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The mode density and cross-sectional area of whispering-gallery modes of various poasible
polarizations exisiing in a microdisk cavity struclure have been investigated and compared
in some detail. Their variations with the disk thickness and radius have been calculated
and the behavior of the spontanecus emission factor controlled by the microdisk structure
have been shown. It is found that for a given microdisk thickness, the spontaneous emission
factor increases with decreasing microdisk radius, but decreazes after passing a maximum
value. This non-monctonic behavior has never been noted before by others. The variation of
spontaneous emission factor with respect to microdisk thickness also exhibits similar behayv-
ior. For a microdisk laser emitting at 1.5 pm wavelength, the enhanced spontaneous emission
factor can barely exceed 0.2. A device configuration for improving the coupling between
the whispering-gallery mode and the active region, and for leading the Jaser beam out of
this high-@ microcavity is proposed, and its feasibility in realising a threshaldless laser is
discussed.

PACC: 4255P; 4260D: 6865

I. INTRODUCTION

Efforts to lower the lasing threshold have always been a driving force in the development
of semiconductor lasers. By using the heterojunction structure to improve spatial confine-
ment of photons and injected carriers, the lasing threshold current density was lowered to
the level of 1000 A/cm?, and room temperature lasing was realized. With lattice-matched
and strained layer quantum wells, which increase the differential optical gain and decrease
the trausparency current density and cavity loss, the threshold current density was low-
ered to the level of 50 A/cm®. The threshold current can even be lowered to somewhat less
than 1 mA if the end faces of the laser are coated with high reflectivity films./!! It has been
proposed recently to further lower the lasing threshold current and power consumption to
realize large-scale optical integration and the ideal of a thresholdless semiconductor laser
throu‘.gh control of the spontaneous emission factor by microcavity.

The proposed possible microcavity structures are mainly of three types/®, two of which
bave already been implemented in experimental samples, namely, the vertical-cavity sur-
face emitting laser (VCSEL) with distributed Bragg reflector (DBR) end mirrors, and the
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microdisk laser with whispering-gallery modes. The third type, still under theoretical in-
vestigation, is the periodic dielectric micro-structure with defect modes in the photonic
bandgap. Which one of the above is more feasible in practice will be determined by its

degree of technological difficulty and its effectiveness in spontaneons emission factor control,
ete.

The spontaneous emission factor is the fraction of photons, spontanecusly emitted due
to photon or electron injected non-equilibrium carrier recombination {stimulated by vacuum
field fluctuations) which are coupled into a single guided lasing mode of the semiconductor
laser cavity. This fraction is very small, about 1075-10"* in an ordinary semiconductor
laser, but it softens the optical ontput power-curren characteristics, widens both the laser
spectral bandwidth and individual linewidths, reduces both the relaxation oscillation and
modulation resonance peak, etc. However, it has no significant influence on the lasing
threshold in this realm®, its effect on lowering the lasing threshold becoming significant
only when it increases to above 1072, The lasing threshold will even become zero when it
approaches 1, that is, when all the spontanecus emission photons are coupled into a single
lasing mode, which then becomes perfectly coherent and the lasing will be in a thresholdless
ideal state. Therefore, to increase the spontaneous emission factor near to or up to 1 may
be said to be the necessary condition for realizing an extraordinary low threshold or even
thresholdless lasing. The relationships between the structure, including the polarization,
mode density and mode cross-sectional area of the whispering-gallery mode in the microdisk
cavity structure, and its influence in controlling the spontaneous emission factor, the mode
selectivity of the microdisk structure and its improvement, and the attainable upper Limit of
the spontaneous emission factor will be investigated theoretically in this work and compared

with the theoretical results obtained by other recent methods.!®l

I. THEORY

The available theory of the spontaneous emission factor, v, is either formulated by clas-
sical field theory based on Maxwell’s equations”®! or by quantum field thecry based on
full quantum mechanics.[*'1% Both theories are related to the structure of the lasing guided
medes coupled by the spontanecus emission in any waveguiding cavity, including the polar-
izations, mode distributions, cross-sectional areas, and densities. In principle, these struc-
tural quantities can be obtained quite accurately by solving the classical Maxwell equations
with the appropriate boundary conditions. For a circular cylindrical dielectric disk of thick-
ness d, radius e, and refractive index 7., immersed in a surrounding medium of refractive
index 7, according to the full quantum mechanical theory and after eliminating quantities

