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Fig. 11. Transitions energies vs. transition number for three surface QWs. The index n corre-
sponds fo a transition between the nth heavy hole level and the nth conduction band level. All
three samples have a GaAs cap layer grown on top of a Alp 3Gap.7As SQB (From Ref. 178).

As we might by now expect, superlattice structures alsc display above-barrier
localized states.11%:186-188 Tp gther words, wavefunction localization in the barrier
layers above the barrier energy is a fairly universal property. Finite element calcu-
lations were performed for the superlattice energy bands and for the wavefunctions
for a 50 A/50 A GaAs/AlGaAs superlattice. The third mini-subband in the super-
lattice is the first band above the barrier in this case. Figure 12 shows quite clearly
the localization of this wavefunction in the barrier layers of the superlattice. The
probability density for states with the superlattice wavevector ¢, = (0, 0.5, 1) are
given, illustrating that the localization is active throughout the superlattice Bril-
louin zone. States belonging to the next higher miniband are found to have two
peaks in the probability density in the barrier layer, corresponding to the second
excited state above the barrier hand edge, and so on. 4

Effects of external perturbations on the surface QW states, SQB states, and
above-barrier states are clearly of interest with regard to novel physical issues as
well as for their promise in optoelectronics. In conclusion, the theoretical analysis
using FEM has provided a clear and unambiguous interpretation of the transitions
observed in modulated reflectivity spectra for SQW structures; in fact, feasibility
studies using the FEM were performed before the structures were ZrowIL.
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Fig. 12. Probability density for conduction electrons in the third mini-subband of a 50 A/50 A
GaAs/Alg.33Gag.e7As superlattice, displaying the localization in the barrier region.

5. Applications of Wavefunction Engineering — Quantum Wires
and Quantum Wire Superlattices

5.1. Bound States in a Rectangular Quantum Wire

In 1980, Sakaki'®? considered theoretically the consequences of growing heterostruc-
tures which would confine electrons in two dimensions, the so-called quantum wire
{which we will denote by ‘quantum well wire’ or QWW) or the two-dimensional
quantum well. Since then, control over growth at an atomic level has allowed the
fabrication of such heterostructures.’®®t%* Ag in one dimensional confinement, the
principal effect is to profoundly change the energy spectra of electrons which in turn
influence the optical and transport properties of the composite material 195200
We consider the calculation of electron and hole energy levels in a GaAs quantum
wire with a finite confining potential arising from the band offset of the surround-
ing AlGaAs medium. Earlier theoretical considerations have either assumed that
the confining potential is infinite,’%72%° or have used a periodic arrangement of
QWWs which converts the problem to the determination of narrow energy bands
in a periodic structure using tight-binding models.2%292 Qur results show that the
energy levels for the finite potential are significantly lower than those obtained with
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the infinite barrier, which suggests that the infinite barrier approximation is not
valid for quantum wires. More striking, however, is that when a finite barrier po-
tential is used in calculating the energy spectrum for a quantum wire with square
cross-section, there is a lifting of the degeneracies of certain levels.

The FEM has been used to solve the Schrédinger equation in the effective mass
approximation for GaAs/ Gag s3Alo.s7As QWWs of typical dimensions. Group the-
oretical arguments are used to explain which of the degeneracies present in the
infinite square well should be lifted when a finite barrier is used. We will also dis-

cuss the dependence of the heavy-hole doublet splitting on the barrier height for a

range of concentrations z in the Al;Ga;_As barriers.

Fig. 13. The finite-barrier potential energy function giving rise to two-dimensional confinement
in a quantumn wire.

