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INTRODUCTION

odels for packed bed chemical reactors and chromato-
raphic columns frequently include an axial dispersion term
0 account for deviations from ideal flow. The inclusion of
xial dispersion: leads to a differential equation model of
ccond order in the spatial variable. It is common practice to
olve this model with the “Danckwerts boundary condi-
ons” (Danckwerts, 1953), where the spatial derivative of the
ependent variables are required to-be zero at the bed exit,
even though the boundary condition is questionable under
non-steady state conditions (Froment and Bischoff, 1979;
an Cauwenberghe, 1966).

When the axial dispersion coefficient is small use of the
Danckwerts boundary conditions can create numerical
problems, since concentration and temperature gradients are
quired to change very rapidly in the vicinity of the bed exit.
As a result the bed profiles afe more difficult to-approximate
numerically than the correspondmg profiles in the absence of
axial dnspcrston

" The aim of this note is to demonstrate a numerical solu-
tion procedure based on the method of orthogonal collo-
cation (Finlayson, 1972; Villadsen and Michelsen, 1978),
. where the problems associated with the Danckwerts bound-
ary conditions are avoided by treating the bed as a section in
aninfinitely -long system. The procedure is illustrated for
a steady-state chemical reactor as.well as for.a non-steady-
state: model of chromatographic«column. :

'STEADY STATE

The model for the concentration profile in an xsothermal
tubular reactor can be ‘written as

{1

te;the;dimens;ouless parameters x and y represent the
stance from the reactor.inlet.and the reactant congentra-
n,-respectively. The rate of the chemical reaction is r(y),
and the Peclet number Pe, which is inversely proportional to
he axial dispersion coefficient, is assumed to be much larger
han 1At the reactor inlet, the boundary conditien is

0 ldy @
X = = s
y Pedx Yin
nd at the exit, the Danckwerts boundary condition is
d
x=1= 29 @)
dx

- Integration of eq. (1) over the reactor volume, combined
with the boundary conditions, egs (2) and (3), yields
1

r{y)dx.

0

Your = Vx=1 =yin""[ “4)

QQOQOOOQCOOOOOOOOOOOOODOOOOOCOOOOOOODDOOOOOOOOQQDOOQQOOOOOOOOOOGOOOOOODOODOO

" Chemical Engineering Science, Vol. 49, No. 21, pp. 3675-3676, 1954
Copyright € 1994 Elsevier Science Lid

Printed in Great Britain. All rights reserved

0009-2509/94 $7.00 + 0.00

0009-2509(94)00162—6

The axial dispersion model and orthogonal collocation

"(Received 10 May 1994; accepted Jor! publication 20 May 1994)

We shall compare the solution p{x} with the solution y*(x) .
to the same model, where the reactor is assumed to be
infinitely long. The exit boundary uondxuon eq. (3), is thus
replaced by

5)

It is readily shown that the first approximation to the
difference between the two solutions is given by the term

y’* is finite for x — oo,

1 K
y(x) — y*x) = (d—}—}—> exp I:Pe(x - I)J +O e 2.
dx ‘
{6}
Substitution of this ekpression yields
: a 1 /dy ar
dx = * PR
fo"(}') * fo rydx (dx): 1(0}'*)
+ O(Pe™3) 7
or
) 1 1 o )
f r(y)dx =j' r(y*)dx + O(Pe™ ). )
o .

When Pe is large the term proportional to Pe™ 2 can be
neglected, and  the outlet concentration can therefore be
determined from

Seud J‘l (y$)d ( 1 d}a*) ¢ (9)
out = Vin ™ r X = o
Your = ¥ . ¥ Pedx/,. .

Solution by orthogonal collocation
The method of orthogonal collocation apprommates the

solution y(x) of eqs {1)~(3) by

N+1

v v i.(f)

"i=0

}'(X) (1)

where the [; (x ) are the Lagrange mterpolanon polyrnomxals
denved from the nodal polynomial ‘
N+l

H(x~X)

iOv_

P+ (X¥) = ( 1 1)
w1th xo =0, xw+1 = 1 while x,x,, ...,x, are chmen as the
zeroes of the Nth degree shifted Legendre polynomial. The
unknown ordinates y, are determined from the requirement
that the sxpansion, eq. {10), must satisfy the boundary condi-
tions eqs (2) and (3) and that the residual of the differential
equations must be zero at the N interior collocation points.

The corresponding solution for y* is obtained similarly by
means of the expansion

i
Z .Vil.'(x) (12)

i=0

yHx) =
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Table 1. L

Errorigy, ¢ s

Approx

order Danckwerts BC Open BC 3G
N 2 53x107° 54x107¢
- 3 CAZx107F T 3R 1pe -
4 S24x107° 15x 1078 3 204

Lix107° 37x 107 N

and in this case only satisfaction of the boundary condmon
atx =0is qumred Optionally, the interval endpoint x =1
.can be included in the expansion with the requirement that

the residual must also be equal to zero at the endpoint, 6 . . , . ; ;
The advantage of solving for y*(x) is that a lower approx- C P00 L 02D 040 080 080 100 120
imation order, N, is required to obtain a specxﬁed aceuracy, Time

as can be seen from Table 1, where the error in Your 18 given in
dependence of the approximation order in the hms{mg case
~of-an infinite Peclet number for r(y A= },

Fig. 1. Gutput from column.
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Ethbnum chromatocraphy with a linear adsolptmn
isotherm is frequently modeled with the partial differential

1
1
equatmn fSuwondO et al, 1991 Ma and Guichon, 1°9Ih $foria puise input, a ‘Dec}et number 6f 10, ¢
: @ ; 0} e 2y vk ‘and an‘integfition time step'of 0.001 and using 80 subsec- I
=0 (13} tons with fourinterior collocation points in each is shown in I
ox Pedx Fig & The rs:«’gmsr clirve ca'l bc ¢ Ompmﬁd mf‘% *he analytm ¥
with 'boundary conditions : "ESW b ¥
t=0 = y=0 (14 .o
{15) ; ‘ e - !
zhe park Vaxue of 28.20. at t= I is vn f‘erI by fess than OOI n
and the difference between the -analytical and the numerical ti
selution is ac all.times smaller, than:§,015: -y e
S R RS N oo
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