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The equivalence of mass m and rest-energy E0 is one of the great discoveries of all time. Despite the
current wisdom, Einstein did not derive this relation from first principles. Having conceived the idea
in the summer of 1905 he spent more than 40 years trying to prove it. We briefly examine all of
Einstein’s conceptual demonstrations of E0=mc2, focusing on their limitations and his awareness of
their shortcomings. Although he repeatedly confirmed the efficacy of E0=mc2, he never constructed
a general proof. Leaving aside that it continues to be affirmed experimentally, a rigorous proof of the
mass-energy equivalence is probably beyond the purview of the special theory. © 2011 American
Association of Physics Teachers.
�DOI: 10.1119/1.3549223�
I. INTRODUCTION

Einstein conceived the idea that mass and energy were
equivalent in the summer of 1905 while working as a clerk
�with only a trial appointment� at the Patent Office in Bern,
Switzerland. This paper focuses on his life-long effort to
prove that extraordinary insight. We will explore the motiva-
tions behind, and the limitations of, his surprisingly many
derivations. To this day special relativity is burdened with
two competing interpretations of the concepts of momentum,
mass, and energy. As we will see, this issue influenced Ein-
stein’s later derivations of the mass-energy equivalence.

In the 19th century, a number of European physicists, in-
cluding the leading theoretician of the time, Hendrik Lor-
entz, were working to establish that mass was, in whole or in
part, electromagnetic.1 There were primarily two competing
theories, one by Lorentz, the other by Max Abraham. Both
agreed that depending on the relative direction of its velocity
and acceleration, an “electron” �a generic charged particle�
moving through the aether could manifest both transverse
and longitudinal speed-dependent mass components. There
was even experimental evidence that seemed to confirm as
much. Electromagnetic theory was then at the center of phys-
ics.

Einstein was aware of some of these exciting develop-
ments. He boldly entered the discussion, albeit in a novel
way, when he added the last section to his groundbreaking
June 1905 paper, “On the electrodynamics of moving
bodies.”2 Without utilizing the aether or hypothesizing the
physical characteristics of the electron, he employed his new
theory, along with Maxwell’s equations, and F=ma �alas, an
erroneous approach�3 to derive expressions for the transverse
��2 and longitudinal ��3 mass. Like most German-speaking
scientists, he denoted mass by �. We will simplify the nota-
tion and write the Lorentz factor as �= �1−v2 /c2�−1/2, where
v is the particle’s speed and c is the vacuum speed of light.
Only his longitudinal mass agreed with Lorentz, but that
didn’t deter Einstein; besides he might not even have known
there was a discrepancy at the time.4

Young Albert ended his June 1905 paper using his some-
what flawed results5 to obtain the correct expression for the
relativistic kinetic energy

KE = �mc2 − mc2 �1�

of “a pointlike particle,”2 where �in modern notation� m is
mass. Although this derivation left much to be desired, it was

a spectacular achievement.
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His next discovery, the one Einstein later considered the
greatest accomplishment of the special theory, was the
equivalence of mass and energy. That revelation—more an
epiphany than the result of rigorous analysis—came on the
heels of the June paper. It was then that Einstein became
aware of the potential significance of the quantity mc2. It is
argued elsewhere5 that his realization that mc2 was some sort
of rest-energy �call it E0, though as yet he had no symbol for
it� arose from a close reading of his formula, KE=�mc2

−mc2.
The assistant examiner at the Patent Office did not derive

the equation E0=mc2, or anything like it, from first principles
in 1905. Nor did he ever explicitly make it known how he
came to believe that mass and energy were “identical.” He
said nothing about it in his June 1905 paper, yet less than
three months later he produced his first demonstration of the
mass-energy equivalence.

Without a mature relativistic dynamics, Einstein was com-
pelled to work with Maxwell’s equations and the Lorentz
transformations applied to special situations that were con-
trived to be amenable to analysis. More often than not, these
Gedanken experiments portrayed situations that are unattain-
able in the laboratory.

After Planck’s derivation of relativistic momentum �p
=�mv� and his confirmation of the formula for relativistic
kinetic energy,6 Einstein had more tools that he could bring
to bear. Nonetheless, he was, time and again, thwarted by
having to apply equations which were derived for point
masses, to extended objects.

Despite hundreds of books and articles that attribute to
Einstein the expression E=mc2, where E is the total energy
and m is relativistic �speed-dependent� mass, he never wrote
that equation with those meanings for those terms. It is the
equivalency between invariant �speed-independent� mass and
rest-energy—not relativistic mass and total energy—that was
Einstein’s great contribution.7

Although he affirmed the correctness of the mass-energy
equivalence in about 18 different presentations, he was not
able to provide a conclusive general proof of this seminal
hypothesis. Einstein seems to have been aware of the limita-
tions of these efforts as witnessed by his continued offering
of new derivations up to 1946. Even so, establishing owner-
ship of the concept of the equivalence of mass and energy

was of great importance to him. We will suggest that the
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inability to prove E0=mc2 once and for all was not a failing
of Einstein’s, but an epistemological constraint that he began
to recognize as early as 1907.

II. THE SECOND RELATIVITY PAPER

Einstein came to his second paper on relativity �September
1905�, “Does the inertia of a body depend upon its energy
content?,”8 armed with new knowledge. The June 1905
article2 contained expressions for the Doppler shift, and the
energy of an electromagnetic plane wave as determined by a
uniformly moving observer. He also, no doubt, suspected
from the analysis leading to Eq. �1� that the energy of an
object at rest equals mc2. Accordingly, it made sense to con-
struct a Gedanken experiment around something that stayed
motionless. We presume Einstein already knew the answer
he was looking for before he devised the rather elaborate
scheme he used to reveal it.

The treatment outlined here, in which the notation has
been simplified, is true to the original derivation. Although it
is routinely claimed that this analysis provided the definitive
proof of E=mc2, it did not. Moreover, the youthful savant
was aware that this inquiry, which he astutely labeled a “spe-
cial case,” did not provide a complete proof of the mass-
energy equivalence. Indeed, he later �1907� spoke of that
equivalence as “an assumption of such extraordinary
generality,”9 rather than a proven fact.

