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Abstract Many components that are employed in quantum in-
formation and communication systems are well known photonic
devices encountered in standard optical fiber communication
systems, such as optical beamsplitters, waveguide couplers and
junctions, electro-optic modulators and optical fiber links. The
use of these photonic devices is becoming increasingly impor-
tant especially in the context of their possible integration either
in a specifically designed system or in an already deployed
end-to-end fiber link. Whereas the behavior of these devices
is well known under the classical regime, in some cases their
operation under quantum conditions is less well understood.
This paper reviews the salient features of the quantum scat-
tering theory describing both the operation of the electro-optic
phase and amplitude modulators in discrete and continuous-
mode formalisms. This subject is timely and of importance in
light of the increasing utilization of these devices in a variety of
systems, including quantum key distribution and single-photon
wavepacket measurement and conformation. In addition, the
paper includes a tutorial development of the use of these models
in selected but yet important applications, such as single and

multitone modulation of photons, two-photon interference with
phase-modulated light or the description of amplitude modula-
tion as a quantum operation.

Quantum modelling of electro-optic modulators

José Capmany '~ and Carlos R. Fernandez-Pousa?

1. Introduction

Temporal modulation of light represents one of the key tech-
nologies in modern classical optical communication and
processing systems. Despite the variety of available modu-
lation devices, electro-optic modulators and, in particular,
integrated waveguide modulators, represent one of the most
widely employed photonic components [1-5]. The reasons
behind their success are various but can be broadly cate-
gorized into two groups. On the one hand, they provide
unique flexibility as far as the characteristics of the out-
put signal are concerned. Both analog [2] and digital [3],
amplitude- and phase- [4] modulation operations can be
easily implemented over a continuous-wave input signal.
By means of suitable chip design, carrier-suppressed and
advanced in-phase-quadrature modulation formats can also
be implemented [6—8]. Furthermore, chirped (positive and
negative) and chirpless output modulated signals can also
be produced by suitable control of their biasing and modu-
lation voltage waveforms [9]. The second reason for their
widespread use is connected to their broadband operation.
Commercially available electro-optic modulators currently
provide modulation bandwidths of 50 GHz [10] and sev-
eral experimental demonstrations have reported bandwidths
in excess of 100 GHz [11]. This is possible since highly
sophisticated transmission-line designs for the modulation
electrodes can be incorporated into the chip design of the de-

vice, allowing for an extremely efficiently propagation speed
matching between the optical and electrical signals [12]. In
this paper we mainly concentrate on these integrated wave-
guide configurations, although the results, models and oper-
ating principles described here can be readily extended to
bulk-optics modulators.

From the system’s point of view, electro-optic modu-
lators implement at classical level a linear multiplicative
transformation of the complex envelope E(z) describing the
temporal profile of radiation,

E'(1) = m(t)E(t) (1

where m(t) is the phase- or amplitude-modulating function.
This functions depends on an external, user-defined volt-
age driving signal V (¢) whose bandwidth may reach the
microwave range, as mentioned above. Then, several oper-
ation regimes can be recognized depending on the relative
bandwidth of E(¢) and m(¢). Indeed, Eq. (1) implies that the
spectral width of the output envelope Bg: equals the sum of
the spectral width of the input radiation, Bg, plus the band-
width of the modulation function, B,,. Referring to Fig. 1, a
first regime is associated to the limit where incoming radia-
tion is narrowband with respect to modulation bandwidth,
B < By, In this case, modulators enlarge the spectral width
of the input radiation, which can be continuous-wave (cw)
or pulsed, resulting in a broad continuous spectrum if m(z)
is random (Fig. 1a) or in the generation of spectral side-

' ITEAM Research Institute, Universidad Politécnica de Valencia, 46022 Valencia, Spain
2 Signal Theory and Communications, Dep. of Communications Engineering, Universidad Miguel Hernandez, 03202 Elche, Spain

" Corresponding author: e-mail: jcapmany@iteam.upv.es

© 2011 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



LASER & PHOTONICS

REVIEWS
2 J. Capmany and C. R. Fernandez-Pousa: Quantum modelling of electro-optic modulators
a) ILANUL A WUV VLTI T A approximated single-photon states are used in phase-coded
5t 4 LA ai (PC) QKD systems [17-22], and also in frequency-coded
(FC) [23-29] and subcarrier multiplexed (SCM) [30, 31]
QKD systems. They are also used for controlling the ampli-
WWWWWWWWW tude of coherent states in continuous-variable QKD systems,

b N\

A N7
e A
MWW, Lt

e)

’ ll'il:m

\ 4
-~

Figure 1 (online color at: www.lpr-journal.org) Operation
regimes of optical modulators. Left: intensity of lightwave signals
(blue) and modulation waveforms (green). Right: optical spectrum
of the input signals (red) and modulated signals (orange).

bands if m(¢) is periodic (Fig. 1b). This regime is typical of
analog or digital transmission systems where narrowband
cw light, typically a laser, is modulated by the data-bearing
function m(z). A second possibility, shown in Fig. 1c, is that
both bandwidths are similar, Bg ~ B,,, implying a moderate
spectral increase. For pulsed input signals, for instance, this
regime finds applications in pulse processing systems. Fig-
ure 1d and e exemplify the third possibility, Bg > B,,. In
the first case, Fig. 1d, the input is pulsed and modulation is
slow compared to pulse duration or, as a limit case, constant.
The output pulse’s spectral width is not enlarged and m(t)
simply controls its global phase and amplitude. Digital trans-
mission systems, where binary information is encoded in
either the phase or amplitude of a pulse sequence, belong to
this category. Finally, in Fig. 1e we illustrate the modulation
of broadband, continuous-wave chaotic light, such as that of
a LED or an ASE source, a possibility that finds application
in a number of photonic processing systems.

The versatility of these devices is such that their use
has extended to other fields, in particular to quantum infor-
mation and quantum communication systems. Modulators
are key devices for quantum control, especially in feedfor-
ward systems, with a wealth of applications such as squeez-
ing control, quantum teleportation, quantum cloning, quan-
tum nondemolition measurements or quantum computation
based on cluster states (see [13, 14] and references therein).
In quantum key distribution (QKD) [15, 16], phase and am-
plitude modulation of weak coherent pulses as sources of

either with a gaussian distribution [32-39] or with discrete
modulation [40], and also in distributed-phase-reference
protocols [41-46].

Modulators also permit the extension to the photon
level of standard techniques of classical photonic signal
processing such as temporal imaging [47]. As for photon
wavepacket conformation, amplitude and phase modula-
tors have been used for tailoring the wave function of her-
alded single photons in both phase [48] and amplitude [49],
and modulation-based measurement techniques of biphoton
wavefunctions have been demonstrated [50]. At a more fun-
damental level, phase modulation of entangled photon pairs
has been shown [51,52] to produce non-local effects similar
to dispersion [53], and the high-dimensional frequency cor-
relations introduced by phase modulation in spontaneous
parametric down-converted light have been recently stud-
ied [54]. Finally, synchronous driving fields with pseudo-
random bit sequences permit enlarging the single-photon
bandwidth and subsequently recovering the wavepacket,
thus augmenting its resilience to both noise and potential
narrowband jammers in analogy to the spread-spectrum tech-
nique used in radiocommunications [55]. In summary, and
due to their inherent capabilities for modifying the spectral
content of radiation together with its ease of integration, it
is envisaged that the use of modulators will expand to other
emerging applications in the field of quantum information
and processing systems [56].

In this context, the development and practical imple-
mentation of quantum systems requires, at a certain step,
not only a knowledge of the underlying physical princi-
ples, but also a considerable engineering design step for
which models of the essential photonic components are re-
quired. While it is true that these models are available for
classical passive optical devices, where the absence of cou-
pling between different frequencies permits a description
based on a single frequency mode [S7-61], it has only been
recently that the study of electro-optic modulators as multi-
mode quantum scattering devices has gained some attention,
both as far as phase [62—-64] and amplitude [65] modulation
are concerned. This can in part be due to the different ap-
proaches used in the analysis of specific systems. In QKD
systems, for instance, where weak coherent pulses are used
together with sinusoidal driving voltages, the discrete-mode
formalism is sufficient. In turn, the combination of arbi-
trary driving voltages and/or wideband photon wavepack-
ets or, in general, wideband radiation, inevitably requires
the continuous-mode formalism. A theory of electro-optic
modulators should be sufficiently versatile to incorporate
these different views in a unified framework, and also al-
low for the introduction of simplifying approximations in
concrete applications.

The aim of this paper is twofold. On the one hand, in
Sects. 2, 3, and 4 the salient features of the scattering theory
are reviewed describing both the operation of the electro-

© 2011 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

www.lpr-journal.org



Laser Photonics Rev. (2011)

REVIEW
ARTICLE

optic phase (Sect.3) and amplitude (Sect.4) modulators
subject to single photon and coherent input states. This re-
view incorporates, as an added value, an extension of the
results from the discrete mode to the continuous mode for-
malism. The second purpose of this paper is to provide a
tutorial development of the use of these models in selected
but yet important applications. Several illustrative exam-
ples have been selected, which are developed in Sect. 5 and
cover a wide range of topics. Thus, in Sects.5.2 and 5.3
the modulation by single and multiple analog sinusoids of
a single-photon input state are analyzed. This analysis is
of interest for FC QKD systems, which are studied with
more detail in Sect. 5.4. Section 5.5 treats the modulation
of two photons (one per port) input states and the possibil-
ity of switching between entangled and separable output
states. Single-tone modulation of single photon wavepack-
ets is developed in Sect. 5.6, while two-photon interference
with phase-modulated wavepackets is treated in 5.7. The
general consideration of amplitude electro-optic modulation
of single photons as a quantum operation is addressed in
Sect. 5.8, and the section is closed in 5.9 with a description
of the correlations of phase and amplitude modulated states.
Finally, Sect. 6 summarizes and closes the paper.

2. Quantum models for passive optical
splitters

2.1. Bulk-optics beamsplitter

The operation of the bulk-optics beamsplitter (BS) under
the quantum regime can be found in several texts and refer-
ences in the literature [S7-61], where excellent descriptions
based on the Heisenberg picture are developed. The presen-
tation here will be based on the Schrodinger picture that,

for reasons that will become apparent later in this paper, is
more convenient to the present purposes. The description
is then specialized to the two more prominent guided-wave
versions of the device [4, 66, 67]; the directional coupler
(DC) and the Y-branch power splitter (YB), which are em-
ployed in the electro-optic amplitude modulator (EOM). To
describe the quantum operation of the optical beamsplitter
the reader is referred to Fig. 2. The upper part of the figure
describes the general framework of the Hilbert spaces and
states that characterize both the input and the output of the
BS. It is assumed that the input is given by the product state
lin) = |¥1)1 ® |¥2)2, where |¥;) ; belongs to H;, the mul-
timode Hilbert space corresponding to input port j = 1,2.
Although the Hilbert space is assumed multimode, the BS
is a single-mode device and does not mix frequencies, so it
is enough to analyse its operation over a unique mode.

