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We calculate the critical width a c for a quantum well structure as function 
of the two-dimensional electron density. For a > ac the electron gas has a 
finite dc conductivity at temperature zero, and for a < a c the dc conduc- 
tivity is zero. Homogeneous background doping, remote doping, and sur- 
face roughness scattering are considered. Due to surface roughness we find 
a strong increase of a c at high electron concentration, in novel contrast 
to heterostructures. Explicit results are presented for GaAs and InAs 
quantum wells and compared with experimental results. Experiments are 
suggested to test the predictions of the localization theory. 

THE PROBLEM OF electron localization in a random 
potential is a controversial one. There exists some agree- 
ment that a non-interacting electron gas at temperature 
zero is localized for arbitrarily weak disorder due to the 
so-called 2ke scattering [ 1 ]. For an interaction electron 
gas the localization problem is unsolved [2]. 

In the scaling approach of Finkelstein [3], the 
conductivity scales to a finite conductivity and no 
mobility edge was found there. 

Another approach, based on the diffusive motion of 
the electrons, was formulated by Gold and G6tze [4]. 
They generalized the localization theory for a non- 
interacting electron gas [5] within the random phase 
approximation to an interacting electron gas. A metal 
insulator transition (MIT) in two dimensions was found 
at a finite amount of disorder. The disorder was assumed 
to be due to charged impurities. When the calculated 
phase diagram for the MIT was compared with experi- 
mental data on silicon metal oxide semiconductor 
systems [6], a very good agreement was established [4]. 

In this paper we generalize this localization theory 
to quantum wells and we discuss the scattering due to 
homogeneous distributed bulk impurities, due to a sheet 
of impurities parallel to the electron gas, and due to 
surface roughness scattering. In heterostructures and 
metal oxide semiconductor systems the disorder due to 
surface roughness increases with increasing electron 
density, because the electrons are pushed more strongly 
to the interface [7]. For the same reason the screening 
properties of the electron gas increase and a very rough 
surface is necessary to get localization at high electron 
density [8]. In quantum wells the disorder due to 
surface roughness scattering is independent of the elec- 
tron density. Furthermore, the quantum well thickness 
can be controlled during fabrication, and in thin quantum 
wells the surface roughness scattering may become very 

strong. It is the aim of this paper to point out that 
localization effects due to surface roughness scattering 
can be studied in thin but realistic quantum well struc- 
tures. Quantitative predictions on the MIT in such 
systems are given for the first time. 

We consider a quantum well structure in the z-direc- 
tion, infinite barriers are at z = 0 and z = a. The electrons 
in the quantum well are free to move in the xy-plane. 
In the z-direction the envelope wavefunction is given by 
the quantum well width a via 

~ ( z )  = sin 0 ~< z ~<a (1)  

0 z > a  

Here one subband is considered. 
Three kinds of disorder are expected to be relevant 

in such systems. First we assume disorder due to homo- 
geneously distributed bulk impurities of a (three- 
dimensional) density N B . The random potential U(q) for 
wavenumber q is given by 

N /27re2 1 ~2 
([U,(q)[ ~) = Ba[~-L q ] FB(q). (2a) 

e L is the background dielectric constant and FB(q) is a 
form factor due to the finite width of the quantum well 
[7]. Explicit results will be published elsewhere [9]. 
Second we take into account disorder due to a two- 
dimensional sheet of impurities in the xy-plane at z = z i 
with density n i 

( ([U2(q)~) = ni .  2rre----~-2 FRD(q,z i )  2 " (2b) 
\ eL 

FRD (for remote doping) is again a form factor due to a 
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and the finite distance between the electrons and the 
impurities. Third we account for the surface roughness 
scattering at z = 0 and z = a. Following Prange and Nee 
[10} (see also [7] and [11 } ) one gets 

27r s 1 (AA)2e_&A~/4 (2c) (IU3(q) 12) - a 6 2 
/77 z 

The roughness is characterized by the height A and the 
length A of  the Gaussian fluctuations of the interface. 
m* is the transport mass and rn z is the mass perpen- 
dicular to the interface. 

The electron-electron interaction is treated in 
random phase approximation generalized by local field 
corrections G(q).  The dielectric constant e(q) of  the 
electron gas is given by 

e(q) = 1 + V(q)[l - - G ( q ) ] X ° ( q ) .  (3a) 

Due to the finite thickness of the quantum well the 
Coulomb potential is generalized to 

27re 2 1 
V(q)  - Fe(q) .  (3b) 

eL q 

G(q)  is the Hubbard correction [12] and ~(0(q)is  the 
polarizability of  the electron gas [13]. 

