
Extension of the application of conformal mapping techniques 
to coplanar lines with finite dimensions 

I .  I n t r o d u c t i o n  
CalculaLions of'wnre r:lraracterist.ic i1nper1a111.e and effective die1t:ctric constant of 

~:oplatlar lines by co~~fur tnal  mal~ping techniques \rere first p l e s e ~ ~ t e d  by \\'en (I!I(i!)). 
t\lt.lrol~gh his a ~ ~ a l y s i s  leads to si~nple analytiral espressiorrs fbr the  line paranreters, 
t,licy arc  rali,l unly for tlleaaseofir~linito sul,strate tlli~:l~nessand infi t~itedi~ilet~sinns 
fin. t.hc t w o  iiale gro1111d t r i p s .  

D a v i s  el r r l .  (1!)7:!) estende(l \\'en's a11a1ysi.c to t,he case of finite substrate 
t,lii~:l;ness. still H S S I I I I I ~ I I ~  infinite width to the  taw gronnd strips. 'l'lle espressio~ls 
oI~t; l i~ied I,y t l~ctn  ncrr: not  simple ones t h a t  can bc solred analytically. They 
~:onr:luderl t ha t  \\'ell's s i~nple  expressions are  valid fur substrate t~lliokness greater 
t l ia~i  t.wico tllc slut nidt.lil a condition t,llat can hanlly be at;lrie\.e,l ii,r lines 11avi11g 
l~iglr characteristic impeda~~ces .  Several trialswere made to calc~tlirte liue parameters 
taking into a c c ~ u ~ ~ t  the  effect offinite subst,rate thickness and linite line dimensions 
using 11111nerical nletl~otls like the  r e l s~a t~ io t l  meLhod prop)sed hy Hatsu(1a (197.5) or  
involving C:reen's funotion a s  presented by Howlart  (107li). 

'I'hese cutnputations arc iterative in nature and IIO closed-form espressio~rs fix 
line p&ra~neters i l r  the g e ~ ~ e r n l  case can be e\-t,racte(l (i.unt the literature. 

Here. \ye present c l ~ , s ~ x l l i w t ~ ~  ~ ~ w e r r i o t ~ s  for the ~ u p l a ~ ~ a r  line itnpetlnt~ce a t d  i ts  
cffct:t,ivc ~lielectric ctmstant i t1  tlw g u w d  cast: in twms  of finite line d i ~ i ~ e ~ ~ s i u l l s  
am1 ruhst,rate t l~ ick~ lcss  using ~ : u n f o r ~ t ~ a I  tilapping tecllniqucs. Also c l ~ ~ e d - f i ) r ~ n  
eslmssions are  presented for the case when there is a gwund plane on the otlier 
srtl,st.rate surface; a case tliat, t<l our ktiowledge, has not  been trcatcd before. 

2. G e n e r a l  a n a l y s i s  
Still n.it,I~in the  zerot,lr-unler appmsitnat,ion of a quasi-TEAl struct,ure an,l 

referring to the line conlig~~rat,ion sho\vtl in Fig. 1, our  analysis is based ou t,he 
i i s s ~ ~ t ~ ~ p t ~ i o n  tliat when tlrc litre ditnenrions n and h are finite, t.he line capa<:ity 
11ct.a.ee11 the ccnt.re st,rip and the  t\vo grortnrl strips is equal to the sum of the line 
c a ~ u ~ c i l y  (2,  in the: ahset~cc of the rlieler:lric: and the l i t~c  cal)acity C, u.lrcn a s s u ~ ~ ~ i n g  
tltnt.;~ll t,hc electric field is oon~:entrated in the dielect,ric \\.hose relative pertnittirit,y 
is (< , - I ) .  
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Figure I. Coplanar surface strip transmiwion line. 

Figure 2 .  Conformal mapping t,ransformations for the calculation of the line capacitance C, 
i n  the absence of the dielectric. 