In the same way, an output state from the BS is given
by |out) = |Dy/) 1 @ |Por)or, With |(D/~/>j/ € Hj/ the Hilbert
space of the states of output port j/ = 1',2’. Upon these
definitions, the action of the BS in the Schrodinger picture
is described by a unitary scattering operator acting on input
states Sgg|in) = |out). It leaves invariant the two-port vac-
uum state, Sgs| vac) ® | vac) = | vac) @ | vac) and its action
over an arbitrary Fock state can be reduced to its action over
creation operators. With the usual notations for the creation
operators @ = a* ® 1 and @ = 1®a* in the input ports it
can be expressed in matrix form:

At
A a A
Lo+ _
Ses| .y |SBs =
)

2)

Here, ¢ and 7' define the field transmission and reflection
coefficients for a classical signal fed through port 1 and
correspondingly ¢ and r are those for inputs from port 2, as
shown in Fig. 2. For instance, for a one-photon input in the

lout)=|®)®|®,)eH, ®H,

[ vac),

Figure 2 (online color at: www.lpr-
journal.org) Quantum state labeling
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first port one has

Sps|1) @ |vac) = Sps(a™ @ 1) [vac) @ |vac)
= Sps(at @ 1)Si [vac)  |vac)

=¢|1)®|vac) +r |vac)®|1). (3)
The unitarity of the matrix in Eq. (2) leads to the energy
conservation and the reciprocity relationships, which are:

[P+ P =P+ =1,
't +r =+ 77 =0.

“

2.2. Directional coupler

The most widespread version of the optical beamsplitter in
guided-wave format is the directional coupler (DC) or 2x2
coupler [4, 66-68]. It is composed of two input and two
output optical fibers or integrated input waveguides. Signal
coupling is achieved on the central part of the device by
creating the adequate conditions such that the evanescent
fields of the fundamental guided mode in one waveguide
can excite the fundamental guided mode in the other and
vice-versa. Different techniques to achieve signal coupling
and for analyzing the device performance and carry out a
proper design have been developed in the last 20 years and
are quite well known and understood [4]. The beamsplit-
ting power ratio of the 2x2 coupler is characterized by its
coupling constant k [4] that defines the fraction of power
coupling (i.e., crossing) from one waveguide to the other.
Another characteristic is the 7r/2 phase shift that the opti-
cal field experiences when coupling from one waveguide
to the other, which means that the reflection coefficients
r, ' in Eq.(2) are imaginary. The results for the general
bulk-optics beamsplitter can thus be employed to describe
the 2x2 directional coupler by making:

(&)

Eqs(x,y) Eqa(xy)

Splitter ‘ \ \

R

Em(le) =ainE0(x’y>

Combiner

E.(xy) =%a, Eg(xy)+2%a,, Eg(x,y)
L

Radiated field

s

> Eoul(xly)=am2 l/on(x/y)

5 5w ey —
A R }» 5
' x

2.3. Y-branch power splitter

The Y-branch or 1x2 power splitter is another popular
guided-wave implementation of the optical beamsplitter
although it is more commonly employed in its integrated op-
tics version than in the optical fiber format [67]. As for the
2x2 directional coupler it is characterized by its coupling
constant k (usually k = 1/2) that again defines the fraction
of power coupling or crossing from one waveguide to the
other. However, even under classical regime, the Y-branch
operation has some distinctive features that are sometimes
misunderstood. To clarify its operation a brief description of
the device operation is now provided for the case of k = 1/2.
To do this, consider the field modal structure at the device
input and output sides. The Y branch can operate as a power
splitter or as a power combiner, as shown respectively in the
upper and lower parts of Fig. 3.

When it operates as a power splitter the field struc-
ture at the input port Ej,(x,y) is proportional to that of
the fundamental mode of the input waveguide, that is
Ein(x,y) o< Eg(x,y). At the output side (right) the device
is composed of two separate waveguides separated by a
distance S. Defining the transversal mode field variations in
the upper and lower waveguides by Epg(x,y) and Epy(x,y),
respectively:

EDS(X,y):E()(X,y_S/z), (6)

EDI(xay) = E()(X,y+ S/2) :
It can also be considered that the behavior of the structure at
the output is defined by its own compound modes or super-
modes that result from the linear combination of Epg(x,y)
and Epi(x,y). This combination can be in the form of an
addition yielding a symmetric supermode Esg(x,y), or in
the form of a subtraction yielding an asymmetric supermode
Esa(x,y). Hence:

ESS(xay) = EDS(xay) +EDI(X,y),

7
Esa(x,y) = Eps(x,y) — Epi(x,) - @

Eou((xly)=am2>1/2 ESS(XIY)

Figure 3 (online color at: www.lpr-
journal.org) Classical behavior of Y-
branch guided-wave even (k = 1/2)
power splitter (upper) and combiner
(lower).
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Since these supermodes are those that are characteristic of
the composite structure, it follows that any field propagating
through it can be expressed as a linear combination of them.
For instance, if the field injected at the device is given by:

Ein(xay) = ClinE()(x,y) (8)
where a;, represents the mode amplitude, the field structure
at the input waveguide is symmetric and upon arriving at the
transition zone between the input and output waveguides
tends to transform into a symmetric field distribution, with
respect to the line dividing the output part of the device into
two equal regions. In other words, the input field will only
excite the symmetric supermode in the output part of the
device. Hence,

Eout (x7 y) = doutEss (x, y)

= dout [EDS (x7y) +EDI(x7y)] . )

Assuming a lossless device, energy conservation requires
that [ dxdy|Ei,(x,y)|> = [ dxdy|Eou(x,y)|?. Taking Eq. (9)
into account and considering that there is no spatial over-
lapping between the fields in the output waveguides of the
fields (Eps(x,y) X Epi(x,y)* = 0), one has:

P din
out — T =
V2
a; a;
= Eou(x,y) = %Ess (x) = % [Eps(x,y) + Epi(x,y)]

(10)

and therefore the optical power at the device input is evenly
divided into its two output waveguides thus confirming the
operation of the Y-branch as a power divider. Note that there
is no extra optical phase shift, and the two modes Eps, Epg
exit in phase.

Let us now describe the device operation as a signal
combiner. Consider for instance the case when the input sig-
nal is present only in one waveguide (if the two waveguides
are excited then the superposition principle can be applied).
The input field can be expressed as the sum or difference of

1: 2 1
E . =t'Ee" E, =r'Eé" E,.=-rE,"
=J1—kE,¢* =JKE ¢* = —JkE,*

the two supermodes each carrying half the input power:

Ein(xvy) = a{nEO(x:y:FS/z)
!

= % [Ess(x,y) £ Esa(x,y)]

with the upper (lower) sign corresponding to the case where
the field is injected through the upper (lower) port. When
this field arrives at the transition zone it must excite the fun-
damental (symmetric) mode of the output waveguide. This
implies that the symmetric supermode is gradually trans-
formed in this region to the guided output mode Ey(x,y).
In turn, the antisymmetric supermode does not couple to
the output waveguide and is radiated to the exterior part of
the device as a certain radiated wave £Eg(x,y). The output
field in the waveguide is then of the form:

(1)

Eou(x,Y) = doyEo(x,y) (12)
and only carries half of the input power, so that:
/
al =S (13)

out \/E

The consequence is that since in this case the Y-branch
has one physical output port, there is the need to assume
that there is a second virtual output port through which the
radiated field excited by the antisymmetric supermode is
radiated to the exterior. On the reverse operation (power
splitter) this port has no physical access from the classi-
cal point of view. This observation is fundamental since it
should be borne in mind that under the quantum regime this
port is in the vacuum state [59]. Thus, to correctly represent
the Y-branch beamsplitter the layout represented in Fig. 4
will be considered, where the additional radiative port is
depicted with a broken line and characterized in terms of a
parameter k that accounts for the fraction of power coupling
(i.e. crossing) from one waveguide to the other. Then, Eq. (2)
takes the form:

()= (20 359 ()
ar )T\ vk vI=k) \at

and for the Y-branch acting as a beam combiner, the matrix
is the transpose of that in Eq. (14).

(14)

2'
2 Figure 4 (online color at: www.Ipr-journal.org)
E. = tE Classical behavior of Y-branch guided-wave
2' o . .
) power splitter using a four port (three real, one
— ik .
=VI-kE,e virtual) layout.
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Figure 5 (online color at: www.lpr-journal.org) Layout of an electro-optic integrated phase modulator.

3. Quantum model of the electro-optic
phase modulator

3.1. Introductory remarks

In this section quantum models for the scattering theory
describing the action of electro-optic phase modulators are
developed, with different degrees of complexity and appli-
cability. As a starting point a short account of the classical
models of these devices [4, 5] is provided, followed by a
description on the problems that may show up from a di-
rect translation of this classical description to the quantum
level. Figure 5 shows a typical configuration of an integrated
electro-optic phase modulator [68]. As it can be observed
it is composed of a waveguide that is formed by diffusing
an electro-optic material (typically Ti) into a depth d (typ-
ically around 5-10 pm) of a dielectric substrate (typically
LiNbO3) and a set of driving electrodes that span along a
distance / (typically between 2—5 cm) along a given prop-
agation axis (for simplicity we consider the z-axis and the
region between z = 0 and z = /). The electrodes are divided
into two parts. One part has a lumped structure and is em-
ployed to provide a dc or bias voltage V.. The second part is
implemented by means of a load-matched transmission line
designed to propagate a time-varying (modulating) voltage
AV () with a group velocity as close as possible to that of
the optical wave inside the optical waveguide. This group-
velocity matching is essential in order to obtain very high
modulation bandwidths (in practice over 20 GHz are rou-
tinely obtained in commercial devices). The electro-optic
material is such that it is able to linearly change its static
refractive index 1o along a given cartesian direction in re-
sponse to an applied voltage V to the electrodes. In other
words, 1(V) = 1o + (rn3V /2d), where r represents the
electro-optic coefficient in that particular direction. Usually
the values of r depend on the chosen material, the optical
wavelength and change from one direction to other. For ex-
ample, for LINbO3 r = 5-18 pm/V [4,68]. The consequence
for phase modulators is that for optimum operation the state
of polarization of the input field to the waveguide must be
linear and aligned with one of the cartesian axes of the trans-
verse plane to the direction of propagation (in the case of

Fig.5 it is shown aligned with the y-axis). Although Ti dif-
fused LiNbO3 waveguide electro-optic modulators are the
most common devices commercially available, electro-optic
modulators can be also implemented using semiconductor
materials such as GaAs or polymers. Electro-optic phase
modulators can also be implemented using bulk-optics con-
figurations as described in [4, 68]. The main advantage of
these configurations resides in their lower insertion losses
(0.1-0.2 dB) as compared to integrated configurations (0.5—
1 dB) since antireflection dielectric stack coatings can be
grown at the input and output surfaces. Their main disad-
vantage stems from their reduced bandwidth (from DC to
around 500 MHz is the best reported figure) although bulk
optics modulators can be also operated at microwave fre-
quencies (>1GHz) by means of a resonant biasing circuit.