According to [5] the MIT is characterized by 

A = 1, (4a) 

and [4] 

]id (I U(q)la) 
= qq e(q)2 A 4~n2 X ° ( q )  2" (4b) 

n is the electron density. If  we take into account the 
various scattering mechanisms, we neglect correlations 
between them and write 

3 

(IU(q)i  e) = ~, (IUi(q)lZ). (4c) 
l ' = l  

In the following we discuss equation (4) for the various 
scattering mechanisms. Numerical results are presented 
for GaAs and InAs quantum wells. With gv as the valley 
degeneracy we use for GaAs gv = 1, eL = 12.8, and m* 
= mz  ~ -0 .067me .  m e is the free electron mass. For 
InAs we use go = 1, e L = 15, and m* = rn z = 0.037. 

We estimate the parameter A for homogeneous 
background scattering as follows. We use X ° ( q ) =  
o F O ( 2 k F -  q), PF is the (two-dimensional) density-of- 
states, e(q) = qs/q,  qs is the screening wavenumber, and 
Fb(q ~ O) = 1/qa. Then we get 

1 NB 
A1 (2ngv)X/Z na/Z 2kF "~ qs. (5) 

For A1 = 1 we find for N o  = 1 0 1 7  c m  -3  andgo = 1 a 
crictical electron density ne = 1.2 x 1011 cm -z. For 
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Fig. l. Critical quantum well width ae vs density accord- 
ing to equation (4) as the full line. The dotted line is for 
surface roughness scattering (A = 6 A, A = 30 A), the 
dashed line is for remote doping (n i = n, z i = %/2)  and 
the dashed dotted line is for background doping (N B = 
1017 cm-3). 
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Fig. 2. Critical quantum well width a c vs density accord- 
ing to equation (4) as full line for GaAs. The dotted line 
is for surface roughness scattering (A = 2A,  A = 10A) 
and the dashed line is for remote doping (n i = n, z i = 
--100A). The line for background doping (N  B = 10 is 
cm -3) is not shown. The dashed dotted line is for InAs 
and surface roughness scattering (A = 6 A, A = 30 A) 
and homogenous background doping (N B = 1017 cm -3), 

n > n c the system is a conductor, but for n < n e the d.c. 
conductivity is zero, the system is an insulator. For N o  
= 1 0  l s c m  -3 a n d g v = l  one ge tsn  e = 5 . 4 x  109cm -2. 
Numerical results for the critical quantum well width a e 
vs density for GaAs and N o  = 101~ cm -3 are shown in 
Fig. 1 as the dashed dotted line. For a > a e  the system 
is metallic, for a < ae the system is an insulator. 

One can also show that for remote impurity scatter- 
ing with a -+ 0 and z i = a/2 one gets 

_ ~, n j ( 1 )  4/a 
A2 nl/331/29 n ~a .2 (6a) 

a* is the Bohr radius. For n~ = n andA2 = 1 we reform- 
ulate equation (6a) into a Mort criterium [ 14] 

1/2 , nc a = 0.309. (6b) 

One e~tpects that a finite quantum well would increase 
the metallic phase and a crossover to a three-dimensional 
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behavior is simulated. This is shown in Fig. 1 as the 
dashed line. If  z i < 0 the metallic phase should increase 
drastically in comparison to equation (6b). Numerical 
results are shown in Fig. 2 as the dashed line (compare 
with Fig. 1). z i = -- 100A is used there. 

For surface roughness scattering we get with X o (q3 
= P F O ( 2 k  F - -  q), 2kFA ~ 1, and e(q) = 1 + qs/q 

A~A2im*\2fgvln 2kF >> qs 
A3 21r 3 / / /  (7) 

a ~ l t  miz ] 2kF < qs 

Numerical results for A a = 1 are shown in Figs. 1 and 2. 
For GaAs and A = 6 J and A = 30 A we get from equa- 
tion (7) in the case 2k F ~ qs a critical quantum well 
thickness ae = 63 A. If  we use the case 2kF >> qs we get 
for n = 1015 cm -1 ac = 52 A. Numerically we find 48 A, 
see Fig. 1. 

For all three scattering mechanisms the MIT line is 
shown in Fig. 1 and Fig. 2 as full lines. In Fig. 1 the MIT 
is at low density dominated by homogeneous back- 
ground doping (Nn = 1017 cm -3) and at high density by 
surface roughness scattering. In Fig. 2 the MIT at low 
density is determinated by remote doping (N B = l0 is 
cm -3). We mention that ac for surface roughness scatter- 
ing depends only weakly on the parameters A and A: 
ac <x (AA) 1/3 . 

