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Abstract. Moiré magnification can be observed visually if an array of
identical objects is viewed through an array of identical microlenses with
a different period. Theoretical analysis and experimental results of the
moiré image obtained by a moiré magnifier are presented. Conditions for
erect and inverted moiré magnifications are derived and interpreted. Vir-
tual erect images are observed only when the period of the lens array is
larger than that of the object array, while inverted images are obtainable
in both cases. For equal periods, a uniform field of view results. The
relation between the relative size of the periods and the distance be-
tween the object and the lens arrays are derived. Expressions for image
magnification, orientation and size are deduced. The condition to obtain
a demagnified moiré pattern is deduced. Rotation of the lens array with
respect to the object array results in rotation of the erect and inverted
moiré patterns in similar and opposite directions, respectively. © 1998
Society of Photo-Optical Instrumentation Engineers. [S0091-3286(98)00611-4]
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1 Introduction

The term moire´ is a French word meaning ‘‘watered mo
hair,’’ a glossy cloth with wavy alternating patterns th
change forms as the wearer moves. It can also refer to
‘‘watery and wavy’’ appearance when layers of silk a
pressed together by special techniques.1 Physically, it is an
optical phenomenon resulting from the superposition
two or more periodic grid structures. The resulting mo´
pattern is influenced by changing any of the three geome
cal parameters characterizing the individual grid structu
namely, period, orientation and shape.1–3

Although there is a long history in the investigation
superposition moire´ effects, only few publications exist tha
describe the moire´ effects appearing if a periodic array o
identical objects is observed through a periodic microle
array.4,5 However, this moire´ magnification effect, as we
call the phenomenon, is well known from integral imag
and integral photography.6,7 The frequent appearance o
similar phenomenon in the usage of microlens arrays
conjunction with arrays of light sources, photodetecto
liquid crystals displays, CCD chips, etc. motivates furth
investigation of this phenomena.8

The term ‘‘moirémagnifier’’ is suggested by the con
junction of a periodic object seen through a periodic ar
of optical elements or systems. The image is formed as
composition, side by side, of the individual images gen
ated by the optical array. The image formation is equa
superposition compound eyes such as nocturnal insects
deep-water crustaceans have.9 The foundations of optica
array design also demonstrate the existence of cooper
effects.10 In optical array design, the composed image
called as the synthetic image. Using this last approach,
moirémagnifier system should be called a ‘‘synthetic ma
nifier.’’ However, we prefer to keep the term moire´ magni-
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fier because of the good acceptance of this term by
optics community after the presentation of the device
Hutley et al.4

The paper from Hutley et al.4 dealt with an object array
combined with a lens array whose periods are nearly
same size. Experimental results for the magnification a
orientation of moire´ images and their fundamental depe
dence on the orientation of the lens array have been giv
In our investigation, we explain the formation of erect a
inverted moire´ images for a moire´ magnifier consisting of
microlens and object arrays with different periods. We d
rive the relation between the relative period differences
the arrays and the object array position inx, y, z andu. We
describe the rotation properties of moire´ magnifiers.

2 Fundamental Properties of a Moire ´ Magnifier

The basic configuration of a moire´ magnifier is shown in
Figure 1. An array of identical objects@Figure 1~b!# is im-
aged by an array of identical lenses@Figure 1~c!#. For cer-
tain combinations of object and lens arrays, one or m
magnified moire´ images of the object motif are observe
@Figure 1~d!#. We now derive the general properties
moiré magnification. For simplicity, we restrict our inves
tigation to symmetrical square arrays. However, a vari
of different array types~hexagonal, rhombic, etc.! might be
used for moire´ magnification in a similar way.