Let us consider the situation depicted in Fig. 5, where
a linearly polarized (y direction) monochromatic wave at
frequency @y propagates in the positive z direction of a
dielectric material with static refractive index 1o,

Ein(z,1) = Egexplik(y)z — iox!] (15)
where k(wy) = wpno/c is the propagation constant, c is
the speed of light in vacuum and Ej its amplitude. This
wave enters the transverse phase modulator of thickness d
and length [ located, as explained before, between z = 0
and z = [ = lc + lgc, with [, the length of the transmission
line electrode and /g, the length of the dc or bias electrode.
The modulator is driven by voltages V,.(r) = AV (¢) and Vg
constant at each electrode, and the wave at the exit plane
becomes:

Eou(l,1) = Ege™ "™ %8 exp(—imAV (t) /Vy)
= Ein(0,1)€'% exp(—inAV (1) /Vy) (16)
where the constant, bias-dependent phase
[23) l Vie 1
o= (mot =0 ) oy — ¥ )
c d T lac

accounts for the propagation phase shift and the phase shift
due to the presence of a bias dc voltage in a material with

© 2011 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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electro-optic coefficient r, and V; = Apd/ 778 rl,c is the mod-
ulator’s half-wave voltage, which is defined as the required
voltage which, when applied to the ac electrode, provides a
7 phase shift to the input optical signal. Typical values of V.
are in the 2—5 Volt range for integrated devices and at least
one order of magnitude larger for bulk-optics modulators.
In bulk-optics devices there is a single driving electrode
of length /, which is fed by a voltage signal which carries
both dc and ac, V(t) = Vg, + AV (¢), so that l,c = lgc = in
Eq. (17). It should be also pointed out that the dc electrode
is absent in commercial integrated modulators since it only
modifies the global phase of the output. However, the dc
electrode is necessary for biasing the amplitude modulators,
as is explained in Sect. 4.

If the input wave is modulated, phase modulation is
described in terms of slowly-varying complex envelopes
Ain(t) and Aoy (2), defined as

Ein(o; [) = Ain(t)eiiw()t 3

. (18)
Eout(l:[) = Aout(t)e

so that, assuming absence of dispersion inside the modulator,
the exit envelope is:

Aou(t) = Ain(t) e exp(—imAV (1) /Vz)  (19)
and therefore the action of the phase modulator always leads
to an increase of optical bandwidth. For the particular case
of monochromatic inputs, this is viewed as a process of
sideband generation. Setting A;,(¢) = Ep and restricting to
a sinusoidal modulation of frequency Qg given by:

AV (1) = Viycos(Qot + 0) (20)
obtaining:
Aout(t) = Eoe'? exp[—imcos(Qot + 6)]
—E) Y Gl @1)

n=—oo

where m = 1V, /Vy is the modulation index, the coefficients
are

Cy = P8 (—ie )", (m) (22)

and where the Jacobi—Anger expansion in terms of the
Bessel functions of first kind has been employed:

e*izcosﬁ — Z (_i)n]n(z)efinﬂ )

n——oo

(23)

The construction of a quantum scattering theory of phase
modulation can start in principle from Eq. (21) for monochro-
matic inputs and single-tone driving fields, or from Eq. (19)
for general input and driving fields. However, some effects
should be analyzed with more detail. First, dispersion tends
to mismatch the phase of the waves inside the modulator
and results in a decrease of modulation bandwidth. In the
classical description, Eq. (21), this effect may be taken into
account by considering that the modulation index m attained

by the modulator at a certain voltage level depends on the
modulating radio-frequency tone Qg, a procedure that will
be followed below.

A second effect is related to the observation that modula-
tors are guided media only in a certain frequency range in the
optical band. In principle, a quantum description restricted
to this band could be attempted, which is precisely the range
of validity where classical formulas such as in Eqgs. (19) and
(21) are meaningful. However, it is difficult to substantiate
such an observation since the effect of phase modulation is
precisely to increase the optical bandwidth: once the input
set of frequencies is established, the output set is inevitably
enlarged. This leads us to consider a description where all
input frequencies, even those that are not optical, are al-
lowed, and where expressions such as Eqgs. (19) or (21) are
merely effective descriptions that can be recovered when the
inputs are optical. In this spirit, and leaving aside the input
or output spatial distribution of the frequency modes, the
process of sideband generation in Eq. (21), for instance, can
still be posed as the determination of input—output transition
amplitudes in a scatterer that tends to increase or decrease
the input mode frequency by multiples of an amount Qy. An
expression such as Eq. (19) could then be recovered by an
appropriate continuous-mode limit.

There is, finally, a more fundamental issue related to
unitarity. In the description given by Eqgs. (19) or (21) phase
modulation of a carrier will always develop unphysical
negative-frequency modes, even classically. For instance,
starting from Eq. (21) and going back to the electric field at
the modulator’s output (z > /) leads to:

Eou(z,1) = Eo Y, Cpexplik(w,)z— iwyt]

n——oo

(24)

where @, = wy + nQy is the optical frequency of the nth
sideband. It can be observed that the infinite number of terms
in expansion (23) leads to unphysical negative frequencies
for sufficiently large values of index n. In the classical de-
scription of phase modulation this is not a severe problem:
under practical operation conditions, @y/27w ~ 200 THz
and Q0 /27 < 50 GHz, so that the ratio ay/Q representing
the number of necessary sidebands for generating spurious
negative-frequency modes is ~ 10* for inputs with optical
frequencies. In addition, and according to Carson’s rule [69],
the amplitude of the generated sidebands C,, ~ J,,(m) can
be neglected for |n| > m+ 1. Since practical modulation
indices m never exceeds the order of ten, this implies that
the possibility of generating negative frequencies is of little
concern. In a quantum theory, however, the interpretation
of these nonpositive frequencies is to be analyzed in detail
because all modes, even those with negligible probability of
generation, contribute to unitarity on the same footing.

As shown below, a truly unitary quantum scattering
operator can be constructed and solved in the simplest sit-
uation, which is that of a single-tone driven phase mod-
ulation [63, 64]. The quantum analog of Eq. (21) is then
recovered as an approximation valid for inputs belonging to
optical bands, where unitarity requirements associated to the
existence of a lower bound in frequency are negligible. This
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route provides a sound footing to several theories of quan-
tum phase modulation based on the sideband generation
picture [25,29, 62]. From that, a general phase modulation
operator for arbitrary driving function can be defined. In
that case the theory can only be solved perturbatively, and
expressions such as Eq. (19) are recovered again as an ef-
fective description when input states are optical, as also
found in theories employing phase modulation of photon
wavepackets and/or general driving signals [47,49].

3.2. Single-tone-driven phase modulation in
discrete-mode formalism

The discrete character of the output frequencies observed
under single-mode inputs at frequency @y and single-tone
driving justifies a description where only modes with fre-
quencies @y + n€ are taken into account, with the only re-
quirement that n > —ay/Qo to avoid the presence of states
with negative frequencies. The frequencies of the relevant
scattering modes can thus be labelled with integer indices:
denoting by [x] the lowest integer larger than x, these fre-
quencies are @, = wy/Qo x [0y/Qo| + g with g > 0.

In one-dimensional geometry, two different travelling-
wave modes of the form exp[i(kz — or)] can have the same
frequency ® = c|k|, corresponding to positive k (right-
moving) and to negative k (left-moving). However, phase
modulators are ideally reflectionless devices, so that right-
moving incoming radiation does not couple to left-moving
outgoing radiation on the same side of the modulator. The
scattering is thus fully described by an operator transform-
ing right-moving modes into right-moving modes, together
with an operator acting only on left-moving modes. These
two operators are different in general, since the properties
of a phase modulator in reverse operation depends on the
electrodes’ configuration. However, both operators should
be of the same form, and so we will restrict the discussion
to right-moving modes. Then, we can unambiguously la-
bel these relevant modes by its frequency @ or frequency
index g > 0. For instance, a one-photon state at such a right-
travelling mode can be equivalently described as |1) or as
|14). In addition, conventional electro-optic modulators are
also designed for a unique input polarization, and therefore
it is not necessary to add a new index for polarization.

The multimode Hilbert space of right-moving travel-
ling wave modes with frequencies @, (¢ = 1,2,...) will be
denoted by Fy, and it is the space upon which the phase
modulator will be defined. This space can be decomposed

in subspaces of definite number of photons as:
Fy = ®y_oFy (25)

where Fy is the subspace of Fock states having N photons,
which is spanned by vectors:

M
‘(nl)ql (n2)g, - - (”M)qM> = H

(26)

where ¢, is the mode index, M is the number of occupied
modes and ng the corresponding occupation number. For
instance, F is composed by the vacuum sate, | vac), whereas
the subspace Fj is generated by all one-photon states | 1 q> =
a, |vac) at frequency @, (¢ > 0).

The scattering operator describing single-tone phase
modulation, analogous to Eq.(21), has been constructed
and solved in [63,64]. It is a unitary multimode operator of
the form Spy : Fy — F,. given by:

Spv = exp (i(pBN— i%me*’lef - i%meief"Jr)
= exp(igppN — iG)
= exp(ipplN) exp(—iG) (27)

where @ is the constant bias phase, the 7' operator raises
the mode of photons, NV is the photon number:

T= (28)

s

At A & JUTRPN
a, 1an, N—Zanan,
n=1

and where the relationship [NV, 7] = 0 has been used to sep-
arate the effective Hamiltonian G. Eq. (27) can be justified
either from the comparison with the perturbative generation
of the Bessel function describing the classical transition am-
plitudes [63] or from physical considerations. To this end,
first observe that the positive-frequency part of the cosine
modulation in Eq. (20) simply increases the mode frequency
by an amount Qg, whereas the negative-frequency part de-
creases it. As in the classical picture, the strength of this
mode coupling is proportional to the amplitude V,, of the
radio-frequency mode propagating along the modulator’s
electrodes, which is assumed to be classical (not quantized).
Equivalently, the electro-optic interaction can be described
by a three-boson coupling between two optical modes and a
RF mode in a coherent state that is set to its average value
Vn [70]. This results in a coupling constant that equals the
classical modulation index m, and can be justified from the
high value of the electric field in the electro-optic material,
which is of the order of k<Vm ™! in bulk-optics modulators
and even higher in integrated modulators. Alternative ap-
proaches to the electro-optic coupling include a quantized
microwave field together with a finite number of optical
modes [71-73].