The dashed dotted line in Fig. 2 is for InAs for 
homogeneous background doping and surface roughness 
scattering. For n = 0.85 x 1011 c m  - 1  o n e  gets as func- 
tion of  a a very interesting feature. Two phase transitions 
occur by lowering a. At a = ae, = 1000A a transition 
from an insulator to a metal occurs due to the homo- 
geneous background doping, while at a = ae, = 120 h 
a transition from a metal to an insulator occurs due to 
an increasing insulating phase because of  surface rough- 
ness scattering. The range ae~ ~ a may be interpreted as 
the reentrance of  an insulator phase. In experiment (at 
finite temperature) the reentrance effect should be seen 
as a non-monotonic behaviour of  the mobility versus 
quantum well thickness. 

According to equation (2c) the mobility /~ for 
surface roughness scattering depends strongly on the 
quantum well thickness: /acc a 6 " In Fig. 3 we show the 
mobility versus a for InAs within our selfconsistent 
theory [4] as the full line for A = 6 A, A = 30 A and as 
the dashed dotted line for A = 2 A, A = 10 A for surface 
roughness scattering and homogenous background 
doping with N n = 1 0 1 7  c m  - 3  . The dashed and dotted 
lines are calculated by neglecting multiple scattering 
effects. For the full line the MIT occurs at a c = 49 A. 
For great quantum well thickness the mobility is nearly 
independent of  a and is dominated by the background 
doping. 

Such a behaviour of  # vs a has been found recently 
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Fig. 3. Mobility vs quantum well thickness according to 
our selfconsistent theory [9] for surface roughness 
scattering and homogenous background doping (N n = 
1 0 1 7  cm -~) as full and dashed dotted lines. For the 
dashed line (background doping) and for the dotted line 
(surface roughness scattering) multiple scattering effects 
are neglected. 

in experiments [15] on quantum wells realized in 
GaSb/InAs/GaSb structures. But in this system also the 
electron density is reduced for decreasing quantum well 
width. This comes from the fact, that with decreasing a 
the energy of  the ground state of  the quantum well 
shifts to higher energy and this leads to a monotonic 
reduction of the electron density. In experiment the 
mobility reduction because of  the decrease of  a is much 
stronger than the reduction of  the density and occurs at 
70A [15].  An additional decrease of  the electron 
density with decreasing quantum well thickness would 
sharpen the mobility increase in our theory, too. So we 
conclude, that the experimental results are at least a 
strong evidence for the importance of surface roughness 
scattering according to our theory and more experiments 
on this quantum wells should be done. We mention that 
we believe the mobility for the experiment of  [15] for 
a >  100A is dominated by homogenous background 
doping, because/a does not depends on a. Impurities at 
the interface of the quantum well, as suggested in [15],  
give a stronger a dependence of  the mobility than found 
in experiment [9].  

In conclusion we have calculated the critical quantum 
well thickness for the metal insulator transition as 
function of electron density for homogenous back- 
ground scattering, remote impurity scattering and surface 
roughness scattering for the first time. The importance 
of  the surface roughness scattering has been demon- 
strated and a reentrance behaviour of  the insulating 
phase has been found. It has been shown, that recent 
experiments on the mobility variation with the quantum 
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well width in InAs support our model. The predictions 
of our theory can and should be tested in experiments. 

Acknowledgements - This work was supported by the 
Siemens AG via the Ernst yon Siemens Stipendium. 

REFERENCES 

1. P.A. Lee & T.V. Ramakrishnan, Rev. Mod. Phys. 
57,287 (1985). 

2. E. Abrahams, Loealization, Interaction, and 
Transport Phenomena, (Editors: B. Kramer, G. 
Bergmann and Y. Bruynseraede), Springer Verlag, 
Berlin (1985). 

3. A.M. Finketstein,Z. Phys. B56, 189 (1984). 
4. A. Gold & W. G6tze, Solid State Commun. 47, 

627 (1983), andPhys. Rev. B33, 2495 (1986). 
5. W. G6tze, Solid State Commun. 27, 1393 (1978). 

6. C. Mazure & F. Koch, unpublished (1984). 
7. T. Ando, A.B. Fowler & F. Stern, Rev. Mod. 

Phys. 54,437 (1982). 
8. A. Gold, Phys. Rev. B32, 4014 (1985). 
9. A. Gold, submitted to Phys. Rev. 

10. R.E. Prange & T.W. Nee, Phys. Rev. 168, 779 
(1968). 

11. S. Mori & T. Ando, J. Phys. Soc. Japan 48, 865 
(1980). 

12. M. Jonson, J. Phys. C9,3059(1976). 
13. F. Stern,Phys. Rev. Lett. 28,546 (1967). 
14. N.F. Mort & E.A. Davis, Electronic Processes in 

Non-Crystalline Materials, Clarendon Press, Oxford 
(1979). 

15. H. Munekata, E.E. Mendez, Y. lye & L. Esaki, 
Conf. on "Modulated Semiconductor Structures", 
Kyoto (1985), Surface Sci., (1986). 


