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Energy eigerivalues have been calculated for square and rectangular quantum wires with firiit,e bar- 
rier potential of GaAs/Ga".(;3Al".37As and Gao,47Iii",6:~As/IiiP systems, by expressing the wave func- 
tion in terms of a two-dimensional Fourier series. Calculated values are compared with those ob- 
tained earlier by using the finite element method arid by using equivalent circular or elliptic wires. 
Experimental values of the energy shift of Gao.4iIn" jsAs/InP wires are also compared with the cal- 
culations. 

1. Introduction 

Quantum wires in which the electron motion is confined in two directions have been 
receiving much attention. It has been predicted that transistors and lasers made with 
quantum wires will have better performance characteristics [l to 31. Attempts have been 
made therefore to realize experimentally qiiariturn wire structures. Some success has 
been achieved by using the technique of electron beam lithography [4] and etching, arid 
also by using the technique of selective growth on SiOn patterned substrates [ 5 ] .  Quan- 
timi wires with rectangular geometry have been obtained by the former technique [6] 
while wires of triangular cross-sections have been obtained by the latter techriiqiie [7]. 
The observed blue shift in the energy levels has been considered as evidence of two- 
dirnerisiorial confinement. Agreement of the calculated value of energy with experiment 
has been reported in both cases. However, no details of the method of calculation and 
material constants have been given. 

The experimental quantum wires have been made by using either Gao.47Irio.53hs or 
GaAs as the well material. The wire has been covered by InP in the case of Ga(,.j7Ino,53As 
wire and by Ga0.6:~A1(~.37As in the case of GaAs wire. The barrier potential in both cases 
is of the order of 250 meV. Energy eigenvalues are significantly altered for finite barrier 
potential, hut the Schrodinger equation cannot be solved analytically for wires of square 
or rectangular cross-sections when the barrier potential is finite. An arialyt,ic solution 
may. however, be obtained for circular or elliptic cross-section by using Bessel or 
Mathieu functions. The present authors reported such solutions for Ga".j7Ino,s:(As/IriP 
wires in [8]. The solutions were used to estimate the energy eigenvalues for wires of 
square or rectangular cross-sections by assuming that the values are idenlicit1 to  thosf 
for the circular and elliptic cross-sections having areas equal t o  (0.96)' tinies the cross- 
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sectional areas of square or rectangular cross-sections. The factor of (0.96)’ was obtained 
by considering the solutions for wires of infinite barrier height. The calculated values of 
energy shift, however, differed considerably from the experimental values. 

The Schrodinger equation for quantum wires of rectangular cross-sections and finite 
barrier potential may, however, be solved numerically. Shertzer and Ram-Mohan [9] 
calculated the energy eigenvalues for electrons and holes in GaAs/Gao.63Aln.37As quan- 
tum wires by using the finite element method. Notonii et al. [4] expressed the wave func- 
tion as a linear combination of the functions for a two-dimensional well in one dimen- 
sion and obtained a differential equation for the expansion coefficient in the other 
direction. Eigenvalues were obtained by solving the differential equation. Gershoni et al. 
[lo], on the other hand, obtained the energy eigenvalues for electrons by using a two- 
dimensional Fourier series for the wave function and compared these values with those 
obtained from photoluminescence excitation spectroscopy in Gao.47Ino.53As wires. 

We have used the method suggested by Gershoni et al. [lo] to calculate the energy 
shift of the photoluniinescence peak in rectangular Gao.47Ino.63As quantum wires for 
comparison with the experimental results of Notomi et al. [4]. We have calculated also 
the values of energy levels in rectangular Gao,63A10.:~7As/GaAs quantum wires by this 
method for comparison with the results reported by Shertzer and Ram-Mohan [9]. 