The September 1905 study8 began with the idea of a body
at rest that subsequently emitted two identical electromag-
netic plane-wave pulses in opposite directions. Each of these
carried off an amount of energy �E /2 �Einstein actually
wrote it as L /2�. He then created expressions for conserva-
tion of energy before and after the emission, as measured by
two observers: one at rest with respect to the radiating body,
the other moving with respect to it at speed v.

Because of the Doppler effect, an observer heading toward
a source measures the wave blue-shifted �higher energy�,
whereas an observer heading away from a source measures it
red-shifted �lower energy�. Einstein had an equation for the
energy of electromagnetic plane waves in the June 1905
paper.2 From the moving frame, the energy increase for one
pulse was greater than the energy decrease for the other.
Consequently, the emitted energy �E in the rest frame be-
comes �E�=��E in the moving frame.

Einstein formulated the difference between the total en-
ergy in each frame prior to emission. This difference was the
initial kinetic energy KEi of the object due to the relative
motion of the two frames. Similarly, the difference between
the total energy in each frame after emission was the final
kinetic energy KEf. Subtracting these two quantities yields

KEi − KEf = �E�� − 1� . �2�

Einstein included a constant C in each of the kinetic energy
terms “which depends on the choice of the arbitrary additive
constants of the energies….” This constant cancels out of Eq.
�2�.

In this imagined experiment, the emitting body was at rest
in the original frame before and after radiating, and hence it
did not change its speed in either frame. Because the body’s
kinetic energy, as determined by the moving observer, de-
creased �via Eq. �2�� as a result of the emission, its mass
must also have decreased. �At that moment young Einstein
was a believer, albeit a temporary one, in a speed-dependent

mass and had to keep in mind that m was the object’s mass
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provided it moved slowly.� Knowing that KE= 1
2mv2 at low

speeds, Einstein expanded the right side of Eq. �2� in powers
of v /c requiring v�c, so that

KEi − KEf =
1

2

�E

c2 v2. �3�

For a low-speed observer,

�m = �E/c2. �4�

This expression is independent of v and applies, as well, to
observers at rest with respect to the body.

Einstein jumped from Eq. �3� directly to the conclusion:
“If a body releases the energy �E in the form of radiation, its
mass decreases by �E /V2.” �In his early papers, Einstein
used V, as had Lorentz, for the vacuum speed of light.� In
other words, if a body at rest, having energy E0, loses radiant
energy �E=�E0, its mass decreases by �m where

�E0 = �mc2. �5�

However much Eq. �5� was implied, the patent clerk did not
explicitly present it in this paper, nor did he write E0=mc2,
or E=mc2, or even the equivalent of �m=�E /c2.

Einstein stopped abruptly at Eq. �3� and only went so far
as to conclude that a change in energy would be accompa-
nied by a change in mass. He chose his words carefully:
“The mass of a body is a measure of its energy content.”
Mass is a measure of energy content, but he left his readers
to wonder if there might be other contributing factors as
well.10 Nowhere did he write that mass and energy are
“equivalent;” that would come later. At this time he could
imagine that there might be some kind of quiescent matter
that possessed residual inert mass even if all of its energy
were somehow removed.11 After all, light was an entity with
energy and no mass; perhaps there was matter with mass and
no energy.

This derivation came very early in the development of
relativity, and the formal concept of “rest-energy” had not
yet evolved, nor had E0 been introduced to symbolize it.
Unless Einstein was willing to assume that whenever E0=0,
m=0—that all of the mass of a material entity was equiva-
lent to energy—he could not take the analysis any farther
than he had in September 1905. Unfortunately, he did not
overtly share his concerns about this issue with his readers.

Modern authors, knowing all about particle-antiparticle
annihilation, tend to jump in on Einstein’s behalf, concluding
that E0=mc2 follows so naturally from Eq. �5� that he must
have produced it in 1905.12 Einstein avoided that temptation,
and it would not be until 1912 that he was writing statements
like: “According to this conception, we would have to view a
body with inertial mass m as an energy store of magnitude
mc2 �rest-energy of the body�.”13 To attribute E0=mc2 �or
even worse, E=mc2� �Ref. 12� to Einstein via the September
1905 paper8 is to do injustice to the gradual nature of his
development of the concepts.

Having established the basis for Eq. �4�, Einstein made
two intuitive and seemingly innocent leaps that went beyond
what he could prove. “Since obviously here it is inessential
that the energy withdrawn from the body happens to turn into
energy of radiation rather than some other kind of energy, we
are led to the more general conclusion: The mass of a body is
a measure of its energy content �Energieinhalt�….” The con-
cept of rest-energy was still unformulated, and he was not

even using the term. Without proof, Einstein guessed that the
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loss of other forms of energy besides electromagnetic would
result in an equivalent loss of mass. That is no small point,
especially because many physicists at the time believed mass
was entirely electromagnetic.1 If it were, why should an ob-
ject that loses heat, which is more mechanical than electro-
magnetic, lose mass?

An unspoken assumption was made early in the Septem-
ber 1905 paper that each emitted light pulse was not mate-
rial, in that it carried energy but had no intrinsic mass.
Throughout his work on the special theory, Einstein main-
tained that light was other than matter. As he put it in 1911,
“�t�he comparison of light with other ‘stuff’ is not
permissible.”14 Thus, Einstein avoided a more complicated
calculation15 by conjecturing, without discussion or proof,
that light was massless. But of course he could not prove
such a thing, one way or the other.

Assuming the previous derivation is structurally
flawless—there has been debate about that16—it is predi-
cated on several assumptions. These seem innocuous today
only because they appear to be right, inasmuch as a hundred
years of experimentation have not produced any significant
contradictions.