2.1. Calculation of lhe r a p a d y  C, 
As a first step towards the solution of this boundary-value problem, we will map 

the boundary of thezp lane  (Fig. 2(a))  into the  real axisin the 1 plane (Fig. 2(b)) using 
the mapping function: 

and 

noting that:  

b b 
z l = -  x,=-+d 

b 
2 '  2 

and ~ , = - + d + ~  2 

This configuration in the  t plane it1  turn can be mapped into a rectangle in the  z 
plane (fig. 2(c)) using the mapping function: 

t=sn(z ,  k,) (2) 



( 3  I , )  

Hence, t,he capacitance per unit length of t,he coplanar line is four times ~ l m t  of 
the mapping of one quarter section in the z plane, i.e.: 

where K(kl)  is tho complete elliptic integral of the first lzinrl, and K ( k )  = K(K) where 
k'=,l(l -k2). 

2.2. C'olcnlnti~n of /he rnpocily C2 
'I'he boundary problem in the z plane (Fig. 3 (0)) can be transformed in another 

boundary r a l w  pn~bleol in the I p l n ~ ~ e  (Fig. 3 ( b ) )  using the  nayp ping function 

, . I his bonn(lalg value 11roblem in t Ill: l plane can be ~naplrcd into a rectangle in a linal 
II:' plane using the same t r a n s f o r ~ ~ l a t i o ~ ~ r  utilized for the structure of I2ig. 2. I3ent:e. 

l a )  

i t  : Confornd mapping tm~isfortnstion for the cnlculntion of the line cnpncity C,. 



t,l~cr::tl~:~oit:~nce per ~ ~ n i t , l e n ~ t h  i,ftltecopIanarli~re is twice thn tn f the  mapping o f the  
l1:11l' scctirn~~ in the  11'' plane wnsidering t,hat all the  electric field lines are 
c o ~ ~ m ~ ~ t . r n t e d  in the dielectric whom relative pe rn~ i t t i r i ty  is (c, - 1); i.e.: 

nftcr ~ : v ~ : r a l  simplifications, k; can be put. on the form: 

sinh($) 4si~~h2['('+,l+a)]-si~~I~2[~(~+~I)] 
- 2h 2 2h 2 

2 -  ,. ( 7 )  
sin h - -+d [ (  )] sin [ ~ ( ~ + l / + l I ) ] - s i n  2h 2 l12(g) 

S1111st.it.uting from eqns. (4) an0 (5) into (8), we obtain: 

I.'lrm Llansrnix4,~n line theory, it is known t h a t  

\\'l~cw ,: is the \doc i ty  of wave propagation in free space and up,, is the phase 
p r o p ~ t g ~ ~ t i o ~ t  velocity. 

Iicncc, the line characteristic impedance Zo can be p u t  in the form: 

I ~ q t ~ a t i o n s  (If) irnrl (11) give closetl-form expressions for the coplanar line 
~ ~ w a t ~ ~ c l c r s  w l ~ i d ~  (:a11 be manually calculated using Hilberg's (1069) approximate 
cslwcssi~ons for t,hc general f n n c t i o ~ ~  lK(k)/K'(k)]: 

K(k) -- ( 4 2 )  . I 
for 0 9 k 9 -  

(12 b )  
Jz 

I -k '  
and k'= ,/(I -k2)  

I-lcnoe, Zo :lnd cert can be calculated easily either manually or by the  aid of a 
simplc 11;rnil ct~lculator fur a n y  general line configuration and substrate tl~ickness. 



I:iigure 4. I.im chnractcristie impdance as n functicm of t,he rntio b / ( b + 2 d )  for the shown 
d u e . ;  for nlh and ( b  + Z d ) / h .  

I,.igore 5. i,imrfli.ctirc rrlat.ire diulectk ccmstant iwa funct,ion dtht:  mtio b / ( b + 2 d )  fi,~.t,hc 
shrtw~ raloes &II-  olh a r ~ c l  (b+Z, l ) / /< .  



I'igures (4) an(l (5) give the oliamcteristic impedance and the  effective (lieleatrio 
~:onstnnL for the  shoum line [~aranieters.  These results differ by less than 1.57!, from 
t l I ;~t  puhlislied by Hoodart  (1!)7(i) \vhicli were calculated with the aid of a digital 
( : O I ~ ~ I I ~ C I .  program. \\'e have calculated the  effective relative permitt.ivitieu of the  
~:o , l~l~r~iur  lines rediscrl by Rliillcr (I!);;), whose ilimensio~is are stiown in his figures I 
I L I ~ I I  2. u s i ~ ~ g  our  sitnple closecl-form expressions and e ~ m p x e d  them with the 
~neitsured ones at II frequency of J C:Hz. 'l'his mnipariso~i is s l i o u . ~ ~  i n  the tahle:. from 
i t  we see t h a t  the caI~:ulatctl values differ It?. less t l i a l~  4% frotn t,he ~neasurcd ones. 