Calculations have also been done to find out if the eigenvalues for rectangular or 
square wires may be estimated from the results for elliptic and circular wires with an 
equivalent cross-sectional area [8]. It should be mentioned that the incorporation of the 
energy dependence of the effective mass is not easy for the numerical methods but such 
incorporation may be easily done in analytical methods [8]. The effect of energy band 
nonparabolicity in square or rectangular quantum wires with finite barrier may be esti- 
mated for the square or rectangular wires from the analytic solutions for equivalent 
circular or elliptic wires. 

The method of solution is briefly outlined in Section 2 and results are presented in 
Section 3. Implications of the results are discussed in the concluding section. 

2. Theory 

Energy eigenvalues for the rectangular quantum wire of dimensions LI  and Lz are re- 
quired to he obtained from the Schrodinger equation in the envelope function approxi- 
mation [11] as 

where m*(z, y) represents the effective mass of the carrier for different values of z and 
y. It is equal to mw, the effective mass of the well material in the well region and equal 
to the effective mass for the barrier material m B  in the barrier region. V(z. y) is the 
potential as a function of z, y. It is equal to zero in the well region and equal to Vn, the 
barrier potential, in the barrier region. E is the energy eigenvalue. The wave function 
F ( z ,  y) may be expanded in a two-dimensional Fourier series with periods of L, and L,  
in the z and y directions, respectively. The values of L, and L, are chosen arbitrarily 
but should be significantly large so that the actual wave functions become insignificantly 
small for these values of z and y. In practice their values are chosen to be such that the 
eigenvalues do not change significantly when their values are increased. 
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Accordingly, the wave function is written as 

1 , m = l , 2 , 3  . . . .  
For the evaluation of the energy eigenvalues, the wave function, as assumed above, is 

substituted in the Schrodinger equation. The equation is then converted to a matrix 
equation by using the orthonormality property of the constituent functions. The matrix 
equation is, 

(A~m/lrnf - Edllr6~rnmO ~ j l m  = 0 1 (3) 

where the matrix element Alrnlinlt is given by 

Y) dp?;‘,‘(2, 9) c12 dy 
dx 

where 

I1 # 0, 1 2  # 0 only for 1 = 1‘; m = m’, for other combinations of 1, l’, m, m’I1 = 0, 1 2  = 0. 
q ~ i , ~ ~ ,  can be obtained by putting I f ,  m’ in place of 1, m respectively in the expression 

Eigenvalues for the matrix are then obtained by using the IMSL software. 
of Vln1. 
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T a b l e  1 
Energy eigenvalues in square and rectangular quantum wires 

material dimension energy levels (nieV) 
(mi2)  ~~ 

conduction elertron heavy hole light hole 

2 h a h a lo 
~ _ _ ~  - -  

GaAs/Ga" 6sAlo 37As 5 x  5 155.2 155.3 46.57 46.5 110.63 110.7 
10 x 10 63.47 63.5 15.03 15.1 46.02 46.0 
10 x 10 111.2 111.1 31.0 30.9 79.77 79.8 

a: present calculation, b: Shertzer and Rain-Mohan [9]. 

3. Results 

To judge the accuracy of the method, calculations were first done for GaAs rectangular 
quantum wires for which calculated values obtained by the finite element method were 
reported earlier [9]. In Table 1 are presented the energy eigerivalues for rectangular 
GaAs wires calculated by using the following parameter values: 
Conduction electron: mw = 0.0665mo, r n ~  = 0.0858m0, VB = 276 meV; light hole: 
mw = 0.0905m0, m B  = 0.1107mo, VB = 184 rneV; heavy hole: mLv = 0.3774m0, 
~ L B  = 0.3865rn0, VB = 184 meV. 

It is seen that our calculated values are almost the same as those obtained by Shert- 
zer arid Ram-Mohan [9] by using the finite element method. 

In Table 2 are presented the energy eigerivalues of Ga,,,47In0.5:~As/InP for square or 
rectangular quantum wires. Calcula.tions were done with the following values of physical 
const.ants: 
Conduction electron: rnw = 0.042mo, m~ = 0.079m0, VB = 240 rrieV; heavy hole: 
rnty = 0.47rn0, m B  = O.Blmo, VB = 370.6 meV. 