Finally, it should be noted that plane waves are a math-
ematical contrivance.17 No real extended body can actually
radiate electromagnetic plane waves as required by this
thought experiment. Naturally enough Einstein said nothing
about the physical structure of the hypothetical emitting
body that could perform such a feat. This omission likely
troubled him because, as we will see, he returned to the issue
seven years later with a more elaborate emitter.

What Einstein proved in September 1905 was that if an
imaginary material body could somehow emit radiant energy
�E0 �which is itself massless� in the form of plane waves,
that extraordinary object would diminish in mass by �E0 /c2.
He did not prove that every form of energy was equivalent to
mass; that, he simply proclaimed. Yet, he was quite aware
that his analysis had limitations, and in 1907 he discussed the
need for a more general approach.9

The fact that positive work done on an object, otherwise
moving freely, causes an increase in kinetic energy is known
as the work-energy theorem. Although strictly accurate for
an idealized point mass, which has no inner structure �that is,
no separate parts� and cannot purloin energy internally, the
theorem is also applicable to the fictitious translating “rigid
body,” because it too cannot appropriate energy internally. If
we were to derive a whole new relativistic mechanics, con-
cepts like the kinetic energy of a compound body �whose
Newtonian representation is in terms of the motion of and
with respect to its center of mass� would have to be reexam-
ined.

The June 1905 derivation of relativistic kinetic energy was
an application of the work-energy theorem to a pointlike par-
ticle. Einstein argued that his results were also applicable to
“ponderable material points.”18 He then dauntlessly asserted
that Eq. �1� “must be valid for ponderable masses.” How
“ponderable masses” differ from ponderable material points
was not revealed, but a reader could easily get the impression
that Einstein was now considering objects such as cannon-
balls, which was quite a leap.

In the September 1905 paper, the “body” emitting light
was observed from the moving frame to be in motion. More-
over it had to be an extended object if it was to radiate plane
waves, and that raises issues about the motion of its center of

mass. �Einstein usually worked with the essentially equiva-

593 Am. J. Phys., Vol. 79, No. 6, June 2011
lent concept of “center of gravity.”� If mass is speed-
dependent—and in 1905 young Einstein still believed it
was—the location of the center of mass becomes frame-
dependent. Furthermore, because “�t�he mass of a body is a
measure of its energy content,”8 if the extended body pos-
sesses rapidly moving parts, the associated internal energy
could significantly contribute to its mass, thereby affecting
its translational kinetic energy and perhaps causing the for-
mula for it to differ from that of a point mass. Some of these
concerns probably occupied Einstein’s attention because his
next paper on mass-energy was entitled “The principle of
conservation of motion of the center of gravity and the iner-
tia of energy” �May 1906�.19

III. THE INERTIA OF ENERGY

The patent clerk was not entirely pleased with his Septem-
ber 1905 derivation of the mass-energy equivalence.9 Com-
ing at it from his hallmark Gedanken-experiment approach
introduced all sorts of limitations, but in the early days be-
fore the theory had matured that seemed the best way to go.
Still, each thought experiment set up an artificial landscape
of assumptions that robbed the conclusions, however bril-
liantly obtained, of the sought-after generality.

His next effort �May 1906� �Ref. 19� contained two dis-
tinctly different analyses. The first constituted Sec. 1 entitled
“A special case,” which says a lot. It undertook to create a
derivation based on mechanics. Einstein asked his readers to
imagine a hollow tube floating in space, wherein a pulse of
light transported energy from one end to the other. This en-
ergy was absorbed and returned by a massless carrier body,
which brought the system back to its original state.

The whole setup was unrealistic: there are no massless
absorbing bodies. Although Einstein did not elaborate the
point, his treatment relied on the tube being rigid so the two
ends moved �recoiled� together, and that too was problem-
atic. This conceptual experiment has been discussed
elsewhere,20 and we need not repeat the analysis. Suffice it to
say, the ongoing forward motion of the center of mass with-
out an external force, an apparent “contradiction with the
principles of mechanics disappears” provided that the energy
�E0 imparted to the carrier object at rest “possesses the in-
ertia” �E0 /c2, and by inertia he meant mass.21 The technical
expert, recently promoted to second class, had affirmed the
results of his September 1905 paper, but again he cautiously
stopped short of explicitly writing the equivalent of Eq. �5�.
Although fascinating, this scenario was too unrealistic to
stand as an unassailable proof.

His second mass-energy offering in that same May 1906
paper relied on Maxwell’s equations, a formalism over which
Einstein displayed complete mastery. In this case, his imag-
ined setup involved a number of moving “discrete �charged�
material points.” These had different masses, moved ran-
domly, and were mutually interacting. Einstein dealt with the
problem of internal relativistic motions rather glibly by as-
suming that “all of the �system’s particle� velocities are so
small that terms of second order may be neglected….”19

Intrepidly treating the field energy as a mass distribution,
in accord with the “hypothesis on the dependence of the
mass on energy,” Einstein included it in the determination of
the center of gravity. From that he concluded that “at least in
first �nonrelativistic� approximation, the principle of conser-
vation of the motion of the center of gravity”19 holds, pro-

vided we ascribe inertial mass to energy.
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The derivation was specialized, approximate, and perforce
impotent as a definitive proof. For Einstein, as of May 1906,
the mass-energy equivalence was, in his words, a
“hypothesis.”19

A. The complete theoretical system

While still at the Patent Office, the youthful genius ad-
dressed the limitations of his special theory in a comment22

responding to a note by his friend Paul Ehrenfest. The two
postulates of relativity do not, in and of themselves, repre-
sent a complete theoretical system “in which the individual
laws are implicitly contained and from which they can be
found by deduction alone….” This point is tremendously sig-
nificant; the special theory is predicated on two postulates
and there is no reason to believe that all the conclusions that
spring from that theory can be proven true by “deduction
alone.”22 He went on: “For the time being we only have the
kinematics of parallel translation �no rotation� and an expres-
sion for the kinetic energy of a body in parallel transla-
tion….” Although derived for point masses, Einstein claimed
that Eq. �1� applied to “bodies.” Furthermore, “both the dy-
namics and the kinematics of a rigid body have at present to
be considered as unknown….”22 Without a “complete sys-
tem,” attempts at establishing the mass-energy relation
would by necessity involve using special situations along
with appended hypotheses.