As for the bias term in Eq. (27), it assumes the absence
of dispersion, so that all modes undergo the same prop-
agation phase. Dispersive propagation can be introduced
simply by changing the first term in the exponential by
@5 = X, 0,4, a,. This operator no longer commutes with
G, so the separation in the rightmost part of Eq. (27) does
not hold in general. Due to the small physical length of the
modulators, effects due to dispersive propagation of optical
modes inside the device are usually neglected. Indeed, it is
easy to show that [¢p, G] = 0 if dispersion can be neglected
at the scales of Qo, i.e. @, = @B +1. The main conse-
quence of dispersion inside the modulator is the decrease
of modulation bandwidth due to walk-off between the mi-
crowave in the modulator’s electrode and optical modes in
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the waveguide, an effect that will be analyzed in the follow-
ing subsection. In any event, even if dispersion is included,
the interaction preserves the number of incoming photons,
[N,Spm] = 0.

Remarkably, the theory can be exactly solved neglect-
ing dispersive propagation. Clearly, operator Spy; leaves the
vacuum invariant, Spy |[vac) = |vac), so that the action of
the scattering operator in the Schrédinger picture over an ar-
bitrary state in the Fock basis is reduced to the computation
of its adjoint action over an arbitrary photon creation op-
erator: SpMd; ...a; |vac) = SApMélfﬁlfM ... Spmd; gy [vac).
This computation has been carried out in [63] using a dia-
grammatic technique and in [64] using the spectral decompo-
sition of §pM, which can be derived by analogy with the well-
known spectrum of the single-mode Susskind-Glogower
cosine operator. The result is:

Semay Sy = €92 Y e 10lH) (29)

q=1
X [ ()70 lom) = (=) Ty (m)] @
and its action on one-photon states is therefore:
— o8 Z o~ 0(k—q)
k=1

X [ (=) g m) = (=) Uy gm)] 112

gPM|lq>

gk

Skyq

1i) (30)
k

1

where the one-photon scattering coefficients from mode ¢ to
mode k, S 4 = (1] S | 1 have been introduced, which form
a unitary matrix (), = S - These matrix elements have
the interpretation of probablllty amplitudes for a process
leading to the creation of a photon in mode k from a photon
atmode g. The central role played by Sy , can be appreciated
by noticing that an arbitrary scattering amplitude is entirely
determined by these quantities. This is shown by the normal-
order form of the scattering operator:

Spm =: exp [ Y (Skg— ak,q)dq‘| 1 @31

k.q=1

The proof of this formula is standard [74]: first, the action
over an arbitrary multimode displacement operator is calcu-
lated, which gives:

Sem ®g—1 Dy(0tg) Sy = @51 Di( Z Sk,q0lg)
g=1

(32)

From this, the Husimi function is readily computed, and
Eq. (31) follows from the optical equivalence theorem [59].
Eq. (32) also formalizes the correspondence between one-
photon scattering amplitudes and coherent-sate scatter-
ing amplitudes.

Now, the classical expression in Eq. (22) can be recov-
ered using an appropriate approximation. First the operator

&)

is decomposed as Spm = Spy; — 51%),[ [64], with matrix ele-

ments:
S = et D ()
O _ o i0lha) 49
Sy =€ Pe 00D iyt (m).

The first contribution S,((]; provides the leading amplitudes
in the optical limit, i.e, when input modes belong to optical
bands (¢ > 1), and coincide with the transition amplitudes

to sideband in the classical formalism, as given by Eq. (22):

S,(“; Ci—g4- The second contribution S(; is a correction

required by unitarity and the fact that modes have posi-
tive frequencies (k,g > 0). More formally, the optical limit
amounts to an approximation of the form:

Som [P) 2= S0 W) (34)
for states |'¥) whose spectral content is contained in suffi-
ciently large mode indices ¢. For instance, for one-photon

states |1,) the norm of the error term in Eq. (34) tends to
Zero as g — oo

Z |Jk+q m)|

oo
oo

Lwgr(s)

B

=~
—_

k=1
1 m\ 2g+2 2 1 my 2n
<ge(z) L)
Ip(m)  m\24+2
VEDE (5)
g0, (35)

where [ is the modified Bessel function of the first kind and
order zero and where the bound |/s(m)| < (m/2)*/s! [75]
and that (a+ b)! > a!b! have been used. Then, the optical
limit amounts to any of the following expressions [25,29]:

SPM |1 PM |1
o ,ifB i (—i -0 ) Js(m |1q+s
S oo
' [m]+1 )
— i Z (—ie™ ) Jo(m) |lq+5> (36)

s=—[m]-1

The first expression is the direct translation of the classi-
cal coefficients in Eq. (21), where the lower s limit is ex-
tended to —oo since the corresponding amplitudes J;(m)
are negligible. The second expression in Eq. (36) follows
from Carson’s rule [69], which amounts to the observation
that the Bessel functions J;(m) can be neglected for indices
s > [m] + 1. This last expression explicitly shows that the
number of relevant sidebands generated by phase modula-
tion from a single carrier is of the order of m.
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3.3. Arbitrary modulation in continuous-mode
formalism

The extension of the previous theory to arbitrary modula-
tion inevitably requires the introduction of a continuous-
mode formalism. In this case, the modulating ac voltage
is parametrized as V,. (1) = AV (t) = V,,x(t). Here, function
x(t) is the (dimensionless) modulation function, which is
assumed real, dc-free (the dc-term is explicitly separated
in V), de-balanced (that is, [ x(¢)dt = 0) and bandlimited.
The modulation index in then described in terms of the level
Vin as before, m = wV,, /Vz. Under these conditions, x(¢) can
be expressed in terms of its Fourier transform as:

—X(Qe ¥ X(-Q)=X(Q)x (37

with X(—Q) = X(Q)* and X(0) = 0. Then, the effective
Hamiltonian associated to this function is:

/ dQ

X [X(Q)a

(38)

(0+Q)a(0) + X(Q)'d" (0)a(0+ Q)]

which is manifestly hermitian and involves positive frequen-
cies only. In Eq. (38) the continuous-mode creation and an-
nihilation operators have been introduced with the following
commutation relation:

[4(w),d"(0)] =278 (0 — ) (39)

The normalization with a 27 factor has been chosen to
conform to the Fourier transform convention of Eq. (37).
Effects of modulation bandwidth can be easily included
in Eq. (38) by use of the substitution X(Q) — H(Q)X (L),
where H(Q) is the radio-frequency transfer function of the
modulator. In what follows it is assumed that H(Q) = 1
for ease of notation. Then, the phase modulation unitary
operator is . .

Spm = exp(iPp — iG) (40
with operator

Joo
o= [ 2 gs(w)a* (@)a(0)

0

(41)

describing the (eventually dispersive) propagation phase
inside the modulator. For instance, single-tone modulation
in continuous-mode formalism is described by a driving
field of the form:

X(Q) =1e795(Q— Qo) + 1605(Q+ Qo)
Qo >0, 42)
so that
de
A_ M —i0 5t A
= — R — 4
G 3 J 2.¢ (0+Qp)a(w)+he  (43)

which is the continuous-mode generalization of Eq. (27).

The action of operator §pM in Eq. (40) cannot be solved
for an arbitrary modulating function and, as in the classical
theory of phase modulation [69], some kind of approxima-
tion such as a perturbative expansion in modulation index
m is necessary. This expansion can be presented as:

Spm =2 €710 = 98 (1 - (). (44)

Here the exponential has been expanded to first order and
it is assumed that dispersion can be neglected at the scale
of the modulation bandwidth, so [@p, G] = 0. For instance,
under multitone modulation:

Age 0% A
x(Q) =Y 2 —s50-0) +Z " L@+,

k
Q. >0, (45)

so that

Spu = /98 (46)

i
x | 1—imy 2

/7““+ o +Q)a() — he
0

A different development of operator in Eq. (40) follows from
an approximate summation of the perturbative series that
explicitly neglects effects due to the existence of a lower
bound in frequencies. This development can be formulated
as the quantum equivalent to the classical expression in
Eq. (19) of the action of phase modulation over the complex
envelope, so the complex envelope operator [47] is first
introduced. In continuous-mode formalism, the positive-
frequency part of the electric-field operator of dispersive
media characterized by a refractive index 1 () is given, in
Heisenberg image, by [74]:

lo/md: <2£ocn ()S )mé(w)

x exp[ik(@)z —iwt] 47)

with k(@) = @n(w)/c and S is the quantization area. The
slowly varying envelope operator is defined by

/= / a0 4
Aen= [ 5
0
x exp [i(k(@) — k(wo))z —i(@w —awp)r]  (48)
and represents a description of the electric field for radiation
confined to a band around a central frequency @y. Indeed,
under this condition one can approximate ® ~ @y in the
square root of the integrand of Eq. (47), leading to:
E™)(2,1) o< A(z,1) explik(ap)z — ict] (49)
which is the quantum counterpart of Eq. (18). The action of
the phase modulator over operator A(z,¢) will be assumed
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to occur at z = 0 so that the relevant computation, in the
Heisenberg image, is:

SA;FMA(O, t)SPM

do A
:exp(ia)ot)/—wSlJ{M&(a))SpMexp(—iwt)

= exp(ioot +ip) /z—w AG w)e ’Gexp(—ia)t) (50)
0

where the dispersion inside the modulator for optical inputs
at the scales of the modulation bandwidth has been neglected
so that Spy = exp(ip) exp(—iG). Now, the exponential
series of exp(iG)d(m) exp(—iG) involves commutators of
the form:

[iG..1iG.a(w)].. ]

iG,
Foo o0
_m/£J41 ay
n 21 ) 2n
0 0

<[5 (e

X&((!)*Q()*.Q]*...

