramic bonded at high tem- 
perature; (b) constraint imposed on cooling to prevent bending (cooling 
temperature AT,); (c )  release of constraint, which induces bending; 
( d )  strip straightened by reheating; and (e )  further heating, which results in 
reverse bending. Fig. 8. stress dist,.&utions within Cu/AIZ03 strip for tm, / tc  = and 

AT< = -12OO"C, showing (a)  uniform tension and compression in 
metal and ceramic, respectively, after constrained cooling and 
(b)  residual stresses modified by bending after removal of constraint. 

appreciably reduce the final stress, because the stress relaxes elas- 
tically. By suitable choice of the overstraining stress a*, the final 
stress can be reduced to zero (Fig. 6(a)). 

A similar sequence obtains for the undercooling and reheating 
process (Fig. 6(b)). The metalkeramic strip is stress free at the 
bonding temperature. Elastic stress develops during initial cooling. 
Yielding of the metal then occurs and the stress increases at a 
diminished rate. Furthermore, by undercooling and reheating to 
room temperature, the residual stress can be eliminated (Fig. 6(b)). 

(1) Constrained Cooling 
The metaliceramic strip i s  bonded at elevated temperature and 

then undercooled, with an external constraint imposed, over a 
temperature range AT, (AT, is negative), as depicted in Figs. 7(a) 
and (b). During this step, bending is prohibited and the metal is 
amenable to plastic deformation. Uniform tensile, CJ$, and com- 
pressive, cs:, stresses develop in the metal and the ceramic, re- 
spectively (for a metal with a larger thermal expansion coefficient 
than the ceramic). The cooling stresses, C T ~  and ( r 5 ,  are deter- 
mined, subject to strain uniformity within the strip, such that 

Then, by noting that the total force on the system is zero, such 
that 

(11) a:t, + a,Ct, = 0 
the stresses become 

(2) Relaxation and Heating 
Removal of the constraint after undercooling induces bending, 

with the metal on the concave side of the strip (Fig. 7(c)). Sub- 
sequent heating relaxes the residual stresses, and reduces the 
curvature of the strip until the strip is straightened (Fig. 7(d)). 
Further heating then causes reverse bending and raises the residual 
stresses, such that the metal eventually yields in compression 
(Fig. 7(e) ) .  Consequently, during heating the metal can either be- 
have elastically or be partially or fully plastic, depending on the 
material properties and the reheat temperature. 

To evaluate the stresses that develop due to loss of constraint and 
reheating, the bending strains are regarded as being proportional to 
the distance from the neutral axis and inversely proportional to the 
radius of curva t~re .~  Then the strain, eh, becomes 

eh = c + (x - tn ) / r  ( - t ,  5 x 5 t,) (13) 

where c is a constant (to be determined), t, is the position of the 
neutral axis, and r is the radius of curvature (r is positive when the 
metal is on the concave side). 

The stresses uk and a," can be derived directly from the strains. 
In the linear elastic ceramic, the stress, a:, is directly related to 
the strains by 

In the metal, plastic strain may also be involved. Specifically, 
the metal may yield in compression during reverse bending. Fur- 
thermore, since the metal near the metalkeramic interface is sub- 
ject to the largest compressive stress, yield initiates at the interface 
(x = 0). The relations between the stress and the strain that de- 
velop in the metal are thus formulated for three cases, depending 
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on the material properties and the reheat temperature: elastic, par- 
tially plastic, and fully plastic. 