B. Two remarkable 1907 papers

Einstein was not content with his earlier treatments of
mass-energy, and returned to the subject in his next paper,
“On the inertia of energy required by the relativity principle”
�May 1907�.23 This discussion began with a recapitulation of
the September 1905 analysis. Einstein was aware of the spe-
cial nature of that exposition and sought a more widely ap-
plicable approach. He also knew that “�t�he general answer
to the question posed is not yet possible…. Rather, we must
limit ourselves to the special cases that we can handle at
present without arbitrariness from the standpoint of relativ-
istic electrodynamics.”23 For the time being he confined him-
self to thought experiments in electrodynamics, two of which
were contained in the May 1907 paper.

In Sec. 1, Einstein asked his readers to “consider a rigid
body that is moving in uniform translation” one that is “rig-
idly electrified.”23 The body was subsequently acted on by an
electric field as it traveled in the direction of the field.
Clearly, there must be some sort of additional applied oppos-
ing force or the body would accelerate. After an elaborate
analysis, Einstein remarked: “We thus get the following
strange result.” “�T�hese forces—observed from a coordinate
system that is moving relative to the body—perform an
amount of work �E on the body….” Using electromagnetic
theory, he derived an expression for �E that depends on the
velocity and the forces. He concluded that this additional
energy must result in an increased kinetic energy beyond that
of the same body without the field, moving at the same ve-
locity. That could only mean there was an increase in the
body’s mass, but he left this ultimate surmise to his readers.
He stopped at the point of asserting that there was an in-
creased kinetic energy, not even mentioning mass.

His conclusion was reached without elaborating on how
the field might do work on a rigid body that could not de-

form. Besides, he probably already knew that “�a�ccording to

594 Am. J. Phys., Vol. 79, No. 6, June 2011
the theory of relativity, a rigid body cannot exist at all.”24

Interestingly, there was no mention of potential energy. Nor
did he talk about the necessity for there to be a charged
object causing the field in the first place, and hence any
change in mass it might have experienced. Apart from that,
having a three-dimensional uniform distribution of rigidly
fixed charges was unrealistic. So, all in all, this argument,
however masterfully developed, was not the sought-after ul-
timate proof of E0=mc2.

The second May 1907 attempt again utilized a “rigid, rig-
idly electrified body in uniform translation….”23 In this case,
there was no external field, and Einstein considered the in-
ternal forces between charges that produced an electrostatic
energy increase. He derived an expression for the kinetic
energy of a charged rigid body and compared it to the kinetic
energy of an uncharged body moving at the same speed. He
found “that the electrostatically charged body has an inertial
mass that exceeds that of the uncharged body by the electro-
static energy divided by the square of the velocity of light.
The law of the inertia of energy is thus confirmed by our
result in the special case considered,” and it was a special
case that could not actually exist.

In the last section of this May 1907 paper,23 Einstein,
seeking “the simplest expression for E,” the total energy, set
E0=mc2 for the very first time.25 Here, E0 is the energy “for
the stationary mass-point;” the term rest-energy was still not
part of his lexicon.

At the request of Johannes Stark �December 1907�, Ein-
stein wrote a lengthy review article entitled, “On the relativ-
ity principle and the conclusions drawn from it.”26 In Sec.
11, he considered a moving charged system of inertial mass
�. The system was composed of separate parts that were in
motion with respect to each other, and was exposed to “the
action of electric and magnetic forces.” He handled the
daunting problem of an extended entity composed of moving
parts by again simply requiring that the motions of those
parts could be neglected. The system behaved like a point
mass M provided M =�+ �E0 /c2�, where E0 was the “energy
content” as determined by a comoving observer.27 It is here
that Einstein explicitly combined the energy associated with
the mass of the system’s component parts �c2 with its tradi-
tional energy content to create the new concept of rest-
energy, although he didn’t give the result that name. He went
further: “It seems far more natural to consider any inertial
mass as a reserve of energy.”26 In so doing, he essentially
hypothesized that when E0=0, m=0, or as he put it much
later, “one can stipulate that E0 should vanish together with
m” �1935�.28 That was the conceptual leap he did not take
publicly in September 1905.

Limited to only electrodynamics, and systems with negli-
gible internal motions, this derivation was hardly a universal
proof. Nonetheless, it provided one more impetus to accept
the relation E0=mc2.

Section 14 in the same review article26 contained two “ex-
amples” of the efficacy of the mass-energy principle. The
first involved a massless cavity filled with electromagnetic
radiation, and the second considered a massless charged
body. Both analyses, which were completely artificial though
quite elegant, led to the conclusion that the systems behaved
as if each possessed a mass E0 /c2.

In the last section of this 1907 article, Einstein went be-
yond special relativity to determine how gravity might con-

tribute to mass-energy. He had already proposed the equiva-
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lence principle earlier in the paper, that is, “the complete
physical equivalence of a gravitational field and a corre-
sponding acceleration of the reference system.”26 The Lor-
entz transformation for time contained the speed of the mov-
ing system, and if this system was accelerating, it would
influence its speed and hence its time. It followed that grav-
ity would affect the electromagnetic phenomena unfolding in
time. An analysis of the electromagnetic energy supplied to a
distribution of matter in a gravitational field showed that if
the equivalence principle were correct, the mass-energy prin-
ciple would apply to gravitational as well as inertial mass.
This brilliant discussion confirmed the efficacy of the mass-
energy equivalence, but it could not prove either principle.