3. C o p l a n a r  l ines  with add i t iona l  g r o u n d  p lane  
111 order to fix our attention 011 theeffect oftheexistence ofanother ground plane 

on the other substrate surface, we will assume t h a t  a =  co and the boundary value 
~ ~ I , I I I I : I I I  i n  the z p l n ~ ~ e  will be a s  shown in Fig. ( i (u ) .  . . I 111: total linco~rl)acity can bcc(~nsideletl t o  1,c: equal t o  the sum of thc  ca1)acity of 
tliu IineC, in the  lialffrcespacen~irl its capacity C, in the other halfspace filled with 
the  dielectric. Hence C ,  is calculated in the  same manner described in $2.1 noting 
t h a t  C, will be only twice tha t  of the  mapping of one quart& sectiori in the  z plane. 
I 'I ' 

and wlicn o = m, k, is given by: 

'Po calcl~late C,, the o r i g i ~ l  boundary problem in the zplnnecan be transformed 
into a symmetrical boundary value problem in a IY plane using the following 
i~~ tc rmedia te  mapping functio~is: 

boundary value problem in 1 plane: t = c o s h 2 ( ~ )  

b o u ~ ~ l a r y  value p n h l e ~ n  in z plane: z = l - i  

z ( z2  + a i 4 )  
bwnclary value problem in W plane W =  

+ M Z ~ ) ~ ,  



l3gurc: 6.  Dmfurrnal mapping t,ransfunnations fol. t,he calculation of the coplanar line 
1mrameters when there is a ground plane on the othcr substrate surface. 

u is the  solution of the simple second order equation: 

1 ( ~ ? z 3 z . ) u 1 + ( ; ? + z : z : l u + ( ~ 3 - ~ 3 ~ 4 + z : ) = 0  (16) 

and 

'I'his final boundary value problem in the  IV plane can be mapped inta a rectangle 
in a final I!" plane using the  method described in 82.1. Hence, C2 is given by: 

horn the relation C , + C , = ~ C , E , ~ ~ ,  using eqns. (13) and (IS),  we obtain: 

Using eqn. ( l o ) _  the  characteristic impedance can be given by: 

.Again, eqns. (I!)) and (20) represent closed-form expressious for line parameters 
thaL<:an beeasily calculated Figs 7 and 8 show thecharncteristic impdance  and the 





4. C o n c l u s i o n  
, x I h e  olose(l-form cxp rcss io~~s  ul,t;i i~~ed fi,r t,he cr)l)l;u~ar l ine charaotcrist i~: 

impe(lnnce n ~ ~ d  i t s  e l kc t i ve  dielectr ic c<l lrstant in the general case i n  terms of:rll l ine 
( l i ~ ~ ~ e ~ r s i o l ~ s i u ~ c l  ~ t ~ l ~ s t r i r t t :  t l~icktress L I S ~ I I ~  eonfor~t~;r l   napping teeIl~~iclt~esre[)re~l~t.a 
IICW and an easier \\.;I? of u a l c ~ ~ l a t i l r g  l i ~ r e  parameters t ,h i~L  agree u4t.h pul~ l is l red 
c s l ~ c r i ~ ~ r c ~ ~ t ; d  results. 'l'lie a d < l i t . i o ~ ~  o f 'n  ground plane on tire other substrate sr l r fwe 
i i l lows t l ~ c  propagation ofa complex 1'13.\1 w a r e  and Lhe l ine paralneters obtnincd i n  
t . l~ is  wst :  w i l l  be h igh ly  i l e p e ~ r d c ~ r t  on t he  r i ~ t i ~  between l ine d i ~ n e n s i o ~ ~ s  and sul,strirte 
t,lricI<~~css. 