The elastic stresses are simply 

In thc partially plastic case, the stresses may be deduced as 
(Appendix B) 

( - t y  5 x 5 0) (16b) 

where -ti. is the position of the elastic/plastic boundary. Finally, 
for a fully plastic metal (t,  = t,,J, Eq. (16) reduces to 

( - t m  5 x 5 0) (17) 

The total residual stresses are the sum of the cooling stresses 
and subsequent stresses due to loss of constraint and reheating, 
such that 

urn = uh + u;, 
<& = 0: + a: 

( 1 8 4  

(186) 

The stresses are obtained subject to solutions for the constants c ,  
t,,, and r (and t ,  for partial yield). These constants can be solved 
(Appendix C) by imposing the following boundary conditions 
(Section 11). The sum of the bending stresses (terms involving 
(x - t , J / r )  is zero. The sum of the total stresses is zero. The stress 
at the elastic/plastic boundary (x = - ty )  equals -my (for partial 
yield only). Finally, the sum of the bending moments, with respect 
to the neutral axis ( x  = t,,), is zero. Residual stresses computed for 
the system Cu/AIZ03 are summarized in Figs. 8 and 9 for the case 
t , / t ,  = 1 and AT, = -1200°C. After constrained cooling, uni- 
form tension and compression develop in the metal and ceramic, 
respectively (Fig. 8(a)) .  As the constraint is removed, bend- 
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Fig. 10. 
relative metal thickness for AT, = -500, -1000, and -1200°C. 

Critical heating temperature to straighten strip as a function of 

ing occurs and the stress distributions are modified (Fig. 8(b)). 
Then, upon reheating, the residual stresses are initially reduced 
(Fig. 9(a)). However, further heating results in reverse bending 
and an increase in the residual stresses (Fig. 9(b)). Eventually, 
compressive yielding of the metal initiates from the metallceramic 
interface, such that partially (Fig. 9(c)) or fully (Fig. 9(d)) plastic 
conditions may develop. 

The reheat temperature needed to straighten the strip and elimi- 
nate the residual stresses (Eq. (C-3)) is evaluated as a function of 
the relative metal thickness, t,,,/t,, and plotted for several cooling 
temperatures in Fig. 10 (the essentially linear variation is attributed 
to the relative magnitude of the deformation parameters for Cu, for 
which H < Em) .  

The variation of the curvature with the reheat temperature 
(for tm/ t ,  = 1 and AT, = -1200°C) is plotted in Fig. 11. The 
regions of elastic, partially plastic, and fully plastic response of 
the Cu are indicated. It is noted that the curvature and residual 
stress exhibit relatively large changes while the response is elastic. 
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Conversely, quite small changes occur when the Cu becomes 
fully plastic. 

An example of optimum undercooling is illustrated in Fig. 12, 
using a temperature difference between bonding and room tem- 
peraturc of 1000°C. It can be determined from the figure that 
undercooling of the strip by AT, = - 1044°C and subsequent heat- 
ing by AT,, = 44°C would straighten the strip and eliminate the 
residual stresses. The critical cooling and reheating temperature 
needed to straighten the strip (Eqs. (C-4) and (C-5)) are plotted in 
Fig. 13 as functions of the relative metal thickness and work- 
hardening rate. It is noted that the higher the work-hardening rate, 
the lower the critical undercooling temperature, and hence, the 
higher the critical reheat temperature (Fig. 13). 

It is also interesting to compare the residual stresses that develop 
in the strip with and without a cooling constraint (Section 11). The 
comparison evaluated for a nonhardening metal (H = 0) is plotted 
in Fig. 14 for i,,/tr = 1 .  It is noted that both the curvature and 
the residual stresses at a specific undercooling are significantly 
lower when constraint is imposed. The imposition of constraint is 
thus of general desirability for the minimization of residual stress 
during undercooling and hence, inhibits the development of cracks 
or other modes of damage. 

IV. Conclusions 

A stress analysis has been conducted for a linear work-hardening 
metal in a metal/ceramic strip. Stresses develop during cooling to 
room temperature, due to the different mechanical and thermal 
properties of the materials. This asymmetry results in bending and 
stress redistribution. The calculations illustrate trends in the stress- 
es, the locations of the neutral axis and the elastic/plastic boundary, 
and the curvature of the strip, with the mismatch in thermal expan- 
sion, the mechanical properties, and the thickness of the two con- 
stituents as variables. It is specifically demonstrated that, for a 
metal with a high work-hardening rate, fully plastic deformation is 
suppressed, because of the stress redistribution caused by bending. 
It is also noted that, for a perfectly plastic metal, once the fully 
plastic condition has been achieved, the curvature and the stresses 
do not change with further cooling. Brittle fracture tendencies of 
the ceramic are thus reduced by using a nonhardening metal strip. 