5.1.1. Finite Element Analysis of the Quantum Wire

In the envelope function approximation,'®!7 the most general form of the differential
equation for the electron’s QWW envelope function f(z, ¥) contains a nonseparable
potential V{z, ¥) corresponding to a finite barrier height (see Fig. 13):

—(h*/2m*)(8* (02 + & [0y*) f(z, y) + V (z, y)f(z, ¥) = Ef(z, 9),  (6)

where the carrier effective mass m* is m}, or m; in the well or barrier, respectively.
Assuming a rectangular-well wire of dimension a x b centered at the origin, the
‘kitchen-sink’ potential is V(z, y) = 0 for |z| < a/2 and jy| < 8/2, and V =V
outside the well. The input parameters for the band offsets and conduction electron,
light hole, and heavy hole effective masses in GaAs and in AlGaAs are obtained in
the same way as in earlier investigations using the Bastard model.??
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The FEM procedure employed to solve Eq. {6} for the energy levels as well as
the eigenfunctions f{z, y) is an extension of the approach discussed in Sec. 2 for
the case of confinement along only one axis. The region of interest is partitioned
into small elements, and the as-yet-unknown function f(z, ¥} in each element is
approximated by local Hermite interpolation functions. The global function f(z, ¥)
is constructed by joining the locally defined interpolation functions and requiring
that f(z, y) and its derivatives be continuous across the element boundaries. As
mentioned earlier, in the FEM it is quite easy to implement the boundary condition
at the well-barrier interface, which requires the continuity of both f(z, y) and the
effective mass derivative. The resultant eigenvalue problem is solved for the energy
spectra and the values of f, 8f/dz, 8f/8y, and 8% /320y at the nodes. Details
of the two-dimensional FEM are given in Ref. 24.

Table 1. Conduction electron energy levels in GaAs/Alg.37Gap.gzAs QWs, with m}, = 0.0665 mo
and my = 0.0858 mp, for states with quantum numbers {ng, ny), (After Ref. 26).

Cross-sectional area  Energy (meV) Energy {meV)

ax b (A% Vo = 276 meV {nz, ny) Vo=o0 (ntz, ny)

50 x 50 155.3 (1,1) 452.4 {1,1)

100 x 50 111.1 (1,1) 282.7 (1,1)

197.6 (2,1) 4524 (2,1)

100 x 100 63.5 (1,1} 113.1 1,1)

155.2 (1,2} 282.7 (1,2)

155.2 (2,1) 282.7 (2,1)

230.6 (2,2) 452.4 (2,2)

274.2 (1,3) + {3,1) 565.5 (1,3)

Table 2. Light hole energy levels in GaAs/Alp arGag saAs QWs, with my, = 0.0905 mp and
myp = 0.1107 myp, (After Ref. 26).

Cross-sectional area Energy (meV) Energy {meV)

axb (A% Vo =184 meV  (ng, ny) Va=o0o {nz, ny)

50 x 50 110.7 (1,1} 3324 (1,1}

100 50 79.8 a,1) 207.8 (1,1)

141.3 (2,1) 332.4 (2,1)

100 x 100 46.0 (1,1) 83.1 (1.1)

111.7 (1,2) 207.8 (1,2)

111.7 (2,1) 207.8 (2,1)

171.0 (2,2} 332.4 (2,2)
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Table 8. Heavy hole energy levels in Gahs/Alp.37Ga0.63As QWs, with mj, = 0.3774 g and
my = 0.3865 mo, (After Ref. 26).

. Cross-sectional area  Energy (meV) Energy (meV)

axb(A?) Vp = 184 meV {r=, ny) Vo =00 (nz, ny)

50 x 50 465 (1,1) 79.7 (1,1)

1122 (1,2) 199.3 (1,2)

112.2 (2,1) 199.3 (2,1)

172.7 (2,2) 318.8 (2,2)

100 x 50 30.9 (1L.1) 49.8 1.1

53.1 {2,1) 79.7 (2.1}

89.5 (3,1) 129.5 (3,1)

7.4 (1,2) 169.4 (1,2)

119.0 (2,2) 199.3 (2,2)

138.2 (4,1) 199.3 (4,1)

154.0 (3,2) 249.1 (3,2)

182.8 (1,3) + (5,1) 288.9 (5,1)

100 x 100 15.1 {1,1) 19.9 (1,1)

! 37.4 (1,2) 49.8 {1,2)

37.4 f2,1) 49.8 (2,1)

59.7 (2,2) _ 79.7 (2,2)