(51

7Qn+gn+l+...+gk)

This expression is, however, incorrect, as it allows negative-
frequency modes in the argument of the creation operator.
This issue can be neglected by assuming that the error intro-
duced by formally considering negative-frequency modes
is small when applied to optical fields whose spectrum is
contained in the vicinity of the optical frequency @y or,
in other words, when the radiation is narrowband around
@y [57,74]. The easiest way of introducing this approxima-
tion is to extend the lower integration limit in Eq. (48) up to
—oo [57,74]. Then, inserting this perturbative expansion in
Eq. (50) and integrating over @, yields a term proportional
to operator A(0,7) that can be factored out. The remaining
k+ 1 integrals in Q, (n = 0...k) at each perturbative level
k can be performed after noticing that

+
/49

2
0

where (¢) is the analytic signal associated to x(z). The
perturbative series is then:

Je " = k(1) (52)

SAF;MA (05 t)SAPM

EA(O,t)exp(i(pB)]ibkl( ’;) ,;)( ) (t)"[x(@)* ]
=A(0,1) exp(i(pg)gz)kl! (_,f)k [%(r) + ()"

A(0,1) explipp — imx(t)]

(33)

where x(1) = ReX(t) has been used. The final expression is
the quantum analog of Eq. (19).

An alternative yet equivalent formulation of Eq. (53) is
based on the Fourier-transformed continuous-mode opera-
tor [57,74],

~ dw —1a)I N —iat
a(t)= | 5 e a(w)=Aln)e (54)
with commutation relations:
[aA(t),&+ (")) =8(t—1). (55)

The formal extension to negative-frequency modes in
Eq. (54) represents, as above, a negligible error only when
this operator acts over states whose spectral content lies
in optical bands. Comparison with Eq. (53) shows that op-
erator @(¢) transforms in the same manner as A(t) upon
phase modulation.

4. Quantum model of the electro-optic
amplitude modulator

4.1. Introductory remarks

The electro-optic amplitude modulator (EOM) is the most
popular modulating device employed in high speed optical
communications systems featuring line rates in excess of
2.5Gb/s [1,76]. It is also widely employed in analog pho-
tonic applications [2] and radio over fiber systems [10, 12]
where the modulating subcarriers are located in the RF,
microwave and millimeter—wave regions of the electromag-
netic spectrum. The integrated EOM is built by embedding
one or two electro-optic phase modulators into a Mach-
Zehnder interferometric setup closed by two guided-wave
beamsplitters [4, 12] as shown in Fig. 6. There are however
various forms to assemble the interferometer. For instance,
in Fig. 7 the most common EOM designs that are encoun-
tered in practice are shown [12]. EOMs with only one inter-
nal phase modulator such as B), D), F) in Fig. 7 are known
as single drive or asymmetric modulators, while EOMs with
two internal phase modulators, such as A), C) and E) in
Fig.7 are known as dual drive modulators. For each phase
modulator there are two ports, one for the modulator dc bias
voltage and another to inject the time varying modulating
signal. Designs A) and B) correspond to Y-branch modula-
tors, where both the input and output beamsplitters in the
Mach-Zehnder interferometric structure are Y-branch power
splitters. These are the most common commercial devices.
Designs C) and D) represent the so-called DC (directional
coupler) modulators where both the input and output beam-
splitters in the Mach-Zehnder interferometric structure are
guided-wave directional couplers. These modulators bring
the added value of an extra input and an extra output port,
but are more expensive to produce since the fabrication
of a symmetric directional coupler is more challenging as
compared to the Y-branch power splitter that is particularly
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simple to implement in integrated fashion [66,67]. DC mod-
ulators were common in the early days of integrated optics
but today, although available upon request from different
vendors they are not a mainstream commercial product. Fi-
nally, designs E) and F) correspond to hybrid Y-branch/DC
modulators that feature one input and two outputs. These
modulators, which can be found upon request in the market,
are common for cable TV applications [12], where the dual
output permits a first signal splitting in the broadcasting
header. The operation and design principles of the EOM
under classical conditions are quite well established and
understood and the interested reader can find useful infor-
mation in innumerable references in the literature [2,4,5,68].
Its quantum operation has been recently analyzed in [65]
and the salient features are described in the remainder of
this section. Of course, as in the case of phase modulators,
bulk-optics configurations are possible, in this case by in-
serting a bulk optics phase modulator in between two bulk
polarizers as shown in [4, 5, 68].

4.2. General model for electro-optic amplitude
modulators

Let us consider the general structure of the amplitude modu-
lator as shown in Fig. 8. The layout is obviously an abstract
representation as the beamsplitters are of the guided wave
type as discussed in Sect. 2. However, the representation of
Fig. 8 clearly shows the three building blocks of the mod-
ulator; an input beamsplitter opening the two paths of the
interferometer, two different paths (labeled 1 and 2 in the
figure) that each include a phase modulator, and an output
beamsplitter that closes the interferometer and provides two
possible output ports. Its classical description is readily ex-
tracted from Fig. 8. If input and output (with primes) waves
are described by their complex envelopes, the input/output
relationship can be written in matrix form as

() = Gty i) (i) 9
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where m;(t) represents the classical modulation function
of a wave entering in port b and exiting by port a, which are
given by:

<m11(t) mlz(t)) _ <t(,) r(,> ) <€1(I) 0 > . <l‘l/ I‘i>
my (1) mp(1) r b 0 ext) rit;
_ <t§eltl{+roezrl’» t;elrﬁ—raegt,-) 7)

/ ! L
roeit; +toexr; roeiri+ient;

with e (t) = expligpr — imx(t)], k = 1,2, the phase im-
pinged by each phase modulator. This matrix is unitary,
which implies that:

Imi1 ()] + [may (1) [* = |ma () * + ma (1))

—1,
myy (t)mia(1)"
oy ()man (1) = myy (£)ma (£)* (58)
+mip(1)ma(t)
=0.

These classical expressions will be of use further below.
As for the quantum device, the operator describing the
action of the EOM is given by:

Seom = Sgs, SemSes; = Ses, (Sem, @ Spm, ) Ses; - (59)

Here §Bs,~ and SBS(, represent the scattering operators of
the input and output beamsplitters respectively and S’le,
§pM2 represent the scattering operators corresponding, re-
spectively, to the phase modulators located in the lower
and upper paths of the layout of Fig. 8 and that have been
discussed thoroughly in Sect. 3. Sgop is unitary, since it is
the product of three unitary operators, so that SEOMSEOM =
.SA';{OMSEOM =1 ®1. It should also be pointed out that al-
though this complete layout is used to construct the model

BS,

' B Figure 8 (online color at: www.lpr-journal.org)
Ly Generic layout of an electro-optic ampli-
v tude modulator.

for the amplitude modulator, the equations developed here
can and will be particularized to the case of asymmetric
modulators as well where, say, .§'le is substituted by the
identity operator. Eq. (59) is completely general and can
be employed to analyze the operation of the electro-optic
amplitude modulator under different working conditions.
Different approximations can be introduced through the
form of the phase-modulation operators.

An important representative case is that corresponding
to the characterization of the EOM response to single photon
inputs. For instance, for a photon at mode 7 in the first port:

Seom (1), ® |vac)) = Sgom (4 @ 1) [vac) @ |vac)  (60)
= Seom (4 ® 1) Siop [vac) @ |vac)
and use of the results derived in Sect. 2 and Eq. (59) yields:
Seom (a; @1) Slou =11, (by @ 1) +rir (&7 @) (61)
+dr, (Tebl) +rit, (1=é))

where b = Spw, a, iy, and & = S,/ Siy, have the
interpretation of photon creators by phase modulation.
Eq. (61) defines a transformation with a straightforward
physical interpretation, analogous to the classical case. For
instance, the first term in the right member represents the
transformation corresponding to a state entering the EOM
through port 1, transmitted by the input beamsplitter BS;
to the lower path in Fig. 8, being modulated by PM; and
finally transmitted by the output beamsplitter BS, to output
port 1. Similarly, for a photon in the second port:

SAEOM (i ®af{) S']_EFOM = r,-t(’, (B;:_ ® i) +tiry (é\;:_ ® i) (62)
+rir, (T0b)) +ut, (108))

with a similar physical interpretation for its four terms but
taking into account that now the input is in port 2. Although
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Eqgs. (61) and (62) have been derived for a perfectly balanced
interferometer they hold for unbalanced structures since any
phase imbalance between the upper and the lower arms can
be incorporated into the dc bias terms ¢p.

As with phase modulation, the above expressions can
be extended to continuous-mode formalism. A complete
theory can be developed in parallel to the analysis in the
previous section, starting from the definition of a complex
envelope operator for each of the two input/output ports and
then transforming them to the Heisenberg image as with
the phase modulator. For instance, the transformed first-port
complex envelope operator at z = 0 is:

SAIJErOM ( 4(0,1) @ i) Seom (63)

= exp(iwpt / Siom (@(®) @ 1) Spomexp(—iot).

This transformation can be computed using Eq. (59), the
action of beamsplitters, Eq. (2), and the action of phase
modulators in continuous-mode formalism, Eq. (50), under
the approximation valid for narrowband optical states. The
computation yields:

+mo(t) (i ®A(0,I)) .

Then, as in phase modulation, the transformation of the
complex envelopes in the Heisenberg image is analogous to
its classical description in Eq. (57).

5. Selected applications

5.1. Introductory remarks

The results and models developed in Sects. 3 and 4 for phase
and amplitude modulation are general in the sense that they
ultimately depend on the particular formulation that is cho-
sen for the phase modulation operation. These formulations
can be classified in order of increasing refinement. First,
Eq.(29) is a unitary discrete-mode representation of PM
under single-tone modulation. Its approximation described
by Eq. (36) allows for the presence of negative frequencies,
and therefore is valid only for input radiation in optical
bands. Secondly, Eq. (40) is a continuous-mode represen-
tation of PM under arbitrary driving voltage. This model
is only tractable in perturbative series, Eq. (44), or, again
permitting negative frequencies, as an effective model for
the complex envelope operator when acting over narrow-
band optical radiation, as is described by Eq. (53). Also,
the modulating field can also be categorized into single
discrete mode (sinusoidal RF) modulation, multiple dis-
crete mode (subcarrier) modulation and continuous-mode
or pulsed modulation. This section analyzes specific exam-
ples of some of the most representative applications of both
phase and amplitude electro-optic modulators.