The object array shown in Figure 1 consists ofO3O
identical objects or motifs at a periodLO . The lens array
consists ofL3L identical lenses ofO” L aperture at a period
LL . The focal length of the lenses isf .0 ~positive lens!.
Each lens images a part of the object array. The actual t
or shape of the lenses~circular or square aperture, refrac
tive or diffractive lens, etc.! is not relevant for our investi-
3007© 1998 Society of Photo-Optical Instrumentation Engineers
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Kamal, Völkel, and Alda: Properties of moiré magnifiers
gation. We assume that the lens size is equal to the l
periodO” L5LL , and ignore all rays not hitting the lenses
The plane of the object array is parallel to the plane of t
lens array. The distance between the object plane and
lens array isso . The period of the object array is differen
from the lens periodLOÞLL . The moiréimage is either
observed on a screen located atsi or visually in any plane
behind the lens array.

The first fundamental condition for moire´ magnification
requires that adjacent lenses image adjacent portionspo
from the object motif. Figure 2 shows examples for a
object motif consisting of ‘‘1234.’’ If one lens images the
1, the next neighboring lenses~left and right! should image
the 4 or 2 to generate a complete moire´ image of the object
motif. However, the 4 or 2 portion might be next to 1 or a
a certain distance.

An object portionspo corresponds to an image of the
sizepi5pom, wherem is the magnification factor. Images
of different object portions combine to formI 3I magnified
moiré images.

The size of an object portionpo imaged by one lens is
given by

po5LO

I

L
, ~1!

where (L/I )2 is the number of lenses required to generate
complete moire´ image of the object motif~for square ar-
rays!. To ensure a coincident superposition of all parti
images, the image sizepi should be equal to the lens perio
LL :

Fig. 1 Basic configuration of a moiré magnifier. A symmetric square
array of identical objects is imaged by a symmetric square array of
identical lenses. The object pitch is LO , the lens aperture is O” L ,
and the lens pitch is LL . The distance between object plane and
lens array is so . The moiré pattern is either observed on a screen
located in the image plane at si or visually in any plane behind the
lens array.
3008 Optical Engineering, Vol. 37 No. 11, November 1998

Downloaded from SPIE Digital Library on 19 Oct 2009
s

e

upi u5LL . ~2!

The relation between the image sizepi , the object portion
po and the position of the object arrayso is given by the
image equation

m5
pi

po
5

6LL

po
52

f

so2 f
, ~3!

whereinf is the focal length.6 Figure 3 illustrates the imag
ing properties of a single positive lens. As a consequenc
Eqs.~2! and~3!, the marginal rays marked as lines 1 and
in Figure 3 define the object sizepo . Lines 3 and 4 define
the image sizepi . Depending on the object distanceso, the
imagepi is either erect~f .so.0; m.1! or inverted~so

. f ; m,0!. For an object position 0,so,2 f , the image
pi is magnified (umu.1); for so.2 f , the image is demag
nified (0,umu,1).

We obtain four different types of moire´ image, as shown
in Table 1. Depending on the object positionso , the image
partpi might be virtual erect or real inverted. Depending
the difference in period ofLO andLL the image sequenc
might be direct or reversed. Therefore, we obtain four d
ferent types of moire´ images as shown in Table 1. Only i

Fig. 2 Examples for an object motif consisting of ‘‘1234.’’ If one lens
images the 1, the next neighboring lenses (left and right) should
image the 4 or 2 to generate a complete moiré image of the object
motif. However, the 4 or 2 portion might be next to 1 or at a certain
distance.
 to 159.226.100.225. Terms of Use:  http://spiedl.org/terms
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Kamal, Völkel, and Alda: Properties of moiré magnifiers
cases~I! and~IV ! is the appearing moire´ image identical to
the object motif. A graphical explanation of moire´ imaging
is shown in Figure 4.

3 Erect Moiré Pattern

For virtual erect images, the object array is located a
distancef .so.0. Each lens forms a virtual erect image
the related object portionpo as shown in Figure 4~a!. If lens
j images the portionpk of the object, the next lens of orde
j 11 should image the portionpk11 from the next partici-
pating object. The size ofpk is equal topk11 . Since the
size of the image portionpi is equal to the lens periodLL
@Eq. ~2!#, the distance between two imaged portions
equal toLL given by:

LL5pk1dr1pk1dl 1nLO , ~4!