C. 1909–1912: Three more demonstrations

In July 1909 Einstein submitted his resignation at the
Patent Office to take a position as associate professor of the-
oretical physics at the University of Zürich. He again turned
his attention to the mass-energy principle when �September
1909� he prepared a paper “On the development of our views
concerning the nature and constitution of radiation.”29 In this
study, he essentially repeated the original derivation of Sep-
tember 1905, no doubt because it involved light pulses. This
later, more concise, version omitted any discussion of an
“additive constant” in the energy expressions. Einstein con-
cluded: “The energy emitted must be reckoned as part of the
body’s mass.” The derivation again relied on plane waves
and is no less speculative than its 1905 precursor.

The introduction of the equivalence principle in 1907
marked both the beginning of a long effort to formulate a
theory of gravity and a shift in emphasis away from the
special theory. Einstein’s June 1911 paper, “On the influence
of gravitation on the propagation of light,”30 contained an-
other treatment of mass-energy in relation to gravity. This
time he envisioned two optical instruments, I1 on the z-axis
at a distance l beneath device I2. Both are in a gravitational
field in the −z-direction. By the equivalence principle, this
situation was identical to a gravity-free system accelerating
at g in the +z-direction. A pulse of radiant energy E2 was
emitted by I2 downward toward I1. Because of the accelera-
tion and the resulting Doppler shift, the pulse arrived at I1
with an energy E1�E2. By using the appropriate energy
equation from the June 1905 paper,2 and introducing several
approximations, Einstein showed that the radiant energy in-
crease �E1−E2� equals the potential energy decrease experi-
enced by a mass equivalent to E2 /c2 descending a distance l
in a gravitational field. The mass-energy principle was again
consistent with the equivalence principle, which was another
affirmation, though not a general proof of either principle.

Einstein was a full professor at the German University in
Prague in 1911 when he was asked to write, for inclusion in
a book, a treatise, “On the special theory of relativity.” Be-
cause of the First World War, the book’s publication was
delayed and his contribution was ultimately withdrawn. The
handwritten manuscript, which began in 1912, still exists.
Section 14, “The inertia of energy,”31 contains another
thought experiment. It imagined a “rectangular
parallelepiped-shaped plate” floating freely in space that si-
multaneously radiates two identical electromagnetic wave
trains in opposite directions. Without saying as much, Ein-
stein treated these hypothetical plane-wave pulses as if they
were monochromatic. He went on to formulate expressions

for their energy densities as measured by a uniformly mov-
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ing observer in terms of the energy density determined by a
comoving observer. Expressions for the energy of the two
wave trains followed. Like the unspecified body in the re-
lated September 1905 derivation,8 this “plate” could only
radiate waves that approximate plane waves, because plane
waves are a mathematical idealization.17 Nor could real
pulses be monochromatic regardless of their finite length.
Einstein ignored these limitations on the analysis entirely.

He then asserted that if we “consider exclusively the
translational motion of the plate as a whole, we surely can
view the plate as a material point of a certain mass M.” This
assumption was necessary because the equations for relativ-
istic energy and momentum were for point masses. Equating
the plate to a material point brings to mind the conundrum of
the work-energy theorem, which haunts many of these deri-
vations, and again raises questions. Was the plate supposed
to be rigid? If so, it offends relativity.32 If not, before it
radiated, were any of its internal parts in rapid motion so that
it might not translate as a Newtonian body would �that is, as
a point mass at the center of mass�?

Once we are willing to accept the point-mass equivalence
of the plate and the notion that it radiates plane waves, its
energy before and after emission follows from E=�Mc2.
“�T�hus, the inertial mass of the plate increases �or de-
creases� by �E� /c2 when its rest-energy �the energy for a
comoving observer� experiences an increase �or decrease� of
�E�.”31 This outstanding analysis was nevertheless restricted
to electromagnetism, somewhat unrealistic, and perforce
wanting as the elusive universal proof.

D. Space-time

Minkowski, a mathematics professor at Göttingen, pre-
sented his four-dimensional space-time formulation of rela-
tivity in 1907–1909.33 His analysis began with a collection of
familiar ideas from electromagnetic theory. There was one
equation corresponding to electromagnetic energy density,
three expressions for 1 /c times each of the components of
the electromagnetic energy flux, three expressions for c times
each component of the electromagnetic momentum density,
and six components of what Maxwell referred to as aether
stress. The idea was to describe the amount of energy per
unit volume, yet when determined by a translating observer,
whatever was initially static would now be moving and per-
force there would exist energy fluxes and momentum flows.

Minkowski realized that this set of quantities could con-
stitute a single mathematical entity called a tensor. The re-
sulting 16-component expression for the energy-momentum
density came to be known as the stress-energy �also known
as energy-momentum� tensor. Much of the analysis that fol-
lowed was a reformulation of Maxwell’s equations in which
the four-dimensional force density was equal to the negative
of the divergence of the electromagnetic energy-momentum
tensor.

Laue first recognized the central role that might be played
by the energy-momentum tensor in the relativistic dynamics
of extended bodies.34 He audaciously generalized this sym-
metric tensor, claiming that it could embrace all forms of
energy other than electromagnetic �for example, mechanical
and thermal�. By summing the tensor representations of each
such contribution, he argued that one could arrive at an all-
encompassing energy-momentum tensor T��, which speci-
fied the distribution and flow of energy and momentum in a

region of space-time.
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To simplify the analysis, Laue limited himself to an arbi-
trary closed system provided it was “static,” a restriction that
later proved unnecessary.35 In Laue’s treatment, there could
be no flow of energy, in which case the stress-energy tensor
in the rest frame was time independent. In the zero-
momentum frame, he showed �written here in modern nota-
tion� that “a static closed system in uniform motion behaves
like a point mass having the rest-mass m0=E0 /c2.”36

Einstein was well aware of Minkowski’s work though he
was initially unimpressed. Early on, he said it was “überflüs-
sige Gelehrsamkeit,” superfluous learnedness,37 but he was
soon moved to change his mind by the accomplishments of
“Abraham, Planck, and Laue.”13 Einstein’s unpublished 1912
treatise embraced “Minkowski’s four-dimensional theory.”13

A vector in this space-time continuum, a 4-vector, is a spe-
cial mathematical device which under a Lorentz transforma-
tion changes its components but not its length. It is therefore
invariant from one inertial frame to another. Because all in-
ertial observers must experience the same laws of physics,
valid physical quantities should be expressible in terms of
4-vectors.