related to the vacuum field fluctuations, etc., by using a certain normalization procedure!®1%,

the main relationship between the spontanecus emission factor and the mode structure can
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be expressed as

p
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where A, is the vacuum wavelength of the lasing guided mode, Pa is the mode density in
the phase space of vacuum wavenumber x“;, which is the inverse of the vacuum wavelength
normalized by the disk radius a, w, and w, are the mode widths along the axial and radial
directions of the disk, respectively. For a cireular cylindrical coordinate system (r, ¢, z) with
the z axis coinciding with the disk axis, the electric and magnetic field components of the

guided mode in the circular disk at instant ¢ can be expressed as
F = R(r)®{¢)Z(2)T12) . @

For a harmonic wave with circular frequency, w, the time factor can be taken as T(¢) = elv?t,
and for a running mode propagating along the central : axis, the factor containing » can
be taken as Z(z) = e*®* The stationary wave field with harmonic function cos{3.z) or
sin{J, 2} along the z-direction in the disk is just the superposition of these two running waves
prepagating in opposite directions. In the case of a very thin disk (d < a), this common
factor of the circular disk mode can he first solved by using an equivalent three-layer slab
waveguide with inner and outer refractive indices %, and 7,, respectively.!® Iis fundamental
mode exists singly within a critical thickness d, = :’:ﬁ, its pth order mode refractive
27

index is @, = %, with vacuum wavenumber k, = i—" = ¥, where ¢, is the vacuum light
a 1] a

velocity, and (3, is the propagation constant of the mode along the z-direction. The factor
containing ¢ satisfies

1 deg)

- — gtimd
) g’ m*, Hp)=e . (3)

with period 2z. Here m is a positive integer, +m and —m are related to the mth order
rotating running waves, also called whispering-gallery modes rotating in the left-and right-
senses, with stationary wave solutions cos(mgs) and sin(my), respeciively. The factor R(r)
satisfies a Bessel equation,

: (’ ! 2 : 2 2 2 2
d fitr) _ 1dR(r) + (k - T—) Riry=0, k =k (7 ~7,). (4)

dr? r dr ’ i

&#(r) in the electric and magnetic field components of the whispering-gallery modes with
different polarizations can be written as

BI(r) = I (w2 ) FE~ , ET(r) = ;:((’:3) K (wg) FEmn | (5a)
H™™r) = id,, (ug) FHom | pmny) = ';:EZ)J Kom (w(;) FHlon (5b)
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ET(r) = ~iJ,, (UE) Flon | EMn(p) = i;:((::))Km (wg) Fhnn (56)
B =g (uD) FE L EZ0) = K (WD) A (s
HI(r) = Jm (uZ) Fm  HT™(r) = - é:g:f) Ko (W) £tn (5¢)
HTMr) = —idn, (ug) Flimn | Hm(r) = Km((l])K"‘ (wz)pgm , (56)

where the subscripts 2 and 1 refer to the quantities inside (7, = 7,) and outside (7, = 7, ) the
disk, respectively; i = /=1, 7 = 0,1,2, --- denote the nth order radial waves corresponding
to a given mth order whispering-gallery mode. Jp, and K,, are the mth order Bessel
function of the first kind and the modified Bessel function of the second kind, respectively.
The corresponding field distribution factors are