where,nLO is the distance between two participating o
jects,dl anddr are nonimaged parts of the object related
lensj, andn is an integer number (n>0). Since one objec
period is given byLO5pk1dr1dl , the size of the objec
portion perect for erect moire´ imaging is given by,

perect5LL2NLO , ~5!

whereN5n11 is an integer number>1. For all values of
so in the rangef .so.0, the size of the object portionperect

Fig. 3 Imaging properties of a single lens of the lens array shown in
Figure 1. Three different object positions are possible: (position A)
the object is located at a distance ufu.uso(A)u.0 and generates a
virtual, erect image (m.1) at a distance si(A); (position B) the
object is located at a distance u2 fu.uso(B)u.ufu and generates a
real, inverted image (m,21) at a distance and si(B); and (position
C) the object is located at a distance u`u.uso(C)u.u2 fu and gener-
ates a real, inverted image (21,m,0) at a distance si(C).

Table 1 Different types of superimposed moiré images.

Depending on the object position so , the image parts, pi51, 2, 3, or
4 might be erect or inverted. Only in cases (I) and (IV), the moiré
image is identical to the object motif.
Downloaded from SPIE Digital Library on 19 Oct 2009
is less than the period of the lens array, 0,perect,LL ,
giving m.1. Substituting in the preceding inequality from
Eq. ~3!, the limits of the integerN for the erect magnified
moiré pattern is obtained as,

0,Nerect,
LL

LO
. ~6!

Erect magnified moire´ images are observed only if the len
periodLL is larger than object periodLO . Each value ofN
corresponds to a different moire´ magnification at a different
object array positionso .

4 Inverted Moire´ Pattern

The second case to be analyzed is the condition for obt
ing inverted moire´ images. The problem is treated in a wa
similar to that for erect moire´ images. For inverted images
the object array is located at a distancè.so. f . As
shown in Figure 4~b!, each lens images the related obje
portion po . If lens j images the portionpk of the object
array, the next lensj 11 should image the portionpk21
from the next participating object. The size of the ima
portionpi is equal to the lens periodLL @Eq. ~2!# and given
by

LL5dr1dl 1nLO , ~7!

Fig. 4 Formation of the (a) erect and (b) inverted moiré images. An
object array of period LO is partially imaged by a lens array of period
LL . Here nLO is the distance between two arbitrary objects parts
participating in building up the moiré image, and n is an integer
number (n>0). Let the object be divided into equal portions of size
p given by the image Eq. (3), then dr is the distance from the right of
pk to the right end of the object element, and d l is the distance from
the left of pk to the left end of the same object element. (a) For erect
moiré imaging, the two arrays are separated by a distance f.so

.0. The lens j images the kth portion pk of the first participating
object. The lens of order j11 images the portion pk11 from the next
participating object. (b) For inverted moiré imaging, the two arrays
are separated by a distance `.so.f. The lens j images the kth
portion pk of the first participating object. The lens of order j11
images the portion pk21 of the next participating object.
3009Optical Engineering, Vol. 37 No. 11, November 1998
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Kamal, Völkel, and Alda: Properties of moiré magnifiers
wherenLO is the distance between two participating o
jects,dl and dr are the nonimaged parts of the object r
lated to lensj, and n is an integer number (n>0). The
integer numbern gives the number of notparticipating ob
jects in between two participating objects. Since one ob
period is given byLO5pk1dr1dl , the size of the objec
portion pinverted for inverted moire´ imaging is given by,

pinverted5NLO2LL , ~8!

whereN5n11, is an integer number>1. The condition
for inverted moire´ imaging is`.so. f . As shown in Fig-
ure 3, the size of the object portionpo is defined by line 1
and 2. Three different object positionsso are possible.

First, for 2 f .so. f , the size of the object portion i
less than the pitch of the lens array, 0,po,LL , leading to
m,21. Substituting forpo from Eq. ~8!, the limits of the
integer N>1 for the inverted magnified moire´ pattern is
obtained as,

LL

LO
,N,

2LL

LO
. ~9!