Einstein �1912� attempted his own proof of the mass-
energy equivalence using the stress-energy tensor,13 as had
Laue. He began with a more general approach considering
the action of a 4-vector whose first three spatial components
were force densities, and whose last temporal component
was proportional to energy density per unit time. Under the
influence of this force-density 4-vector, a “system”—he did
not explicitly tell us what a system was—would experience a
divergence of its energy-momentum tensor T��. Because
force, momentum, and energy were all formulated as densi-
ties, integrating this relation over an appropriate volume of
the four-dimensional manifold led to expressions corre-
sponding to conservation of momentum and energy in inte-
gral form.

Einstein established that the resulting changes in the mo-
mentum and energy transformed as a 4-vector. He went on to
claim, without proof, that if these changes constituted a
4-vector, the quantities themselves formed a 4-vector. Al-
though his intuition was correct, that unsubstantiated as-
sumption constituted a fatal flaw in the argument. Einstein,
aware that he was on thin ice, commented in a footnote: “To
be sure this is not rigorous, because additive constants might
be present that do not have the character of a vector; but this
seems so artificial that we will not dwell on this possibility at
all.”38

The T�� tensor was so constructed that upon integration of
its divergence, the components comprising its fourth column
corresponded to �what Einstein claimed was� a 4-vector
made up of one energy and three momentum components—
the functional forms of which were not then explicitly speci-
fied. The simplest situation to treat was that of the zero-
momentum frame in which the 3-velocity was zero and the
energy-momentum 4-vector became, in modern notation,
�0,0 ,0 , iE0 /c�. This representation assumed that the system,
whatever it was, had energy �E=E0� when at rest.

Earlier in a section treating “ponderable bodies,” Einstein
provided, without explication, a dimensionless variant of the
Minkowski velocity 4-vector, which he called G�. Other than
referring to it as relating to “matter,” he did not explicitly tell
us that it was an adaptation of the velocity 4-vector of a point
mass. In the zero-momentum frame, it became �0,0 ,0 , i�.

The two 4-vectors in this special reference frame differed
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only by a multiplicative constant E0 /c. He therefore con-
cluded that “the latter four-vector �E0�G�� /c� is identical to
the four-vector of the momentum and energy for any other
arbitrary system as well. By equating, we obtain the follow-
ing equations:”13 pi=��E0 /c2�vi, where i=x ,y ,z, and E
=�E0. “�T�o a first degree of approximation,” pi= �E0 /c2�vi

and E=E0+ �E0 /c2�v2 /2. “From these equations it follows
that �E0 /c2� plays the role of the total mass M of the system
in the sense of ordinary mechanics. The energy and mass �of
a closed system� differ from each other only by a universal
factor, and thus are completely equivalent.”13

We might well ask why Einstein limited his �already in-
complete� derivation in the last step by apparently expanding
the energy and momenta each in a power series, dropping
terms higher than v2 /c2. It should be remembered that there
were already two schools of thought concerning relativistic
dynamics. One embraced speed-dependent relativistic mass
�which for the sake of clarity we shall denote as mR�, and the
other agreed with Einstein that mass m was a speed-
independent invariant. The former group took momentum to
be p=mRv and total energy to be E=mRc2. The latter group
maintained that momentum is p=�mv and the total energy is
E=�mc2. Recall that the functional forms of the momenta
and energy in the stress-energy tensor were not explicitly
specified; Einstein produced the expressions pi=��E0 /c2�vi

and E=�E0. For him these equations meant that invariant
mass was m=E0 /c2, but he was no doubt aware that if mo-
mentum were taken to be p=mRv he had just as well shown
that mR=�E0 /c2. There was no way to distinguish between
these two possibilities, and he simply set �=1 without dis-
cussion, limiting the effort “to a first degree of approxima-
tion.” He would return to this issue of the uniqueness of the
momentum and energy expressions some 20 years later in his
penultimate attempt to prove the mass-energy equivalence.

In a response to a question on general relativity, Einstein
�December 1913� wrote an exposition in Physikalishe
Zeitschrift that contained a version of his incomplete
4-vector argument.39 A month later, he submitted a paper to
the same journal on the general theory that included a similar
treatment.40 A brief discussion of these matters also appeared
in Einstein’s handwritten “Lecture notes for course on rela-
tivity” at the University of Berlin, winter semester
1914–1915.41 He was apparently confident in the overall cor-
rectness of his analysis. Sometime after 1 January 1914, he
wrote to his friend Michele Besso, “I did prove rigorously
that the gravitational as well as the inertial mass of closed
systems are determined by the total energy of the system,
including the gravitational energy.”42

Felix Klein, a well-known mathematician already retired
from Göttingen, corresponded by mail43 with Einstein fre-
quently during 1918. In a June 1 postcard, Klein took excep-
tion to Einstein’s assertion that his analysis rigorously led to
the energy-momentum 4-vector.44 Two days later, Einstein
wrote back defending his thesis, but he did not provide a
solid proof.45 In July, Klein contacted Einstein to tell him
that he had found a solution to the energy-momentum
4-vector dilemma that followed the same route that Einstein
had outlined in an earlier �June 9� letter.46 That year, Klein,
guided by his discussions with Einstein, published an exten-
sion of Laue’s analysis that applied to closed systems,47

static or otherwise.48

What Laue, Klein, and Einstein showed was that if the T��
tensor could be generalized to all interactions, as they as-

596Eugene Hecht



serted without any proof, then E0=mc2 followed and more-
over was applicable to “systems” as well as to point masses.
One might easily conclude that their work did more to estab-
lish the efficacy of the tensor approach than it did to prove
the universality of the mass-energy equivalence. Einstein
himself �1912� used “�t�he general validity of the conserva-
tion laws and of the law of the inertia of energy” to “ascribe
a general significance” to his tensor equations “even though
they were obtained in a very special case,” that is, via only
electromagnetic field considerations.49

Einstein produced a more instructive version of his incom-
plete tensor treatment in the Stafford Lectures delivered at
Princeton during a visit in May 1921. These lectures became
the basis of a popular book, The Meaning of Relativity,50

which still left the 4-vector nature of the energy-momentum
of a closed system in space-time explicitly unproven.