74.0 (1,3) + (3,1) 99.6 (1,3)

74.2 {1,3) — (3,1) 99.6 (3,1)

96.2 (2,3) 129.5 (2,3)

96.2 (3,2) 128.5 (3.2)

123.4 (1,4) 169.4 (1,4)

123.4 4,1) 169.4 {4,1)

132.2 (3,3) 179.4 (3,3)

144.2 (2,4) + (4,2) 199.3 (2,4)

145.9 (2.4} — (4,2) 19%.3 (4,2)

179.4 {3,4) 249.1 (3,4)

179.4 (4,3) 243.1 (4,3)

178.32 (1,5) + (5,1) 259.1 (1,5)

179.70 (1,5) — (5,1) 259.1 (5,1)

In Tables 1-3, we give the FEM values®® for the energy levels (accurate to
within 0.1 meV) of conduction electrons, light holes, and heavy holes in GaAs/
Gag g3Aly 37 As rectangular wires of dimension 50 A x 50 A, 100 A x 50 A, and
100 A x 100 A. A conduction band offset of 0.6 AE, at the hetero-interface was used
in the calculations. As in the case of one-dimensional quantum well confinement,
it is convenient to label the energy levels using the quantum numbers (ng, ny)
associated with the infinite well, where n, and n, are the quantum numbers for
the one-dimensional infinite square well in the z and y direction. The energy levels
obtained using the infinite-barrier approximation are also included in Tables 1-3 for
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comparison. Note that all of the energy levels are lowered from the values obtained
with an infinite barrier. The effect of the finite potential is greater for small a and
b, and for energy levels approaching Vy. For the 50 A x 50 A QWW, the single
bound state of the conduction electron and of the light hole are reduced in energy
by a factor of three from the infinite barrier result. Clearly, the infinite barrier
approximation is invalid in this case.

Wavefunctions for three low-lying heavy hole states in a 100 A x 100 A QWW
are shown in Fig. 14. As expected, the FEM wavefunctions are similar to their
infinite well analogs except that they leak out into the classically forbidden barrier
region. The amount of barrier penetration increases as the energy level approaches
the barrier height.

Note that the degeneracy for the (2,2} and (4,1) states of the infinite rectangular
well (100 A x 50 A) is removed. This degeneracy is present only in the infinite well
because the energy is simply related to the dimension of the well and the quantum
number, and the rectangular well was chosen to have commensurate sides. It is also
interesting to note that there is a mixing of the states (5,1} and (1,3) for the finite
rectangular well. The state lower in energy is predominantly (1,3), and the state
which is slightly higher in energy is predominantly (5,1). For an Al composition of
z = 0.37 in the barriers, only the lower state is bound, and its energy is reported in
Table 6. However, for a composition z = 0.4, both states are bound and the FEM
wavefunctions exhibit this mixing of states.- Such mixing can be expected only if
two states that are close in energy have the same symmetry in z and y. Of course,
this mixing will depend on the dimensions of the rectangular well.

We note that currently available quantum wires have typical dimensions on
the order of 1000 A, for which we would expect finite-barrier effects to be less
pronounced than in the examples shown in Table 1-3. We have calculated the
energy levels of conduction electrons in a square quantum wire of dimension 1000 A,
using a finite barrier of 276 meV. The first few levels are lowered by about 5 % from
the value obtained in the infinite barrier approximation. The effect is naturally
accentuated for higher levels as they approach the barrier height V.

5.1.2. Symmetry Properties of the Square Quantum Wire

The symmetry properties of the envelope functions for the squared quantum wire
are governed by the symmetry of the potential, C4,,. The character table for Cy, is
given in Ref. 203. For this group, the effects of the operators { E, Cs, 204, 20, 204}
on the function f(z, y) are:

T, y)=flz.y) C‘zf(z, y) = fl-z, —y),
) iz, y) = f(-y, 2),
z,y)=f(-z,9) , o, 1f( z,y) = flz, —v),
z,9)=fly.z) . o7 flz,y)=fl-y, —2).
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-100

()