5.2. Y-branch electro-optic amplitude modulator
with two sinusoidal modulating inputs: double
and single sideband modulation of single
photon states

The first application shows the use of amplitude modula-
tors as voltage-controlled scattering devices for providing
user-defined transition probabilities to the sidebands of one-
photon states through single-tone modulation. The layout
of this modulator is shown in Fig. 6A). This configuration
is widely employed in multiple applications within the field
of RF photonics, and in the quantum context it has been
used in QKD systems for sideband generation. In practical
devices the Y-branch design is such that:

=t =t;=t=1/V2,
—ri=—7) —1/\[

It will also be assumed that the microwave frequency Qg of
the sinusoidal modulating signals in both arms of the inter-
ferometer is the same, so that the control of the transition
amplitudes is obtained by bias ¢p and radio-frequency delay
6. The relevant model for this analysis is the discrete-mode
model in Eq. (30), from which its approximation in Eq. (36)
can be employed, if convenient. Since Qg is the same for
both PM modulators the frequencies of the sideband modes
generated are the same, and thus the action over a given
mode n can be compactly written as:

i Sqndiy

SPMz A+SPM = qu, Ay
q=

(65)

ri=r,=

bJr SPMI a, SPM,
(66)

where the overbar in the second expressions means that the
parameters defining this phase modulator can be different
from the first. Then, the response to a single-photon input is
given by:

§EOM|1) ® |vac) = Z Sqn+Sqn 1)q®|vac) (67)

l\)M—‘
l\-)\'— i

o
|vac) ® Z

—S4n+S4n) |1>]

Now, this output can be specialized for two standard settings
of this modulator through the definition of bias, modulation
indices and radio-frequency phase. The fist case is the so-
called double sideband (DSB) operation in quadrature [10,
12] that, due to the low harmonic distortion represents one
of the most standard settings in analog communications. It
is characterized by my =mpy =m, 6, =0, 6, = 7, @p, =
—@p, = m/2. Using Eq. (29):

Sq,n =i [(_i)qin‘]q—n( ) - (_i)q+n‘,q
Sy = —i [i97"y_p(m) — i7",

a(m)]

. (68)
+n (m)] Sq no
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so Eq. (67) becomes, after use of Eq. (66):

SEOM (&; ® i) SEOM = Z Re(Sq’,,)d;r ® i
g=1

+1@ Y —ilm(Sy.)a; .
g=1

(69)

The first term in the right member of Eq. (69) corresponds to
the output field from the modulator, while the second term
identifies the radiated field. Turning the attention to the out-
put field term, it is observed that the real part of S, is zero
if ¢ — n is even. This means that no modes corresponding to
even harmonics are expected at the modulator’s output. This
is a well-known characteristic of this particular modulator
design under classical operation.

The second interesting operation regime is the single
sideband (SSB) operation [12] in which by properly dephas-
ing by 90° one of the input RF modulating tones one of the
RF sidebands (upper or lower) is eliminated at the output of
the modulator. This operation mode is also of widespread
use in analog communication due to its resilience to link dis-
persion, and represents a scattering device that maximizes
the transition probability to a single (upper or lower) side-
band mode in one of the two output ports. In this case
the values of the parameters are m; = my = m, 6; = 0,
0, = /2, pp; = m/2 and @, = 0, which substituted in
Eq. (29) yields:

Sqan = i [(=0)T " Jqen(m) = (=) " Jgsn(m)] ,
Sqn =" [(=)T "I gn(m) = (i) 7" T gn ()]

_ q—n—1
=1 Sqn -

(70)

Note that for the special case when g = n — 1, that is, for the
lower RF sideband:

Sn—l,n = TOn—1n (71)
and thus, as expected, the contribution to the lower RF
sideband is cancelled in the first term of the right hand-side
member of Eq. (67). It can be readily checked that the upper
sideband is cancelled if 8; = 0, 6, = —n/2 while keeping
unaltered the rest of the parameters.

5.3. Low-index multitone and cascaded
single-tone modulation

In classical terms, multitone phase or amplitude modulation
finds applications such as the quantification of the nonlin-
ear distortions imparted by modulation or the analysis of
subcarrier multiplexed systems, where different microwave
frequencies Q; are data-bearing carriers of various elec-
trical transmission channels. From the quantum side, and
generalizing the results in the previous example, the most
immediate application of multitone modulation is the op-
eration of modulators as electrically controlled single or
dual-output frequency splitters where the output frequencies

are now of the form @y + mQ + nQ; + ... Unfortunately,
its analysis is more difficult than for single-tone modulation.
The reasons for the complexity of the quantum operation
are twofold. First, the intrinsic nonlinearity of the devices,
which creates sideband frequencies from single-mode in-
puts, also generates distortion, even at the classical level.
And secondly, modulation with different tones is not the con-
catenation or cascading of the modulation associated to each
tone, since the corresponding operators do not commute.

In practical operation conditions, the modulation indices
my, = mAy, associated to different tones or subcarriers in
Eq. (46) are <<1, so that an approximation based on the
first-order perturbative expansion is justified. Here, phase
modulation will be discussed; the modulation in amplitude
has been analyzed in more detail in [65]. Eq. (46) implies
that, to first order in modulation index, the combined phase-
modulation operator can be decomposed in single-tone mod-
ulations. For instance, for two-tone modulation,

Spm = SAPM,ZSAPM,I + O(mz)

= SAPM,ISAPM,Z + O(mz) (72)

where O(mz) represents an error operator term of the or-
der m? and §PM7]{ (k =1,2) are single-tone phase modula-
tion operators, and therefore this approximation reduces the
problem to a tractable form. For instance, in FC [25,29] or
SCM-QKD [30] systems the input are in coherent states, so
that the analogy with the classical calculus is more apparent.
Using Eq. (32) with the approximation Sy , = Cy 4 yields:

SPMD@O(a)ﬁffM = SPM,ZSPMJE(DO(a)S;M,ISIJ;M,Z (73)

& oo > &+

= SpM 2 ®g—gin Dantg0, (Cq0) Spyp
where the input radiation is assumed at mode @y, Dy ()
denotes the displacement operator at frequency ®, and gpin
is the lowest index allowed by positive frequencies. Now, for
low modulation indices only the first sidebands are signifi-

cant since Jo(m) 2 1 and J | (m) = £m/2 for low m, the re-
maining Bessel functions being of order m? or higher. Then,

Cy = 40— ’%’”1610511,4 - i%mle_m&“ +0(m*) (74)

and only two sidebands are generated, while the carrier is
left invariant:

Som 1Dy (00) S5y 1 = Doy, (—ie™my0t/2) Dy (1)

X Dgyr, (—ie P mia/2). (75)
For the second tone the process is repeated,

SemD oy () Sy = Sent 2Sem, 1D (@) S 1 SEu 2
= Dgy—q, (—ie®mra/2)

X Day—a, (—ie®'m1a/2) Doy, ()

X Dey1, (—ie ' mya/2)

)

X Dy +0, (—ie ®2myar/2 (76)
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and two additional sidebands are generated from the carrier
as in the classical operation.

A similar computation is central in the analysis of FC-
QKD systems where a cascaded modulation over the same
microwave tone € is used: the first low-index modulation
is used by Alice to encoded qubits in the phases of the
first sidebands, whereas Bob uses a second phase modula-
tor to generate additional sidebands at the same frequency
that produce interference at @y = Q. In this case, the sep-
aration S'pM = SpM7B§pM,A is exact, as the modulators are
acting independently at different locations. Then, use of the
properties of composition of displacement operators and
Eq. (76) yields:

S'PM,BSPM,AD% (a)SA;_MA‘SA';M,B
= Dy, [*i(eieAmA + eiGBMB)O‘/Z] Doy (at)

X Dw0+go [— '(e*"GA my + eiieBmB)a/Z] o))

thus obtaining the desired interference at each sideband mode.

5.4. Frequency-coded quantum key distribution

The previous development will be used here to analyze with
mode detailed FC QKD systems, which aim at implement-
ing discrete-variables protocols by encoding qubits in the
spectral sidebands originated by modulation. In the first re-
ported system the protocol implemented was B92 [23-25].
Here, Alice uses a coherent state a certain frequency @ that
is phase-modulated with low modulation index, my < 1, so
that only the sidebands at frequencies @ =+ Q are generated
as shown in Eq. (75). She encodes the qubits by choosing
radio-frequency phases 6; in the set {0, 7}, whereas Bob
uses a second phase modulator to generate additional side-
bands from the carrier ® at the same frequency Q, with
phases 6> chosen again in the set {0, 7}. These new side-
bands produce interference at @+ Q as shown in Eq. (77).
Bob’s modulation index coincides with that of Alice, so that
the interference produced at each sideband is constructive
only if 6; and 6, coincide, otherwise the interference nul-
lifies the state at both sidebands. Bob measures only one
sideband, say that at @ + Q and, since these sidebands carry
weak coherent states, this interference can be regarded as
single photon interference between the quantum fields at
the sideband generated form the carrier by Alice and Bob.
The absence of detection of a photon at this sideband can be
due to an incorrect choice of basis or to imperfect detection,
so it is useless for sharing a key. But when Bob detects a
photocount he infers that his choice of basis was correct.
After public announcement, this permits Alice and Bob to
share a bit encoded in the basis chosen.

This idea was subsequently modified to implement the
BB84 protocol by use of amplitude modulators and detec-
tion in two sidebands [26,27] and also of a combination
of amplitude and phase modulators [28]. In all these sys-
tems, the qubits are not strictly encoded in frequency, as
the name frequency-coded may suggest, but in the relative

phase between carrier and sidebands. Therefore, these orig-
inal systems are translations to the frequency domain of
traditional phase-coded setups. A truly frequency-coded
QKD system has been recently demonstrated [29]. Here,
phase modulation is used to implement BB84 from four
different states, forming a pair of nonconjugate basis in a
two-dimensional subspace of the three-dimensional space
of one-photon states with frequencies @ and @ %+ Q.

The system is built from a phase-modulated single-
photon source at frequency @. The phase-modulated output
is subsequently filtered to the first sidebands so that, accord-
ing to Eq. (36), it can be written,up to a global phase, as the
following vector:

. 1 L
SPM|1>a):ﬁ JO(m)“)a)_le ejl(m)|1>w+§2

+ie®J_ i (m) |1>wa] . (78)

The normalization 7 also describes the efficiency of the gen-
eration, i.e. the probability that the phase-modulated photons
are detected either in the carrier or in the first sidebands,
and is given by 1(m) = Jo(m)? +2J; (m)?. Now, Alice can
generate the following four states:

1 1 1

|:t71> = 72 ‘Dwi 5 |1>w+Q:FE ‘1>w79’

[+,2) = 1)y, (79)
1 1

|752>:

\ﬁ\%m*%ll)w_g

for specific choices of modulation indices and modula-
tion phases: m = 1.161 and 6 = Fx/2 for the first two
states, m = 0 for the third, and m = 2.405, 6 = /2 for
the last. These four states represents two nonconjugate ba-
sis of the two-dimensional space spanned by vectors |1),
and |1)y—0 — |1)w+q and can therefore be used for imple-
menting the BB84 protocol. The sates in Eq. (79) are not
produced with the same probability, but this imbalance can
be compensated for by use of an uneven generation rate.