F, o =Ag, FxJ =Ay, {6a)
Emn r T Hmn r
Frj = Alcfnﬂj(z) + BlDMnJ(;} s Frf = A3 mn:( )+ B ﬂ Dmvu(a} (ﬁb)
Emn r r Henn 2 T
Fy = 4,00, C) 4 BiD,,(0) 0 FL™ = AR C., (D)4 BD,,(C),  (6)
in which, 1 = 2,1, and
1 i +d
he= e A=A, V=B
Ay 1E o Fo u (1) 'ﬂ(mﬂw_
A =1, A=-mU,, A =""2y,, a,= "% (7b)
Colly g
B =mA,, B,=mA , B =-mA,, B =-mA,, (7c)
Jalel) r.  Kn(wl)
= Iy Zmiel 8
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r 1 r 1
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The eigenvalues u are determined by the following eigenequations for different polarizations,

W+ ‘ 7 -\ 1 1y1 o wmoa
_ _ﬂz ' . T T 2 ) + 50 10
Em = 2ﬁz Xm;\ ( 2ﬁ: ) X, tm (u: + wa) (ua 'ﬁ:wz) » (10a)
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where J{, and K7, are the derivatives of J,, and K, with respect to the arguments shown
in their parentheses, respectively. The solutions from Eq. (10) with a negative sign in front
of the square root are HE,,,, modes of hybrid polarization, and that with a positive sign
are EH,,, modes of hybrid polarization. They become transvetse electric polarized modes,
TE,,, and transverse magnetic polarized modes. TM, , respectively, only when m = 0. All
these modes are solved with respect to a given pth order transverse electric polarized TE,
mode or transverse magnetic polarized TM, mode in the z-direction.l®! They constitute, as
2 whole, a system of three dimensional mnpth order whispering-gallery modes with certain
stationary wave distributions in the z- and r-directions while rotating along the p-direction.

The mode density in normalized wavenumber 4% space of a given npth order mode is
q .

Pa :%‘ ()

Aq

For comparison, in Eq. (3), letting

m¢ = apk, = agk, i, , le. , k,= n
a

=k, Ty . (12)

the mode density in k, space!® can also be found from Eq. (11) simply by putting
_dk, 1

Mok, e

(13)

‘In the case of a microdisk with d < d., p = 0 always holds, so it is understood in the following
that there is always only a single fundamental mode in the z-direction. The eigenvalues iy,

of the mnth order modes can be solved for a given mth order mode. The ratio

m T'mi
am"=az$ (14)

corresponds to the radius of the circle contacted externally by the projection of the family of
skew rays in the normal cross-sectional plane of the circular cylinder. In the ray picture there
is no optical rays inside this circle for # < vy, but in the wave picture, there still exists
the damping distribution of the evanescent wave of the mode similar to that outside the
disk due to the Goos-Hachen shift. Therefore, the cross-sectional widths, w, and w,, of the
whispering-gallery mode should be measured respectively by the width between the locations
of the field distribution in the r-direction damped to their respective ¢! values fromr = a
outward and r = rni, inward, and that between the locations of the field distribution in
z-direction damped to their respective e ™! values from ¢ = :l:g outward. The former can
only be deternined by numerical calculation, while the latter can be expressed analytically
bylt!

(13)

where ¢, = 1 for the TE, mode, and ¢; = (Eﬂ)2 +{ )z — 1 for the TM. mode.

T 2
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The condition for the existence of the confined or guided modes in a microdisk waveguide

R, <, <, , {16)
which requires
d l d mnj/c
41 & o (m)e _o ()
N R O N A
2 I 2z 1

where {tmn)e is the cutoff value of Uy, at 7, = 7, .11
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Fig. 1. Variations of the axial mode refractive index 7, (dot-dashed curves)
and normalized axial mode widths $* (solid curves) and -;171 (dashed curve)
a o

versus normalized microdisk thicknesses :\i (p=0).
°

Consider a typical configuration to enhance the optical confinement for a long wavelength
semiconductor laser lasing at 1.5 gm, and assume the cavity simply consists of a quartenary
solid solution crystal, InGaAsP, with %, = 3.4, immersed in air of @, =~ 1, which gives
;‘% = 0.4 and —l = 0.15. The calculated variations of the mode indices 7, of the fundamental
(p = 0) TE, aud TM, modes with the microdisk thickness normalized by the vacuum
wavelength, 5=, are shown in Fig. 1, which also shows the correspending normahz.ed widths
in the z- dlrectnlon, Y. (solid curves), and those obtained by cosine fitting, § e - 2_ (dashed
curves). The engenvalues Umn solved for a given mth order whispering c‘galler];f mode of

different polarizations and different nth orders for different normalized microdisk thicknesses
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Fig.2. Variation of the cigenvalue uny of the
tanpth order whispering-gallery modes (p = G}
versius mode corder m, for different polarization
and different normalized thicknesses, & = 0.01,