Values calculated by Gershoni et al. [lo] for rectarigiilar wires are also quoted. Also, 
energy eigenvalues for cylindrical and elliptic quantum wires with a cross-sectional area 
equal to (0 .96 )~  times the area of the corresponcling square or rectangular wire are giv- 
en. 

T a b l c  2 
Energy eigenvahies in square and rectangular quantiini wires 

material clirnension energy levels (mcv) 
(rim') 

conduction electron heavy hole 

a b C a C 

~~ - 

~ 

Gal, 4i.111" SJAs/InP 5 x  5 162.4 163.8 43.4 44.3 
10 x 10 76.0 77.5 13.1 13.2 
20 x 20 28.1 28.4 3.6 3.63 
l o x  5 121.5 160.0 103.0 28.3 22.7 
2 5 x  5 96.0 105.0 22.9 

a:  present calculation, 1 ) :  Gershoni et al. [ lo],  c: equivalent cylindrical 01 elliptic quantum 
wire 
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Fig. 1. Energy shift for rectangular Ga(j,47In".SsAs/InP r~uanturri wires with a snialler dimension 
5 nrn and different larger dimensions. 0 experimental points obtained by Notomi et al. [4], A and 
0; experimental points obtained by 11s et al. [ 5 ] ;  the solid line gives the calculated values 

We find that the values for the circular wires agree to within 2% with the values 
obtained for the corresponding square wires. We niay hence conclude that the energy 
eigenvalues for square wires may be estimated quite accurately from the values for circu- 
lar wires with the equivalent cross-sections as was done in [8].  

The value for the elliptic wire is, however, found to be significantly lower than the 
corresponding rectangular wire. This difference may be due to the fact that the eigenva- 
hies of the elliptic wires were calculated with a limited number of Mathieu funct,ions. It 
may also indicate that t,he numerical factor for the equivalence does not apply to rectan- 
gular wires with finite barrier potential. Values calculated by Gershoni et al. [lo] are 
also found to be about 20% higher than those obtained by us. As the values of physical 
constants (particularly the band offset) used by Gershoni et al. [lo] are not given, we 
cannot comment on this difference. 

The energy shift in a rectangular G%,47Ino,53As/InP wire calculated with physical con- 
stants given earlier are presented in Fig. 1. For comparison with the experiments of 
Nobomi et al. [4] and of 11s et al. [5], the dimension of one side was taken 5 nm arid the 
dimension of the other side was varied from 8 to 50 nm. In Fig. 1 are also presented the 
experimental points of [4, 51. We find that our results are close to the experimental 
values [4, 51. It should, however, be noted that there is a large amount of scatter in the 
experimental results [4, 51. For some wire widths the experimental values of energy shifts 
differ by a factor of two or more. Our calculated values for a wire width larger than 
20 rim agree with the average values. However, for widths less than 20 nm the calculated 
values are significantly lower. The effect of band nonparabolicity has not been included 
in our calculations. However, the band nonparabolicity increases significantly the energy 
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eigenvalues and the increase is larger for electrons than for heavy holes. Inclusion of the 
effect of nonparabolicity will therefore increase the value of energy shift particularly for 
dimensions of the order of 3 to 10 nm, and bring the calculated values closer to the 
experimental points. 

4. Conclusion 

We may conclude from the present study that the method of calculating the energy 
eigenvalues for square or rectangular wires by expressing the wave function as a two- 
dimensional Fourier series gives results identical to t,hose obtained by the finite element 
method [9]. It is also found that energy eigenvalues for a square wire may be estimated 
from those for an equivalent circular wire [8].  However, for a rectangular wire the values 
are significantly different from those obtained for an equivalent elliptic wire by using 
only two Mathieu functions [8]. The energy shifts in rectangular Gao,47Ino,53As/InP 
wires are found to be close to the experimental results. 
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