The calculations presented above refer to the stresses within the 
beam, away from the free ends, where the interface is stress free 

Fig. 12. Normalized curvature as a function of undercooling 
temperature for t,. / t C  = 1, Temperature difference before cool- 
ing and after heating is 1000°C. 

(i.e., no normal or shear stresses at the interface). At the ends, the 
requirement that the surfaces be stress free perturbs the stress field 
to a distance about 3 times the strip th i~kness .~  Within this region, 
shear stresses develop at the interface and exhibit a peak about one 
strip thickness away from the end. Large normal stresses also 
develop at the interface, which may be singular at the end. These 
end effects often result in debonding at the interface. 

A constrained cooling procedure for the elimination of residual 
stress has also been analyzed. During constrained cooling, the strip 
is prevented from bending and uniform tensile and compressive 
stresses develop in the metal and the ceramic, respectively. As the 
constraint is removed, bending occurs due to the asymmetric 
stress. Upon reheating the strip, the curvature and the residual 
stresses initially reduce, as it straightens. However, further heating 
causes reverse bending and the metal starts to yield in compression, 
initiating from the metallceramic interface. The optimum under- 
cooling needed to straighten the strip and eliminate the residual 
stresses upon subsequent heating is predicted from the present 
study. Finally, a comparison of unconstrained with constrained 
cooling indicates that the curvature and the residual stresses that 
develop during the latter are significantly lower. The use of con- 
straint is thus of general desirability with regard to the minimiza- 
tion of residual stresses in metalkeramic strips. 

APPENDIX A 

Stresses and Curvatures in a CeramiclMetaI Strip 

The various bending conditions described in Section I1 may be 
used to evaluate the bending constants t,, eO,  l / r ,  and tr and, 
hence, to determine the stresses. The essential results are sum- 
marized in the text. 
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For the elastic case, the bending constants subject to the require- 
ment, a,(x = 0) 5 a,, are 
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Part ial  p las t ic i ty  requires  that  a,(x = 0) > a, and 
c n ( x  = -t,) < a,; whereupon, for a metal with a large work- 
hardening rate ( H  = m) 

- _  
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2 E,(t, - t,) + E,t, 

t,t = - 

1 E,t,(t, + 2ty) - E,(t, - t,)' 
&(, = - 

2r E,(t, - t,) + E,t, 

-'.Y I Constrained Cooling 

Unconstrained Cooling 

- 
--- 

-1.0 I 

Fig. 14. 
H = 0 for constrained and unconstrained cooling. 

Stress distribution within Cu/A1,0, strip for t,,,/t, = 1 and 

Finally for the fully plastic case (a,,@ = -tm) > a,) 

/ 1  l \ - 1  
&o = - 

6E,E,t,tc(t, + t,) ( 1  + $)-'[(a, - a , ) A T  + '1 
H - 1 

r 
- _  

[ (i + +)-'ti + Ezt: 

('4-4) 

Note that in the absence of work hardening ( H  = 0), the curvature 
reduces to 

and the stresses become 

a, = u, 04-51 
The fully plastic solutions for a nonhardening material have pre- 
viously been derived by Wittmer et ~ 1 . ~  

APPENDIX B 

Relations between Stress and Strain for Reverse Yielding 
in the Metal 

When the metal yields in compression upon reheating, the plas- 
tic strain, E ~ ,  is 