Fig. 14. Heavy hole wavefunctions in a 100 A x 100 A QW for (a) the ground state (1,1); (b)
the first excited state (2,1); and (c) the excited state (2,2), (From Ref. 26).
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Tt is straightforward to determine the representation corresponding to the infinite
well eigenfunctions (ms, 7y). The (odd,odd) singlet states with s = ny belong
to the A, representation and the (even,even) singlet states belong to B:. The
degenerate states with n; # ny can be classified as follows:

(even,odd) and (odd, even) E
(even, even) Ao+ By
(Odd, Odd) Al + By

Since the (even,even) and (odd, odd) degenerate states are combinations of two dis-
tinct irreducible representations, the degeneracy of these levels is not a consequence
of the symmetry group of the square, but rather is due to the separability of the
infinite square well potential. Using linear combinations of the standard (ng, ny)
eigenfunctions it is possible to construct eigenfunctions which correspond to one of
the one-dimensional irreducible representations A:, Az, By, or By. For example, -
(1,3) + (3,1) transforms as 4; and (1,3) — (3,1} transforms as B;. As we shall
see, these are a more natural choice for the basis functions of this 2-dimensional
subspace in that they are the V5 — oo limit of the finite barrier eigenfunctions.

For finite barriers, the potential is nonseparable and the accidental degeneracy
which was present in the infinite barrier case for the (even,even) and (odd, odd)
levels is lifted (see Table 6).

The state that is antisymmetric about the diagonal of the square (By, A3)is less
bound than its symmetric counterpart (A;, By). As expected, the splitting of these
particular energy levels decreases as the barrier height increases, and in the limit
Vo — oo the states are truly degenerate. In Fig. 15, we show this dependence of
level splitting on barrier height for heavy holes in a 100 A x 100 A GaAs/AlGaAs
wire for the compositional range 0.1 > z > 0.4. In some cases, the splitting of
the doublet results in one state being bound, and the other free; for example, at
z = 0.1, the state (1,3) + (3,1) is bound, but (1,3) — (3,1) is unbound. Also note
that the energy levels for the (1,5) £ (5,1) actually cross over the (3,4) level; hence,
even the ordering of the energy levels is a function of Vp.

The FEM wavefunctions for the square well with finite barrier are similar to their
infinite barrier analogs except that there is penetration of f(z, y) into the barrier
region. For the degenerate states of the £ representation, any two orthogonal states
which span the subspace are acceptable eigenstates. In cases where the degeneracy
is removed, the wavefunctions for the finite barrier must correspond to a single
representation as required by the group properties; the wavefunctions are either even
or odd with respect to reflection through the diagonals. The FEM wavefunctions
for the states (1,3) + (3,1) and {1,3) — (3,1) are shown in Fig. 16 over a single
quadrant (=, ¥ > 0) for clarity of presentation; the antisymmetric state vanighes at
all x = y as expected.

By studying the symmetry properties of the confining potential, it is straightfor-
ward to predict which of the degeneracies present in the infinite barrier approxima-
tion are due to the separability of the potential, and hence are accidental and will be
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Fig. 15. The dependence of heavy hole energy levels on the barrier height in a 100 A x 100 A
QW for (a) the first 10 energy levels and (b) for levels 11-13 (From Ref. 26).

removed in the presence of a finite barrier. One can also apply this analysis to the
more interesting case of the three dimensional quantum cubic dot, where the low-
est 40 levels of the infinite-barrier spectrum contain at most three-, six-, nine- and
twelve-fold degeneracies. Degeneracies that arise from non-identical quantum num-
bers [for example, (2,2,5) and (4,4,1)] are automatically broken for a finite barrier
since the energy is no longer simply related to the quantum numbers. The other
degenerate states for the infinite-barrier quantum cubic dot can be analyzed by
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looking at the behavior of the analytic solutions under the operations for the cubic
group Oh. Since all of the representations Oy, are one-, two- or three-dimensional 23
the energy spectra for the finite-barrier quantum dot can have at most three-fold
degeneracies. Consequently, the spectrum for the finite-barrier will contain many
doublets and triplets whose splitting depends on the barrier heights.