=
0.05,0.1,0.14.
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(a) Variation of whispering-gallery mode order
m of different polarizations, HE, ,-TE. (solid
curves), HE_ -TM, {(dashed curves}, BH_,,-TE.
{dot-dashed curves), EH_ -TM, (dotted curves),
versus normalized microdisk radius ;—u(p =0).

are shown in Fig. 2, which shows almost no
difference for different disk thicknesses, The
relation between mode order m for different
polarizations and different microdisk thick-
nesses and the normalized microdisk radius,
I“;, is shown in Fig.3(a). The vacuum wave-
length A, of the mth order whispering-gallery
mode when o Z2pm and 2 = 0 is shown
im Fig.3(b). It can be seen that the mode
with lasing wavelength A, = 1.5 um can only
be of high order. The thicker the disk, the
higher the mode order m becomes, with the
order m of the HE_ -TE. polarization being
the highest, i.e., the stationary wave pattern
will be in the form of an optical ring consisting
of 2{n + 1) spots along and near the cirenlar
edge. The shorter the wavelength, the higher
the mode order m. Moreover, in a three-dim-

9

m

[b) Variation of the lasing wavelength Ay in & mi-
crodisk of radius 2 = 2um versus mode crder m,
for different normalized thicknesses id- and differ-

D
ent polarizations as Fig. 3(a) (p = 0).

Fig. 3. Variation of whispering mode order and the lasing wavelength.

ensional waveguide microdisk with a given structure [Ai, ), there is only one wavelength
1] 0

for each mode of pmnth order. The relation between ty, and £ is similar to that shown in
0

Fig. 3(a). The variation of the ratio o, =

m

Umn

= @l with & is shown in Fig 4(a). It is

@
seen from Fig. 3(a) that the higher the mode order m, the nearer the optical field approaches

the circular edge; and the thinner the disk,

the more prominent the phenomenon. For
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example, the radial electric field distribution of the mode is shown in Fig. 4(b) with m = 10

1d¢ €0, =00 31 FLIEITE)

IRYTITAT]

T

- —
s

Ga .

=
o
—
=
n
o

=

(a) Variation of normalized radius 521‘1 of the cir-

cle contacted externally by the prejection of the

family of ekew rays on the cross-section versus nor-

malized microdisk radius 52-, for different thick-
I

nesses .\i and different polarizations as Fig. 3(a)
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(k) The spatial distribution of the field compo-
nents of HEmn-whispering-gallery mode of m =
10,n=0,p=0with & = 0.4, & = 0.76788,
¥ig = 2.03386, and their corre;pondinng normalized
radial mode widths w—;— and ﬂai obiained by dif-
ferent standards, the latter is obtained by cosine
fitting. The results are 22 = 0.446,0.450, 0.499,
and %2 = 0.406,0.396,0.410 for B, E. E4, re
spectively.

Fig. 4
0 3.0
25 25
~24 2D
<
) &
g
§ 1.5 %" 1.5
o,
ﬁ "‘? _ %em
o 18 <10 o
03 [0 3 ‘J
g ; 10 13 % 00§ 5 TR ™

afh,

{a) Variation of R, of whispering-gallery modes
versus normalized microdisk radius ;2 for differ-
a

ent normalized microdisk thicknesses Ai , and dif-

ferent polarizations as Fig.3(a) {p = 0“)‘ Results
by conformal mapping {curves with circles), and
that by using formula, o = 0.984—0.163%, {curves
with x) are shown for comparison.