E. The penultimate derivation—1934

Einstein immigrated to the United States in 1933, settling
in Princeton. A year later, he was invited by the American
Mathematical Society �AMS� to give the Gibbs Lecture at
the Carnegie Institute of Technology. His talk, “An elemen-
tary proof of the theorem concerning the equivalence of mass
and energy,” was published in the Bulletin of the AMS
�1935�.28,51

The new “proof” was created to utilize only mechanics,
avoiding electromagnetic theory altogether. There were good
reasons for doing that. Einstein had long believed that Max-
well’s theory was suspect, which was a notion underscored
by the success of the photon concept. Moreover, he main-
tained from the beginning that the mass-energy equivalence
was applicable to all interactions. As we have seen, Ein-
stein’s stress-energy-tensor derivation was not wholly satis-
factory. He was still wrestling with questions concerning the
uniqueness of the expressions for relativistic energy and mo-
mentum.

Twenty-five or so years earlier, Lewis and Tolman,52 in
their derivation of “relativistic mass,” had introduced the
idea of using collisions between particles to ground their
treatment in mechanics. Ironically, Einstein, who rejected the
concept of relativistic mass, seems to have been inspired by
their approach, which by 1934 had found widespread
acceptance.53 He now took conservation of energy and mo-
mentum to be fundamental, along with the two postulates of
special relativity �which are the determinants of the Lorentz
transformations�. Because this explication has been dis-
cussed elsewhere,54 we need only to outline the development
to make the points that are relevant here.

Einstein began with Minkowski’s differential line element
ds2=dt2−dx2−dy2−dz2, the fundamental invariant.28 This
quantity immediately led to the velocity 4-vector. Multiply-
ing that by the invariant mass m of a material particle, “�w�e
obtain a vector connected with the motion of the latter….”
That invariant space-time vector is the well-known energy-
momentum 4-vector, but Einstein deliberately avoided call-
ing it that. With his previous derivation no doubt in mind,
and with the nature of mass and momentum still controver-
sial, he was being circumspect. In simplified notation using
SI units, this 4-vector comprised three momentum terms
�pi=�mui where i=x ,y ,z, and the ui are the 3-velocity com-
ponents of the particle� and one energy term �E=�mc2�. It
was “natural to give” �mc2 the meaning of energy, from

2
which it followed that at zero speed, E0=mc , and further-
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more that KE=mc2��−1�. Nonetheless, Einstein asserted
that we really have not proven as much, “since in no way is
it shown that this impulse �that is, momentum� satisfies the
impulse-principle �that is, conservation of momentum� and
this energy the energy-principle �that is, conservation of
energy�….”55

The goal of the derivation was to use the conservation
laws on systems of colliding particles connected by Lorentz
transformations, and thereby determine if the foregoing ki-
netic energy and momentum expressions were consistent
with such an analysis. Correct representations must reduce to
zero at zero speed, but there are many possible formulations
that do so. Being consistent with the conservation laws is a
more definitive criterion.

Accordingly, Einstein constructed general expressions for
the relativistic momentum and energy that could subse-
quently be particularized by the demands of the conservation
laws. He proposed �written here in modern notation� that we
start with

pi = muiF�u� where i = x,y,z and E = E0 + mG�u� .

�6�

F�u� and G�u� are even continuous functions of the speed u
that vanish when u=0 and are thus independent of the direc-
tion of motion. He assumed that both expressions contained
“the same mass-constant m”—remember that Einstein ab-
jured relativistic mass. Given that E=E0+KE, it follows that
KE=mG�u�. To determine F�u� and G�u�, he considered the
case of a perfectly elastic collision between two identical
“mass-points.”

Imagine a coordinate system S, wherein two mass-points
are traveling toward each other. One can find a zero-
momentum frame S� �moving at v with respect to S� wherein
the particles—Einstein called them a particle-pair—have ve-
locities that are equal in magnitude and opposite in direction.
Because momentum must be conserved, the sum of their
velocities in S� has to remain unchanged by the elastic col-
lision. No matter what the form of F�u� is, the speeds of the
two particles remain equal after the collision. From energy
conservation, the same is true for G�u�.

By applying the Lorentz transformations, Einstein arrived
at two mathematical statements equating speeds before and
after the collision. He called these expressions “conservation
equations” because except for a multiplicative factor of m,
one of them looked exactly like conservation of pi, and the
other looked exactly like conservation of KE. He concluded,
“we shall have to regard �mui as the impulse �that is, mo-
mentum� and mc2��−1� as the kinetic energy of the
particle.”56

“We now turn to the proof of the assertion that the mass is
equal to the rest-energy.”57 Accordingly, Einstein imagined
colliding “material points” that are not elastic. He employed
“points” because he had just derived KE=mc2��−1� for
point masses. Nonetheless, in an inelastic collision, some
energy is transferred to internal parts of the colliding bodies,
and though total energy is conserved, KE is not.

Without defining terms, Einstein used “material point,”
“mass-point,” and “particle” interchangeably.58 A structure-
less point mass may arguably be conceivable, but here he
conjured up “material points that are not elastic.” Yet, a point
particle with internal structure is an oxymoron. That is the

old conundrum of particle versus a system of particles. Ein-
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stein didn’t satisfactorily address this problem in his previous
thought experiments, and avoided it completely here.