The FEM provides realistic numbers for the energy spectra in rectangular quan-
tum wires. Such accuracy is crucial in the study of linear and nonlinear optical
properties of semiconductor heterostructures. In particular, the infinite-barrier
approximation is invalid and leads to serious errors in both the qualitative and
quantitative aspects of the energy spectra. The FEM can readily be applied to two-
dimensional confinement problems where the effective mass and the potential are
more complicated functions of the coordinates; it is also possible to accommodate
any cross-sectional configuration, including QWWs grown on grooves. It is obvi-
ous that wavefunction engineering has tremendous potential in device applications
based on two-dimensional carrier confinement.

5.2. Two-Dimensional Stacking of Quantum Wires— The Checkerboard
Superlattice

Recent progress in the fabrication of QWWs with electronic confinement in two di-
mensions suggests that the growth of periodic structures of quantum wires will even-
tually become feasible. The micro-fabrication advances already achieved and the
novel optoelectronic properties expected from such structures have motivated us to
study a quantum structure consisting of rectangular semiconductor wires {of GaAs
and AlGaAs, for example), stacked alternately and having the two-dimensienal pe-
riodicity shown in Fig. 17. In the following we refer to this as a checkerboard super-
lattice (CBSL).?” Here we will consider the effects of carrier wavefunction overlap
across the barriers in the directions parallel to the CBSL axes, and the free-carrier
induced nonlinecar optical properties of such a structure with carriers in the lowest
conduction miniband.

We first obtain the energy minibands for conduction electrons moving in the
periodic CBSL confining potential, shown in Fig. 18, arising from the (finite) con-
duction band offset of AlGaAs with respect to GaAs. These results are then used
to obtain the optical nonlinearity for radiation propagating along the longitudinal
(z) axis of the wires, with electric fields being either along the z or the y direc-
tions. It has been demonstrated that band nonparabolicity induces a nonvanishing
third order nonlinear optical susceptibility, ¥®, in bulk semiconductors?*2%% and
in superlattices.26-210 We evaluate the free-carrier induced optical nonlinearity due
to the band nonparabolicity generated by the Brillouin zone folding of the CBSL
conduction band in fwo directions. The recent analysis?®® of the optical nonlinear-
ity in planar superlattices has revealed, contrary to expectations, that superlattices
with wider wells and/or barriers have larger values of x(*). This is reconfirmed here
for the particular case investigated.

S .
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Fig. 17. The checkerboard superlattice: a stacking of quantum wires of GaAs and AlGaAs with
periadicity along the x and y directions. i

In the envelope function approximation, we again solve Schrédinger’s equation
given by Eq. (6) for the energy E, using m?*, = 0.0665 m; in the GaAs wells and or
my = 0.0858 my in the Gag.rAlg 3As barriers. The non-separable potential V(zx, y)
corresponds to a finite barrier height (V5 = 0.274 V) in the AlGaAs region.

The well and barrier thicknesses along the # and y directions are taken to be
(a1/az) and (b /by) respectively, with periodicities of lengths @ = a; + a2 and
b= by + by expressed in units of d = 5.642 A (the lattice parameter of GaAs).

Again, the boundary conditions imposed on the solutions are the continuity
of the envelope functions f(z, y) and the continuity of (1/m*)f'(x, ) across all
interfaces. In addition, Bloch's conditions

fla,y) = e £(0, ); f(z, b) = e f(z, 0), (7)

are imposed to account for the super-translational symmetry of the CBSL.
Equation (6) has been solved subject to these two-dimensional boundary condi-
tions using the FEM as discussed above. Here the basic ‘unit cell’ of the CBSL of
dimensions a x b is split up into a number of elements, where the hefero-interfoce
boundary conditions and Bloch’s periodicity conditions mentioned above are easily
incorporated into the FEM. The resultant global eigenvalue problem is solved for
the eigenenergies for each value of (k;, k) = [(7/a)ge, (m/b}g,] to obtain the en-
ergy bands. Figure 19 shows results for a CBSL of dimensions {6/4) along = and
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Fig. 18. The conduction band edge profile for the checkerboard superlattice shown over one
period along the  and y directions.