Bob’s detection is performed with a second phase modu-
lator followed by two detectors, D, for the carrier frequency
and D for all the other frequencies in both upper and lower
sidebands. If Bob assumes that the basis |+,2) has been
sent, he produces no phase modulation, so that D, fires for
|+,2) and D fires for |—,2) with unit probability. For the
basis |+, 1), he impinges again a phase modulation with
m=1.161 and 6 = —71:/2, which implies that D fires for
|+, 1) with unit probability. In contrast, for |—,1)D, fires
with probability 0.953 and thus D fires with probability
0.047. This imperfect detection scheme of |—, 1) causes an
additional decrease in QBER below 1.2% [29].
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5.5. DC electro-optic amplitude modulator with
two equal sinusoidal modulating inputs:
switching between two port entangled and
separable states

The examples presented in Sect. 5.2 have illustrated the mul-
timode transition capabilities over one-photon or coherent
states allowed by conventional designs of EOM subject to
sinusoidal modulating inputs. However, as interferometric
devices with control of the relative phase, modulation index
and modulating driving voltage in each arm, EOMs permit
compact implementations of standard, single-mode, quan-
tum effects. In fact, if the modulation indices of the phase
modulators are set to zero, they behave as phase shifters
after the control of the bias voltage. Then, tasks based on
bulk optics interferometers can be directly translated to
the DC modulators of type C) and D) in Fig. 7, since the
four ports of the interferometer are physically accessible
and the mathematical description of beamsplitter and direc-
tional coupler are the same. However, proper selection and
operation of the EOM permit the integration in the same
device of phase modulator and interferometer, thus allow-
ing a direct extension of certain operations to multimode,
phase-modulated fields. In this subsection the use of DC
modulators is analyzed for switching and interpolating be-
tween two-port entangled and separable states composed
of phase-modulated, multimode photons. Let us assume a
two-photon input (one at each input port) in the same mode
under single-tone driving and use the notations in Eq. (66).
The coefficients of DC modulators are:

=t =t;=1=1/V2,

rgzri:rg:r;:i/\@. ®0
Then, use of Eq. (61) and Eq. (62) yields:
Seom (&) ©4y) Sgom
= SEOM (ay @ 1) SEOMSEOM (T@ay) Siom
;b el) =3 (B,f o)~ L (1ebib) @1

4
oo
HGETAE

x—i(:ﬁ@l) Jiweren).

It is observed that the two photons circulate in the same
modulator’s arm because both emerge together after the in-
put beamsplitter [S7-61]. Furthermore, if equal modulation
indices and radio-frequency driving tones are set in both
phase modulators, the phase-modulation operators are re-
lated by &+ = exp(iA@p)b; as can be derived from Eq. (66),
where A@p represents the phase difference induced by dif-
ferent bias voltages between the upper and lower phase

modulators. Hence, Eq. (81) can be expressed as:
Seo (aF @ ) Stou
= /2% sin (A@p) E[B;ia; @1-1wblb}

— 298 cos(A@g) bt @ bt (82)

Now, the structure of the output state can be controlled by
A@g. For instance, if App = 0 then the output is a prod-
uct state, whereas for A@g = /2 the output state is en-
tangled, and at this point the overall modulator behaves
in a similar fashion to a balanced beamsplitter acting on
phase-modulated states.

5.6. Single-tone amplitude modulation of a
single-photon wavepacket

In the following sections the amplitude modulation of
the wavepackets describing single-photon states will be
addressed [49]. Let us first consider a single-photon
wavepacket at the input of a Y-branch modulator sinu-
soidally modulated at frequency €. The wavepacket is
described by a frequency spread @(w), which is assumed
narrowband and centered at optical frequency @y, or by its
wavepacket amplitude ¢(¢). These functions are normal-
ized such that [ |@(®)|’dw/27 = [|@(t)|>dt = 1, and the
quantum states is [57]:

DoCO
10)= [ Sro@
0

- /dt(p (1)a* (1) |vac) .

(@) |vac)

(83)

Due to the narrowband approximation, integrals in @ can be
extended to —oo as explained in Sect. 3.3. The beamsplitter
coefficient specialization is that of Eq. (65), and the action
of the EOM can be described using Eq. (61) with single-tone
PM in continuous-mode formalism, which reads:

b* (@) = Semyat (0)Shy, = Y, Gt (0 +5Q0),
T (84)
&t () = Semya (0)Shy, = Y Ca (0 +5Q0)

§——o0

after the approximation in Eq.(36) where the scattering
coefficients Sy, are substituted by their classical values,
Sk,g = C—4 and the extension of the sums up to s = —o
assuming that the coefficients allowing for transitions to
negative frequencies are negligible. Hence,

SAEOM | 1 ® \vac)

[Z(C+C

§=—o0
/°° )
2r
0

|Vac ® Z

§=—o00

(0 +5Q) |vac) ® vac)]

—Cy+Cy)

=

x d—:(p(a))cﬁ (0 +5Q0) |Vac)] (85)

0
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and, after the change of variables @' = ® + sQ¢ and the
extension of the lower limits of the integrals in @',

=)

§EOM |1 &® \vac /
0

at (@) |vac) ® |vac)

< !
+|Vac)®/dza7; or(0)at (@) |vac)
0

= |1g,) ®|vac) +|vac) @ |14,)  (86)

where @p(®) and @g(®) are the resulting (non-normalized)
wavepackets describing the amplitude modulated photon
corresponding to the output and radiated fields, respectively:
1 & -
$o(w) = ) Z (Cs+C5)o (0 —5Q) ,
S=—o00
| &

(@) =5 ¥ (-CtCp(0=s%0).

87)

These equations admit a neat description in the time domain.
From Eq. (87), the action of the amplitude modulator in
terms of wavepacket amplitudes is multiplicative,

@o(t) =mo(1)@(t) . @r(t) = me(t)@(t)  (88)
where
1 & _
mo(t) =m(t) = 3 Z (Cs + C) exp(—isQqt)
_ 1 ioy (1) ion(t)
== |e +e s
o],

1 & _
Y, (—Ci+Cy)exp(—isQot)

s= oo
— — | _ptounlr) 4 ia(t)

=3 [ e +e ]

are the modulation functions of the classical description of
the modulator for the output and radiated ports, respectively,
and oy (1) = @pg — my cos(Qot + 6) is the phase impinged
by each modulator. Clearly, the wavepacket amplitudes ¢p
and @g in Eq. (88) are not normalized, but despite the ap-
proximations involved the probabilistic interpretation of the
output state holds since:

[ 9o+ lox)
= [atlo®) (imo(t) P+ ma(0)?)

(90)

which simply reflects the fact that the photon exits either
through the physical output port or through the radiation
port. The normalized states |10) = |10) / (190 | 1o0)"?
and |1(pR>’ = |1gr) / {19z | l(pk>1/2 describe the condi-
tional output states resulting from the actual observation

of the photon at the physical output port or at the radiation
port, respectively. The generalization of this result to ar-
bitrary phase or amplitude modulation is straightforward:
within the approximation of narrowband optical inputs, the
wavepacket amplitude is multiplied by the classical modula-
tion functions as in Eq. (88).

5.7. Two-photon interference with
phase-modulated inputs

In this example the experiment of two-photon interference
with a phase-modulated wavepacket reported in [48] will
be analyzed. Referring to Fig. 9, each of the input ports of a
beamsplitter is fed by a product state composed of two pho-
tons from the same ensemble, thus described by the same
wavepacket amplitude, @(¢). One of these photons under-
goes phase modulation before impinging the first input port
of the beamsplitter. Its wavepacket is ¢(r) = @(r) exp[io(t)]
with o(z) the classical driving function. Then, the out

state is:
|out) =

9) = SBs |15) @ [1g)

x [at(ty@a"(1)] |vac) @ |vac) . 91)

The different probabilities associated to a coincidence-
counting experiment can be extracted from the following
resolution of the identity of the two-photon, continuous-
mode Fock space:

{ o0
1F2:§ /dlldl‘z

x @t (n)a" (n)a(n)a(n) ®
+i®at(n)a ()()ﬁ()]

+ / dndnlat (m)a(n) @ &t (2)a(0).

—oo

92)

From this it is straightforward to extract the probability
P(mty,nty) of detecting a photon at port m at time 7; and a
photon at port n and at time #,:

P11y, 1) = 5 our|@* (1)a* ()a(r2)a(ny) @ 1 |our)
= 310(1)*[@(22) | [1 +cos (ax(t1) — a(12))]
P(2t1 s 2t2) 93)
P(1t1,20) = Yout|a™ (1))a(t)) @ a* (12)a(12) |out)

B — N\

|

I

(1) *@(12) |7 [1 — cos (ax(tr) — (12))] -
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Phase
Modulator
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Figure 9 (online color at: www.lpr-journal.org) Two-photon interference with phase-modulated (PM) photons: the temporal wavepacket
spread is represented by a triangle. After modulation of one of the photons with a 7 phase shift they are mixed in a beamsplitter. The
resulting coincidences show same-port coalescence or rejection depending on the detection instants, which are controlled by the phase

modulation function.

Then, both photons emerge from the same output port of the
beamsplitter if the phase modulation is null (& = 0): this
is the usual spatial ‘bosonic’ behavior. But if the impinged
phase modulation varies along the photon temporal spread,
there is a finite probability of detecting the photons in op-
posite ports as it depends on the difference in phase shift
between detection times. In [48], wavepackets with long
temporal spread were used, and the modulation was zero
for the photon’s leading edge and 7 for the trailing edge.
Coincidences in the same output port were found when the
observation times correspond to either the leading or the
trailing edges otherwise the coincidences appear between
opposite ports. This behavior is schematically depicted in
Fig. 9, and can be viewed as a generalization of the example
in Sect. 5.5 to wavepacket level.

5.8. Amplitude modulation of single photons as a
quantum operation

The electro-optic amplitude modulator, as described by
Eq. (59), is a 2x2 device where, depending on the particular
geometry chosen, only one or both input or output ports are
physically accessible. For instance, for Y-branch modulators
there is only a single physical input and output ports accessi-
ble, which means that the radiation input port is always set to
the vacuum state and the radiation output port is not dispos-
able for any quantum task. Then, it is natural to ask for the
description of quantum modulators where a general single
input port state is modulated and only a single output port
state is measured or used in a subsequent processing step.
This leads to a formulation based on a (trace-preserving)
quantum operation [77],

Pin = Pou = T (Pin) = tr2 [g(ﬁln ® |vac) (vac|)§+] 94)
where pj, and Poye are the density matrices describing one
port input and output states, S represents a unitary 2x2 evo-
lution, which in this case is that of amplitude modulator
= SEOM, trp traces out the output radiation port and 7'
represents the quantum operation at the level of density ma-
trices.