alh,

{b} Variation of mode densities, Pe, and pfo_, of

whispering-gallery modes versus normalized mi-
crodisk radius )'L, for different normalized mi-
a

crodisk thicknesses .\i and different polarizations

as Fig.3(a) (p = 0):

Fig. &
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and ~— = 0.14, which also compares the mode width w, obtained by cosine fitting, with the
mode vndth t, obtained by including the Goos-Hichen shift. The variations of 7, and mode
density with microdisk radius for different microdisk thicknesses and polarizations are shown
in Figs. 5(a} and 5(b} respectively. The corresponding spontaneous emission factor obtained
are shown in Fig. 6, which also shows the results by Chin ot al using a simplified model and
conformal mapping.® It can be seen that their simplified model overestimated the possible
values of the spontaneous emission factor, which increases monotonically with decreasing
microdisk radius (Fig. 6). This is of course not reasonable, and is probably due to neglecting
of the Goos-Hichen shift (Fig. 1), and also due to their approximation which overestimates
the mode density (Fig.6). In fact, for m # 0, there are only hybrid polarized modes in
the microdisk, and no TE,, or TM,_ polarized modes can exist at all. The Goos-Hichen
shift widens the mode width, especially when the geometrical width of the cavity is narrow,
so that the spontaneous emission factor will increase with decreasing microdisk radius and
thickness up to a maximum, and then begin to decrease due to significant widening of the
mode width by the Goos-Hachen shift in a cavity of small geometrical width.

As the optical field of the whispering-gallery
.30 mode is concentrated in a region near the disk

K edge where ry;, < r < @, the uniformly in-
% jected carriers in the central » < 7y, area
will stay outside the optical field and can give
no contribution to stimulated recombination.
To improve the coupling between the mode
field and injected non-equilibrium carriers, it
is proposed that the upper electrode should
be in the form of a circle with a radiua some-
what smaller than rp,;,, and the lower elec-

o0 trode should be in the form of an annulus

|
5]

15 3 .
ajh of inner radius 74, and outer radius a, so

Fig. 6. Variation of the spontanecus emission fac- 25 to gnide the distribution of injected non-
tor v of whispering-gallery modes versus normal. €quilibrium carriers to coincide with that of
ized microdisk radius ﬁ, for different normalized the wh.ispu.aring-gal.llery mod.e ﬁeld S:ince t'h.e
microdisk thicknesses ;d; and different polariza- Yefractive index dlﬂ:erence‘ given in t.hls casge is
tions as Fig. 3(a) (p = 0). Results by Chin et all8l VeTY large, the radial optical field is damped
{curves with circles) are shown for comparison. so rapidly outside the lateral edge boundary
of the microdisk that it is not easy to couple out the laser output. This is indeed a difficult
problem for this kind of semiconductor laser of high-Q microdisk structure. However, in the
case of a very thin disk, there may still be a strong enough whispering-gallery mode field
in the axial distribution (Fig. 1) outside the upper and lower surfaces of the disk, so that it
may be possible to lead out the laser beam by an optical fiber. The details of this design

and its corresponding characteristics will be discussed in another article.
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IV. CONCLUSION

The mode density and mode cross-sectional area have been calculated from the solutions
of strictly circular cylindrical waveguiding modes under thin disk conditions. Their influence
on the control of the spontaneous emission factor of whispering-gallery mode in a microdisk
cavity is discussed. It is found that, by considering the Goos-Hanchen shift, the spontaneous
emission factor of a mode of any polarization not only has a maximum with respect to varying
microdisk thickness, but also has a maximmm with respect to varying microdisk radius. This
will set an upper limit to the spontaneous emission factor. Even for the HE,,-TE, polarized

mode which has a higher spontaneous emission factor, its maximum value at % = 0.14 and
ﬁ = 0.45 is only ¥ = 0.165, less than v = 0.2. A device configuration is proposed which can
minimize the lasing threshold and couple out the laser beam in a microdisk cavity. However,
even after all kinds of possible improvements have been used and the lasing threshold has
been lowered comsiderably, it still seems extremely difficult for a microdisk semiconductor

laser to become a thresholdless laser.
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