A particle-pair with respect to S� has precollision veloci-
ties that are equal in magnitude and opposite in direction.
Because momentum must be conserved, their final velocities
in S� “must be equal and opposite.”28 Einstein then equated
the total energy of the particles �E=E0+KE=E0+mc2��
−1�� before and after the collision. With c=1, the impact
produced a change in both the rest-energy and mass of the
particles such that �E0=�m.59 Because rest-energy, “from
the nature of the concept, is determined only to within an
additive constant,60 we can stipulate that E0 should vanish
together with m. Then we have simply E0=m.”28 Again, Ein-
stein is guessing, although experiments will confirm his in-
tuition.

To generalize his conclusion, Einstein boldly maintained
that “�e�very system can be looked upon as a material point
as long as we consider no processes other than changes in its
translation velocity as a whole.”28 But he never proved as
much for systems with fast-moving internal components.
Furthermore, a self-propelled system �for example, a runner
or an automobile� cannot “be looked upon as a material
point.”28 When such a system accelerates, there is ordinarily
no external propelling force that does work on it, as there
must be for a material point. Alas, the inelastic material point
that Einstein required is a fabrication only approximated in
reality.

F. Last attempt—1946

“An elementary derivation of the equivalence of mass and
energy”61 appeared in 1946 and was Einstein’s last confirma-
tion of E0=mc2. The text was short, deceptively simple, and
explicitly limited. Remarkably, the treatment “does not pre-
sume the formal machinery of the theory �of relativity�, but
uses only three previously known laws:”61 conservation of
momentum, the equation for radiation pressure, and the ex-
pression for stellar aberration of light.

Like his September 1905 thought experiment, it involved
“a body” at rest in a frame S, and two pulses of light �“com-
plexes of radiation”� each of energy E /2. In this imagined
experiment, these pulses were absorbed rather than emitted,
and Einstein focused on conservation of momentum instead
of energy. The pulses, traveling in opposite directions, ap-
proached the body along the x-axis in S, and we are presum-
ably to assume they arrived simultaneously, which is no
mean feat. This process was viewed by an inertial observer
moving in the negative z-direction at speed v. Einstein com-
pared the total momentum of the system before and after
absorption, as observed from the moving frame S�. He intro-
duced several approximations which required the speed of
the observer to be small compared to c. For example, he took
the momentum of the body in the moving frame to be mv
“according to classical mechanics,” rather than �mv, which
would have injected relativity into the analysis.

Einstein established that for momentum to be conserved,
the body’s mass would have to increase by �m=E /c2. Here,
E is a specific energy increase. Inasmuch as the object re-
mained at rest in S, we can let E=�E0 and write �m
=�E0 /c2. Then because “energy according to the usual defi-
nition leaves an additive constant free, we may so choose the
latter that” E0=mc2. In other words, we may conjecture that
when E0=0, m=0. Incidentally, even though it is clear that

he was considering rest-energy and invariant mass, and
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moreover that E was a specific amount of energy and not the
total energy, the last expression he wrote in this article was
“E=Mc2.” In 1946, that equation was already an icon of the
“atomic age” and even Einstein would occasionally write it,
rather than the more explicit E0=mc2, so as not to disappoint
his readers.3

Einstein’s complexes of radiation, which he never de-
scribed in any detail,62 traveled along the x-axis. Classically,
they could do that only if they were unrealistically assumed
to have planar wavefronts.17 On arrival, these complexes of
radiation were completely absorbed by the finite-sized body.
In that respect, they behaved more like narrow pulses of
photons than electromagnetic plane waves of infinite extent.
Yet, stellar aberration, which he utilized in the analysis, as-
sumes incoming classical plane waves. Einstein didn’t ad-
dress this seeming inconsistency.

This ingenious imaginary experiment, his final affirmation
of what he was now calling the “law of equivalence,”61 was
nonetheless approximate, limited to radiant energy, a tad im-
practical, and no more compelling or universal than his very
first proof, but it came after three atomic bombs had inescap-
ably made the point.

IV. CONCLUSIONS

Einstein produced about 18 virtuoso derivations and dem-
onstrations all aimed at establishing the mass-energy prin-
ciple. We have shown that although each of them gave evi-
dence for the applicability of E0=mc2 to a particular set of
circumstances, no one derivation, or collection of them taken
together, succeeded in providing a definitive proof of its
complete generality. That should not be surprising because
the same situation occurs, for example, with F=ma, which is
a different kind of relation than E0=mc2. Even so, 300 years
of successful theoretical work have not proven the correct-
ness of F=ma. Indeed, relativity showed that this expression,
one of the bedrocks of classical mechanics, holds only ap-
proximately.

The fact that Einstein continued to create demonstrations
of the efficacy of E0=mc2 up to 1946 tells us that he knew
the definitive proof had not been accomplished. That aside,
countless experiments from Cockcroft and Walton63 to Rain-
ville et al.64 have, with increasing accuracy, confirmed that
E0=mc2 is one of the greatest insights of the 20th century.

For several compelling reasons, many physicists have
come to accept that mass is invariant,65 even though there is
no proof—theoretical or experimental—that it is. If mass is
speed-independent, then E0=mc2 and only the internal en-
ergy, the rest-energy, of an object determines its mass. How-
ever, if mass is relativistic, then E=mRc2 and the kinetic
energy of a system moving as a whole also contributes to its
mass. A proof of either E0=mc2 or E=mRc2 is therefore in-
extricably linked to a determination of the fundamental na-
ture of mass and is beyond the purview of the special
theory.66 That conclusion is supported by the fact that rela-
tivity was introduced over a hundred years ago and in all that
time no such proof has been forthcoming.

That is ironic because it was Kurt Gödel, a close friend of
Einstein’s, who showed that it is impossible to prove every
true statement contained in a mathematical system using
only the conceptual apparatus of that system. It is fascinating

to speculate that the youthful dapper logician and the aging
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rumpled physicist might have discussed the inability to prove
E0=mc2 on one of their long morning walks to the Institute
in Princeton.
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