From Eqs.~8! and ~9!, we find that inverted moire´ magni-
fication could be observed according to the following co
ditions:

1. The lens periodLL is larger than the object perio
LO . For the same values ofLL and LO inverted
moirémagnification can be observed for different o
ject positions depending on the value ofN.

2. The lens periodLL is smaller than the object perio
LO . Inverted moire´ magnification is only observed
for N51 andLL,LO,2LL .

Second, forso52 f ~antiprincipal planes position!, the
size of the object portionpo is equal to the period of the
lens arrayLL , leading tom521. The composite image
consists of locally inverted parts of the object. If the obje
periodLO is equal to the lens periodLL , a pattern similar
to case III in Table 1 is observed.

Finally, for `.so.2 f , the size of the object portionpo

is larger than the pitch of the lens arrayLL and 21,m
,0. The lower limit for of the integerN>1 for an inverted
demagnified moire´ pattern is,

N.
2LL

LO
. ~10!

5 Magnification

From the image Eq.~2! and Figure 3, the sign of the imag
portion pi is positive or negative, corresponding to ere
( f .so.0) or inverted (̀ .so. f ) imaging. From Eqs.
~5! and~8! and the image of Eq.~3!, the magnificationm of
a moirémagnifier is always given by

m5
LL

LL2NLO
. ~11!
3010 Optical Engineering, Vol. 37 No. 11, November 1998
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For erect imaging, the moire´ image is always magnified
(m.1). For inverted imaging, the moire´ image is either
magnified (m,21) or demagnified (21,m,0).

6 Image Formation and Observation

In the simplest case, a lens array ofL3L lenses andLL
lens period generates one complete magnified image of
object pattern@see Figure 1~d!#. In this case, the array siz
LLL is equal to the size of the moire´ image. The object
pattern has been magnified by factorm and we get the
condition LLL5umuLO . In a more general case, the len
array generatesI 3I magnified images of the object patter
leading to

I 5
LLL

umuLO
. ~12!

From Eqs.~11! and ~12! the object periodLO is given by

LO5
L

NL6I
LL . ~13!

The positive sign holds for virtual erect images, the ne
tive sign holds for inverted images. ForuLL2NLOu
,LL , a magnified image is obtained. ForNLO2LL

.LL , a demagnified image is obtained. Each value ofLO

corresponds to a different object array positionso given by

so5 f N
LO

LL
. ~14!

The size of the magnified imagemLO is given by

mLO5
LO

6~LL2NLO!
LL . ~15!

The number of object patternsO, in one dimension, tha
contribute to one moire´ image is equal to the magnificatio
m,

O5umu. ~16!

The number of lensesL/I , in one dimension, that genera
one moiréimage is given by

ULI U5ULO

po
U5U LO

LL2NLO
U. ~17!

The moiréimage generated by a moire´ magnifier could be
observed on a screen located at the image distancesi ,
given by

si52
N fLO

LL2NLO
. ~18!

As a consequence of Eq.~2!, the moiréimage can be ob-
served by the naked eye at any position behind the len

For virtual erect moire´ images, if the observer move
transversely to the lens array, the image appears to mov
 to 159.226.100.225. Terms of Use:  http://spiedl.org/terms
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Table 2 Numerical example for a lens array period LL59 u and object array period LL54 u (arbitrary
length-unit u): the possible values of N satisfying the moiré magnifier inequalities for LL /LO59/4.

Type of
Moiré Image

Virtual Erect
Magnified

Real Inverted
Magnified

Real Inverted
Demagnified

Condition
N 0.N.

9
4

9
4.N.

18
4

18
4 ,N

so 0.so.2f 2f.so.2 f 22 f.so

Value of N
a b a b

5
1 2 3 4

Object array
position so

24

9
f

28

9
f

212

9
f

216

9
f

220

9
f

Object array
portion po

5u 1u 3u 7u 11u

Magnification m 9

5

9 29

3

29

7

29

11
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the same direction. For inverted moire´ pattern, the image
moves in the opposite direction. This corresponds to
sign of the magnification factorm as indicated in Eq.~15!.