(8/5) along y. For comparison, we have displayed the lowest energy mini-bands
for planar superlattices of GaAs/AlGaAs. The band edges at ¢ = 0 are lower in
the planar structures because there the carriers are confined only in one direction.
Note that the bands in the CBSL do not arise from a simple additive effect from
the planar superlattice bands. Conduction electron wavefunctions for the first and
the second minibands at the superlatiice zone center and for the second miniband
at the point (¢, ¢,) = (1,1) are shown in Fig. 20.

We now evaluate®” the optical nonlinearity x{*) due to the carrier band non-
parabolicity.?042% The nonlinear susceptibility an], (t =z, y) is given by

4 4 4
XE;;) __ e*n(9*E/dkT} (8)

24h4w1w2w3(w1 +wy — l’.d3) ’

where w; and wy correspond to incoming CO, laser beams in a 4-wave mixing
experiment with photon wavelengths of A = 10.6 pm, w3 corresponds to photons
with A = 9.2 gm, and the outgoing photon has energy A{w; + we — w3). The index
¢ refers to the electric field polarizations in the x or the y directions.

The nonlinearity xEs) is proportional to the fourth derivative 8*E/9k* averaged
over the Fermi distribution of the carriers:

—

(O EJOkY) = [2/(2r)?) f FrOE/OK f(Ep, B, T). (0
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Fig. 19. The lowest two conduction minibands for a CBSL with well and barrier thicknesses
of (6/4) and (8/5) (in units of d = 5.642 A) along # (full curves) and along y (dashed curves),
respectively. For comparison, the lowest minibands for 6/4 (full curve with open circles) and 8/5
(dashed curve with open triangles) planar superlattices are also shown (From Ref. 27).

At T = 0 K, the Fermi function f(Er, E, T') reduces to a step function 8(Er —
E(gz, qy) — E;}. The non-separability of the potential does not allow the energy to
be represented by a sum of terms dependent on ¢, or ¢, alone, so the integrals are
performed numerically by evaluating E(g., gy) over a grid of values. The fourth
derivatives are obtained using a 9-point difference formula on the energy dispersion.
In Fig. 21 we plot 8*E/8g?} versus ¢;, with 0 < ¢; < 1. Figiire 21 displays xfs) as a
functicn of the number density n of carriers.

As seen from Fig. 22, the optical nonlinearity ng'} is larger than xg), even
though 8*E/3q? is larger than 8*E/dq} (see Fig. 21). A systematic investigation
of GaAs/AlGaAs CBSL superlattices®™ over a wide range of well and barrier thick-
nesses has shown that this can be understood in terms of the scale factors (a/m)*
and (b/m)*, the effects of band-filling, and the details of the phase-space integra-
tions. The down-turn in ¥} for number densities above ~ 10'8/cc is due to a
broad minimum in §*E/3g} at g, ~ 0.9, and which becomes positive near the zone
edge. This leads to a partial cancellation in the contribution over the Brillouin zone
as the number density pushes the Fermi level to the band edge near the Brillonin
zone boundary. The fact that x(* can be lower than in bulk GaAs for certain
layer-thickness values has been noted previously by Chang.?°® This is in fact the
case for x(msl, (see Fig. 22) in our particular calculation with the specific choice of
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Fig. 20. CBSL conduction electron wavefunctions (&) in the first miniband and (b) in the sec-
?nd miniband, at the zone center. In (c} we show the wavefunction for the second miniband at
Gz, (}y) = (1, 1).
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Fig. 21. Fourth derivative of the dispersion for the lawest conduction miniband with respect to
(a) gz (full curve) and (b} gy (dashed curve) in the CBSL (From Ref, 27).

layer thicknesses for carrier concentrations below 5 x 1017 /cc whereas ¥ is about
1-2 orders of magnitude larger than xg’z 4, for larger carrier concentrations.