In the present case the unitary evolution conserves the
number of photons, [N , S’EOM] = 0. This condition restricts
the form of the output, one-port state, when the input state
has a definite number of photons, say n. Denoting by ﬁi(:)
such an input, the form of the output must be a convex
combination of states with a definite number of photons less
than or equal to n:

ﬁi(:) = Pout = T (Pin) Z pkpout 95)

with pout - pout > 0, tr(pout) =1, Pk 2 >0, and Zk 0Pk = 1.
The proof of this result is given in the appendix. Essentially,

this means that the output corresponding to an input with
n photons is in general a mixed state that can carry up to

n photons. The density matrices [5(()];2 represent the output
state conditioned to the actual exit of exactly k photons, a
fact that occurs with probability py.

If the input contains just one photon, the form given by
Eq. (95) is particularly simple,

)

P S5 Bow = T(Pin) = po [vac) (vac| + pipll  (96)

and can be easily worked: for an arbitrary pure state input
|¥) containing just one photon in port 1 (input port 2 is in
vacuum state) the output is, according to Eq. (60),

Seom (|¥) @ |vac)) = (V|¥)) & |vac)

+|vac)® (W[¥))  (97)

Wher? V and XfV stand foerperators V=t t(’,S’le +7 roS’pMz
and W = t/r,Spm, + rit,Spm, . From the unitarity of Sgowm it
can be shown that these operators verify VV + W+W = 1.
The pure-state relation in Eq. (97) can be easily extended to

mixed states p =Y A W) (Pil:

Seom (P(n

(Vpl(n) ) % |vac) (vac| + |vac) (vac| @ ( ﬁ(n)W+)
+ Y A (VW) (vac| @ |vac) (Wi W
+ [vac) (| VT @ W |[¥y) (vac|) .

® |vac) (vac|) Siom

(98)

www.lpr-journal.org

© 2011 by WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



LASER & PHOTONICS
REVIEWS

20 J. Capmany and C. R. Fernandez-Pousa: Quantum modelling of electro-optic modulators

Inserting now this expression in Eq. (94) and computing the
trace, it is observed that the interference terms in the last
two lines of Eq. (98) vanish, since W |¥;) and V |¥;) are
one-photon states and thus orthogonal to the vacuum. Then,
comparison with Eq. (96) yields:

99)

It is apparent that p; > 0 and it can also be easily ver-
ified that the sum over probabilities equals unity, pg +
p1 = 1, as a consequence of the unitarity of S'EOM. Con-
sidering as a particular example a pure input state de-
scribed by the wavepacket in Eq. (83), it is immediately
shown, using the same approximations as in Sect. 5.6,
that [3(51112 indeed describes a pure one-photon state with
normalized wavepacket amplitude @o(t) = mo(t)@(t) x

([ mo (1) (1) *dr)~"/2, where:

= mll(t)
t/ ! pi®p1—imix) (1) _|_r;toei<P32*iM2X2(t)

mo(t)
(100)

is the classical modulation function of the modulator’s phys-
ical output (output port 1) when the input is also in port one.
Finally, the quantum operation over one-photon states can
be easily described in the operator-sum representation:

Pou = T(pL)

LoD A rdo ) A
= Ropl)'Rf + [ 2 R(@)p) R(@)*  (101)
0

where the Kraus operators are Ko = V and:

K(w) = |vac) (1| W = |vac) (vac|a(@)W.  (102)

5.9. Correlations of phase and amplitude
modulated states

In this final example the quantum correlations after gen-
eral amplitude or phase modulation will be addressed. The
analysis is based on the formalism of the complex envelope,
which is particularly useful to highlight the similarities with
the classical counterpart, and is restricted to first-order cor-
relations since the extension to second-order correlations,
which are the basic quantities in the analysis of photon-
counting experiments [50], is straightforward. The correla-
tor of an input state is given by

Gl (01,1) = (B )ED) (1) )

o (AT (11)A(r2)) exp[—i@o(t2 —11)]  (103)
where the brackets denote quantum average over the state

(0) tr] me] and using Eq. (49) the correlator has been

rewritten in terms of the complex envelope, assuming that
the last equality only holds under the hypothesis in Sect. 3.3:
that the spectral content of the relevant quantum state Py,
is narrowband and belongs to the optical band. Then, the
change experienced by the quantum state after phase modu-
lation is, in the Schrodinger image Py, — Pout = SpMpmSPM,
which can be brought to the Heisenberg image as a change
in A(t) given by A(t) — S3,A(t)Spm. Then, Eq. (53) im-
plies that:

GW (11,1) = GV (11, 12) exp {im[x(t1) — x(12)]} -

PM\" D in )

Therefore, and with the narrowband approximation, the
change in the correlation function induced by phase modu-
lation coincides with the multiplicative change induced by
phase modulation in the classical correlations. In addition,
and in a similar fashion to the classical theory, the state after
phase modulation is in general not stationary, even if the
input state was.

As for the amplitude modulator the situation is similar,
with the only complications derived from the existence of
dual inputs and outputs. For instance, the simplest case is
that of an input state p in a single input port, say 1: p =
Pin ® |vac) (vac|, and correlations can be measured in the
same output port or between different output ports. These
correlations are thus proportional to:

GI(EIC))M,mn(tl h) = <E§f)(t1) () (t2)>

(104)

(105)

where m, n = 1,2, Efi) () = EF @) @1 and EAz(i) (1) =
1@ E®)(r). Let us consider Gg())M 15» the other calculations

are similar. The computation can be brought to Heisenberg
image as in Eq. (104):

(AT (1) ®A(n))

=1tryp [§E0M(ﬁin ® |vac) (VaCDSﬁLOM (A (t)® ( ))]
= tr12 [(Pin @ |vac) (vac|)Sion (AT (1) © 1) SeomSion
x (1 ®A(t2))§EOM] (106)

where trj; traces both output ports. Using Eq.(64) the
trace contains four terms; three of which vanish since

A(ty) |vac) = (vac|A* () = 0. Then,
G](51(%M712(t17t2) niiy (n)mo (0)GY) (1,) (107

and the same conclusion as with phase modulation is ob-
tained: the modification introduced by modulation in the
quantum correlations coincides with the classical expression.
This result can be easily generalized to correlations between
any of the output ports. For instance, for the single-photon
input wavepacket in Eq. (83) the correlation function before
modulation is [57]:

(108)
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and therefore, after amplitude modulation the quantum de-
gree of first-order coherence between output ports ab is:

gl(alc))Mﬂb(tl ; t2)

Gl(al())M w»11:12)

= ! (109)
Gliont.ap (11:11) 172Gl oy (12,12) 172
myy (t1)mpy (t2) o (1) e(n)

- [ma1 (01 mp1 (1) i (22) mpy (12)] /% 1@(11) @(22)]

6. Summary and conclusions

In this paper the salient features of the scattering theory
describing both the operation of the electro-optic phase and
amplitude modulators subject to single-photon and coher-
ent input states have been reviewed. This subject is timely
and of importance in light of the increasing utilization of
these devices in the framework of quantum information and
quantum communication systems.

This review has also provided a consistent description of
modulation devices both in discrete-mode and in continuous-
mode formalism. In addition, the paper has included a tuto-
rial development of the use of these models in selected but
yet important applications. By choosing and developing sev-
eral illustrative examples a wide range of topics have been
covered, showing the applicability of the models herein pre-
sented.

Appendix

In this appendix the result described by Eq. (95) will be

proven. Let us denote by ﬁi(:) a (eventually mixed) state

with 7 photons in the first port, N, ﬁi(:) = f)i(r?)ﬁ/ | = nﬁi(:) and
assume that the interaction conserves its number, [V, S] = 0
with N = N} @ 14+ 1@ N5 Then,
NS ([5 ® |vac) (vac|)S™
= (M@ 1+10M)8(p" @ |vac) (vac)$*
SN (ﬁ( ® |vac) (vac|)S™*

I
CIJ)

() 1+1®Nz><pn®|vac><vac\>
(& pln )& |vac) (vac|)§+

I
V})

= (pm ® |vac) (vac|)ST. (110)

Taking traces over space 2 in the first and last parts of the
equality:
tra[NS(p" & [vac) (vac|)$H] = 1 pout (111)

and also, tracing in 2 the first and second expressions in
Eq. (110):

NP @ |vac) (vac|)§*]

mn

= Ry, [S(p" @ [vac) (vac|)$*]
+ i, [(1 2 8)8(p" @ |vac) (vac|)$*]

mn

= R Pou + tra[ (1 @ 8)S(p) @ |vac) (vac|)SH].  (112)
Comparison of Egs. (112) and (111) yields
N1 Pout = npow — tra(L) (113)
where it has been defined
L=(10Mm)S(p" @|vac) (vac))ST  (114)

Clearly L is a positive operator since (1 ® A») and (ﬁi(:) ®
|vac) (vac|) are positive and S is unitary.

Starting now with N applied on the right instead of on
the left of the first expression in Eq. (110) and repeating the
steps, yields:

)& vac) (vac|)ST(1® M)
(115)

poutNI = nﬁout — 1t [S(
= nPout — tra(L)

where trz[(i ®A2)1§12] = trg[élz(i ®A2)1 has been used.
Then, Egs. (113) and (115) imply [pout, N1] = O and this
means that operator Py, can be decomposed in blocks with
definite number of photons,

Pout = Y AW (116)
k=0

In Eq. (116) the sum is direct, as it is a sum over operators
acting onto orthogonal subspaces each having k photons.
This implies that each of these operators are hermitian and
positive, AW = A+ > 0, since Poy is hermitian and posi-
tive. Now, from Egs. (116) and (113),

=

Y (n— k)AK)

k=0

tro(L) = (117)

However, the operator trp (L) is also positive because, with
L positive and |¥) an arbitrary state,

(Pltra(L) %) = Y, (1@ (wel) L(Ivi) @ [¥)) 2 0 (118)
where |v;) is a basis of the second subspace. Then, the sum
in Eq. (116) must end in 7 since A® >0 and:

ZA

Pout = (119)

Defining finally p; = trf(A®)) and p¥) = AK) /tr(AK)
Eq. (95) follows. Notice that ¥, p; = 1 since the output state

= tria (S @ |vac) (vac|)§*) =

is normalized, tr(Pout) M

w(p”) = 1.
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