~p = ( a m  + ay)/H (B-1) 

where is the total stress in the metal. The total strain that 
develops during this step is c + (x - t J / r  (Eq. (13)), and the 
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thermal strain is N,, A&. The reheat residual stress in the metal, 
ut,, is thus 

The total stress is the sum of the cooling and reheating stresses 

(B-3) G = Uh + u:, 

Hence, combination of Eqs. (8-2)  and (B-3) gives 

(B-4) 

Substitution of Eq. (B-4) into Eq. (B-2) then gives 

APPENDIX C 

Stresses and Curvatures in a Constrained 
MetalKeramic Strip 

The boundary conditions described in Section 111 may be used 
to evaluate the bending and curvature terms that determine the 
stresses in a strip after constrained cooling. For elastic bending 
of the metal, upon loss of constraint and reheating, the constants 
can be explicitly determined as 

t,, = (E,.t: - E,,f2,)/2(Emt, + E,t,) 

c = (E,,a.,t,, + Ecactc) ATh/(E,tm + EJ,) (C-1) 

1 I E,3,tC(a,. - a,,>) AT, - = [.: + 
E,d,,, + E,.t,. 
6tm(tm + tr) (Emtm + EJc) 

X 
E f t :  + E:t? + 2EmE,tmtc(2tf + 2t: + 3tmt,) 

subject to the condition 

a,,,(x = 0 )  2 -0, (C-2) 

Note that the relation between the critical undercooling AT?: and 
reheating AT; needed to produce a flat strip ( l / r  = 0), when the 
metal behaves elastically upon reheating, can be derived from 
Eq. (C-1) as 

For partial plasticity in the metal, the solutions are complex and 
can be determined from the following four simultaneous equations: 

ff; + Em c - ( ty -t t ,  
r 

- -  

subject to the conditions 

u,,,(x = 0) 5 -up 

a, , (x  = - lm)  2 -0, 

x ( x  - t,J dx = 0 

(C-7a) 

(C-7b) 

For complete plasticity in the metal, a,(x = -i,,,) I- -cr),, spe- 
cific solutions can be derived, as given by the following: 

\ I ’  Em t, E )  

At this critical temperature, the strip is free from residual stress. It 
is noted that, since the stress relaxation is elastic, the reheating 
AT: ( E q .  (C-3)) is essentially the same as can be derived from 
Section III(1) (without removing the constraint). It is also possible 
to derive the critical undercooling AT?: and reheating AT: associ- 
ated with a given temperature difference, ATo, between the bond- 
ing temperature and room temperature: 

AT?: = -(AT” + AT:) (C-4) 

where 

The residual stresses are obtained by substitution of the constants 
t,, c, t y ,  and r into Eqs. (14) to (18). 

References 
’C. H. Hsueh and A. G. Evans, “Residual Stresses and Cracking in Metaliceramic 

Systems for Microelectronics Packaging,”f. Am. Cerum. Soc., 68 [3] 120-27 (1985). 
*A. J. Blodgett, Jr., “Microelectronic Packaging,”Sci. Am., 249 [I] 86-96 (1983). 
’Y. S .  Sun and J .  C. Driscoll, “A New Hybrid Power Technique Utilizing a Direct 

Copper to Ceramic Bond,” IEEE Truns Electron Devices, ED-23 [8] 961-67 (1976). 
4M. Wittmer, C. R. Boer, P. Gudmundson, and 3 .  Carlsson, “Mechanical Proper- 

ties of Liquid-Phase-Bonded Copper-Ceramic Substrates,” f .  Am. Cerum. Soc., 65 

Timoshenko and J. N. Goodier, Theory ofElasticity. McGraw-Hill, New Yo&, 
1951. 
6R. Hill, The Mathematical Theory of Plasticity. Clarendon Press, Oxford, 1950. 
7B. J. Aleck, ‘‘Thermal Stresses in a Rectangular Plate Clamped Along an Edge,” 

[31 149-53 (1982). 

J .  A p p l .  Mech., 16 [21 118-22 (1949). 