The envelope function approximation has been used extensively to solve for
the energy levels and bands in quantum semiconductor heterostructures involving
one-dimensional confinement. The FEM permits the use of this approximation
in studying structures with 2-dimensional electronic confinement; an extension to
periodic structures with non-rectangular geometry is particularly straightforward
in the FEM.

We note from Fig. 22 that control over the well and barrier thicknesses (a1, az)
and (by, b) in the two directions can allow for a much broader range of choices for
the layer thicknesses in order to increase x3). This is of importance in applications
such as intensity dependent optical switching and optical signal processing. Further
investigations of the optical and transport properties of CBSLs would be of great
theoretical as well as practical interest.

In conclusion, in the proposed new CBSL structure there is an enhancement of
x3) over the bulk nonlinearity by about 1-2 orders of magnitude, with the freedom
to tailor ¥ for each field polarization. The FEM clearly provides the means for
doing realistic computations on such complex structures.

6. Concluding Remarks

Recent developments in what we call wavefunction engineering of the electronic and
optical properties of quantum heterostructures have been reviewed in this work. We
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Fig. 22. The free-carrier optical nonlinear susceptibility %3} for the electric vector parallel to &
(fult curve) and § {dashed curve). For reference, the values of %) for bulk GaAs (long-dashed
curve with asterisks), for a (6/4) planar superlattice (full curve with open circles), and for an
(8/5) superlattice (dashed curve with open triangles) are also shown as functions of carrier density
(From Ref. 27).

have emphasized in particular the evolution of the field beyond the more restric-
tive concept of bandgap engineering, in which the confinement of carriers over the
physical dimensions of the layers controls the energy gap as a manifestation of
Heisenberg’s uncertainty relation. Technological advances in the crystal growth of
semiconductor heterostructures of III-V and II-VI materials as well as masking and
pattern etching, now allow us to much more directly alter the shape of the carrier
wavefunctions to suit specific applications. Thus, to a remarkable degree we can
control the probability density, or occupancy, of the carriers in any region of the
heterostructure. Through the appropriate insertion of thin (even atomic) layers
of a different material, by employing asymmetric wells, through the use of type-II
interfaces, through localization in the barrier layers for carriers with above-barrier
energy, through control over the dynamics of intervalley transfer via externally-
applied fields and optical phonon emission, through the use of strain to tailor the
band mixing and valence band properties, through the use of diluted magnetic
semiconductor layers, and so on, we can significantly alter the carrier wavefunc-
tions. Wavefunction engineering provides a greater appreciation of the mechanisms
governing carrier dynamics, since overlap integrals, optical matrix elements, density
of states, tunneling times, lifetimes for carrier recombination, optical detection effi-
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ciencies, nonlinear optical properties, etc., can now all be altered through a judicious
use of ‘heterostructure architecture’.

In creating this new generation of advanced devices based on detailed control
over the electronic and optical properties of quantum heterostructures with novel
geometries, the designer must necessarily rely to a considerable extent on computer
modeling of the energy bands and wavefunctions. In the present work, we have
demonstrated that the FEM is well suited to the task of efficiently calculating the
required properties for structures of arbitrary complexity. Although our emphasis
has been on integration of the FEM into the k-P framework, it should be mentioned
again that tight-binding models may also be viewed in the same context, with
individual atoms functioning as the ‘finite elements’,

FEM computations have allowed us to explore some fundamental aspects of
the band structure of quantum semiconductor systems. The investigations of qua-
sibound states and above-barrier states in III-V heterostructures were driven by
modeling and feasibility studies performed with the FEM. The level degeneracy
issues in square and rectangular quantum wires with finite barrier height were also
revealed through finite element calculations. That we can compute in detail the op-
tical properties of the checkerboard superlattices is based on the ability of the FEM
to model complex geometries. By extrapolation, exciting new results revealing new
physics can clearly be anticipated with explorations into the properties of systems
with 3-D confinement. Wavefunction engineering, made feasible by finite clement
modeling, will play a vital role in the exploration of new physical concepts and in
the development of new devices based on quantum heterostructures.
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