A numerical example describing the generation of th
different types of moire´ images can be obtained by consi
ering a moire´ magnifier system consisting of a lens arr
periodLL59 u and object array of periodLO54 u, where
u is an arbitrary length unit. Table 2 shows numerically t
possible values ofN satisfying the moire´ magnifier in-
equalities@Eqs. ~6!, ~9!, and ~10!#, for LL /LO59/4. For
each value ofN, the object positionso and its correspond
ing object portionpo and magnificationm are calculated.
Considering that the object array motif of the above mo´
magnifier system consists of 1234, the Figures 5, 6 an

Fig. 5 Erect magnified moiré images corresponding to the object
array position 0,usou,f and (a) the values N51 and (b) N52, as
shown in Table 2.
Downloaded from SPIE Digital Library on 19 Oct 2009
describe the generation of the different magnified ima
corresponding to different object array positionsso . Figure
5 shows the possible erect magnified moire´ images, which
are corresponding to the object array position 0,usou, f .
Figure 5~a! corresponds toN51 and Figure 5~b! to N52,
as given in Table 2. Figure 6 shows the possible inver
magnified moire´ images which are corresponding to th
object array positionf ,usou,2 f . Figure 6~a! corresponds
to N53 and Figure 6~b! to N54. Figure 7 shows an in-
verted demagnified moire´ image which corresponds with
the object array position, 2f ,usou andN55.

Fig. 6 Inverted magnified moiré images corresponding to the object
array position f,usou,2 f and (a) the values N53 and (b) N54, as
shown in Table 2.
3011Optical Engineering, Vol. 37 No. 11, November 1998
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Kamal, Völkel, and Alda: Properties of moiré magnifiers
The mathematical relations derived in this paper w
confirmed experimentally. We used a square lattice l
array of converging lenses. The size of the lens array
42.73342.73 mm, its periodLL is 1.07 mm, and the foca
length f is 2.43 mm. Object arrays with different period
LO are computer generated and printed onto a transpar
using a laser printer. The scheme of the experimental s
is shown in Figure 8. Diffused white light is used to illu
minate the moire´ magnifier system. The object array
placed in front of the lens array. The lens array is attac
to a microtranslation stage to move it longitudinally in t
z-direction and to adjust the object array distanceso . The
real moiréimages are projected on a screen and then
corded by a camera connected to a computer. In cas
virtual moiré images, the images are received directly
the camera. Table 3 shows the different object array per
LO with their corresponding selected value ofN and posi-
tions so . The resulting magnification and image type a
also given for an aligned position. The experimental valu
are obtained from the recorded images. A selection of
resultant images is shown in Figures 9, 10, and 11. T
object pattern is shown on left and the observed moire´ pat-
tern on the right.

Fig. 7 Inverted demagnified moiré image corresponding to the ob-
ject array position 2 f,usou and the value N55, as shown in Table
2.

Fig. 8 Experimental setup used for testing moiré magnifiers. The
object array is placed in front of the lens array and illuminated by
diffuse white light. The lens array is moved longitudinally in the z-
direction and to adjust the object-to-lens distance so . The real moiré
images are projected on a screen and then recorded by a camera
connected to a computer. In the case of virtual moiré images, the
images are received directly by the camera.
3012 Optical Engineering, Vol. 37 No. 11, November 1998
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7 Translation and Rotation

In the preceding analysis an aligned moire´ magnifier is con-
sidered; that is, the axes of both object and lens array
parallel and coincident. If the lens is translated with resp
to the object array, the moire´ pattern appears to move. Eac
lens images another part of the related object. The direc
of the movement depends on the relative motion of
arrays, the lens periodLL , the object periodLO , and the
value ofN and is described by Eq.~15!. From the experi-
ment we can observe that for real moire´ images, the result-
ant translation and rotation are in the same direction
those of the object array, although it is in the oppos
direction for virtual patterns, as we could expect from t
sign of the magnification. The apparent motion speed of
resulting moire´ image is proportional to the magnificatio
value.

Moiré magnification is based on a periodically repeat
object pattern imaged by a periodical array of identic
lenses. The object period is the shortest distance betw
two identical parts of adjacent object unit cells along t
lens array axes. Assume that we have an aligned confi
ration where moire´ magnification appears. If the lens arra
~or the object array! is rotated by a small angle, then th
moiré image rotates and changes its magnification. F
larger rotations, the moire´ image might disappear and rea
pear at certain angles.

If one of the two arrays is rotated an angleQ relative to
the other, the distance to the next identical object part
cated on the lens axis will change. Accordingly, a ne
rectangular lattice of the object array, aligned with the le
array grid, with a new period is created at a certain rotat

Fig. 9 Object and image plane for a situation of real inverted mag-
nified moiré patterns as described in Table 3.

Table 3 Theoretical and experimental values of the magnification
for three object array motifs consisting of L, A and K used to gener-
ate three different types of moiré images, where the period of the
lens array is LL51.07 mm and its focal length is f52.43 mm.

Object Pattern L A K

Array period,
LO (mm)

1.32 4.00 0.97

Value of N 1 1 1

Object position
usou (mm)

3.00 9.08 2.20

Type of
moiré image

Real inverted
magnified

Real inverted
demagnified

Virtual erect
magnified

Theoretical
magnification

25.00 20.40 8.40

Experimental
magnification

24.81 20.38 8.46
 to 159.226.100.225. Terms of Use:  http://spiedl.org/terms
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Kamal, Völkel, and Alda: Properties of moiré magnifiers
angle. The new period ratioLL /LO,new may or may not
satisfy the moire´ magnifier requirements at the same obje
array positionso . Therefore, moire´ magnified images may
appear and disappear as the object rotates.

Let assume a square grid of object with periodLO that
produces a moire´ magnifier effect for a given position. A
new square grid of repeated objects is obtained when
object rotates and the rotation angle obeys the follow
relation ~see Figure 12!,

Q5tan21S y

xD , ~19!

wherex andy are integer numbers greater than or equa
0 ~Q changes from 0 to 90°!. The new object array, aligne
with the lens array, has a new pitch, which is equal to

LO,new5LO

x

cosQ
5LO

y

sin Q
5LO~x21y2!1/2. ~20!

Thus, the varying rotation angles create new periods ra
which define different moire´ pattern characteristics.

An aligned position in which moire´ magnification ap-
pears has a fixed value ofN. If the distance between th
two arrays remains unchanged then the imaged portiop
will be the same although one of the two arrays rotates w
respect to the other,

upu5uLL2NLOu5uLL2NnewLO,newu. ~21!

From this equation and Eq.~20! the condition to obtain
moiré magnification after rotation becomes

Nnew5
N

~x21y2!1/2, ~22!

Fig. 11 Object and image plane for a situation of virtual erect mag-
nified moiré patterns as described in Table 3.

Fig. 10 Object and image plane for a situation of real inverted de-
magnified moiré patterns as described in Table 3.
Downloaded from SPIE Digital Library on 19 Oct 2009
,

which is a very restricted condition to be fulfilled by th
involved integer numbers. It is clear from Eq.~11! that the
magnification depends on the imaged portion and the l
pitch. So the magnification will remain constant for diffe
ent rotation angles at the same object array positionso .

8 Summary

If an array of identical lenses is used to view an array
identical objects, the phenomena of moire´ magnification
might occur. For certain array positions, a magnified ima
of the repeated object pattern is observed on a screen o
eye. The moire´ image might be erect or inverted, magnifie
or demagnified. A shift inz or a rotation inu of the lens
array versus the object array might generate a differ
magnified pattern. The object position inz andu, which is
necessary to observe a magnified moire´ image, is related to
the difference in the array periods. A demagnified mo´
image is observed when the object period exceeds the
period and the object array is located at a distance exc
ing twice the focal length.

As one moves across the lens array, the moire´ image
appears to move in the same direction in case of virt
erect moire´ pattern and in the opposite direction in case
real inverted moire´ pattern.

The mathematical relations are in good agreement w
the experiments performed for all three types of mo´
magnified patterns.
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