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Review of inverse analysis for
indirect measurement of impact force
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When dealing with the mechanics of deformable bodies, the variation of the applied force is
one of the most important factors to be considered. The mechanical force acting on a body
cannot be measured directly. If a body is loaded quasi-statically and if the body deforms
linear-elastically, the deformation at any point of the body is proportional to the applied force.
Therefore, the variation of the force can be measured indirectly by measuring the variation of
the deformation. However, this principle cannot be applied when a body is subjected to an
impulsive force. In this case, the propagation of stress waves inside the body cannot be ne-
glected so that the variation of the deformation at any point of the body is no longer the same
as the variation of the applied force. Therefore, impact force is much more difficult to mea-
sure than quasi-static force. In order to overcome this difficulty, inverse analysis methods to
estimate variations of impact force from measured responses of a body have been studied ex-
tensively during the last two decades. This article presents a review of methods of inverse
analysis for the indirect measurement of impact force.@DOI: 10.1115/1.1420194#

1 INTRODUCTION

The measurement of impact force or, more precisely, the
measurement of the impact force history is a fundamental
issue in impact engineering. The simplest approach to the
measurement of impact force is to measure the mass and
acceleration of the body subjected to impact. This approach
neglects the deformation of the body and, therefore, is valid
only when the body can be considered to be rigid, that is
when the impact duration is much longer than the transit
time of stress waves through the body. Another approach is
to insert a force transducer between the colliding bodies.
Since the presence of the transducer alters the contact state
between the bodies, this approach can be applied only when
the transducer does not affect the impact force, that is when
the transducer is sufficiently smaller and softer than the col-
liding bodies. It is also the case that the impact force can be
measured indirectly in a few special cases: for example, the
impact force induced by the longitudinal impact of elastic
rods can be measured using strain gauges attached to the rod
and applying the theory of one-dimensional stress wave
propagation~Lundberg and Henchoz@1#!. However, there
have been few comprehensive methods proposed which do

not suffer from the limitations mentioned above, and t
measurement of impact force is still difficult in many pra
tical situations.

In order to overcome these difficulties, a new approa
has been widely studied during the last two decades.
basic idea is to estimate the impact force from measurem
of responses~for example, displacement, velocity, acceler
tion, or strain! at certain points of the body subjected
impact. The impact force is, therefore, measured indirectly
this approach. Since a variety of sensors are available
measure such responses nowadays and, in addition, the
tal equipment for recording and processing data has de
oped remarkably in recent years, this approach is expecte
become one of the most comprehensive methods for mea
ing impact force. In the literature, this approach is referred
as impact force identification, impact force reconstructio
inverse filtering of impact force, deconvolution of impa
force etc. In this article, the various procedures and meth
are categorized as inverse analyses of impact force since
are based on the solution of one or more inverse problem
infer causes~the impact force! from effects or results~the
responses!.

Although the measurement of the impact force history h
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been referred to so far, for a full understanding of the imp
force it may be required to know: 1! the time history, 2! the
direction, and 3! the location of the impact force. It is pos
sible to pose problems in which each one of these thre
any combination of them is required; for example, an ac
rate measurement of the time history is usually required
the impact testing of materials while the direction and lo
tion are major concerns in the monitoring of structures s
jected to impact by foreign objects. All such problems can
regarded as inverse problems for which the solution provi
information about the impact force.

Inverse problems are given attention in many fields
science and engineering~eg, Englet al @2#; Groetsch@3#!.
There are many topics closely related to inverse analysi
impact force. One of them is the exciting force identificati
for vibrating machines or structures. Although the main co
cern there is the frequency content of the exciting fo
rather than the time history, techniques used for vibrat
problems are basically similar to those used for impact pr
lems. Stevens@4# gave an excellent overview of this topic
which includes some early studies on inverse analysis of
pact force. Other closely related topics include the sou
characterization of acoustic emissions or the mechanic
earthquake sources.

It is well known that inverse problems are often ill-pos
in the mathematical sense, that is one of 1! the existence, 2!
the uniqueness, or 3! the stability of the solution is violated
This is also the case in inverse problems for impact for
and it causes many difficulties in obtaining good estimate
the impact force. Therefore, the relaxation of the
posedness is a key step in establishing a comprehen
method of inverse analysis of impact force. Several ma
ematical techniques for achieving this have been establis
and some of them have been shown to be effective for
verse analysis of impact force.

In this paper, various techniques for inverse analysis
impact force including the essential difficulties, mathema
cal techniques and applications are summarized. The ai
to provide an overview of recent advances in order to es
lish a comprehensive set of methods for measuring imp
force. While most of the techniques have rigorous ma
ematical foundations, these are not presented here in
detail, although appropriate references are provided.

2 INVERSE ANALYSIS OF TIME HISTORY

The inverse analysis of the impact force history has b
studied extensively and various techniques have been de
oped. The most straightforward technique employed
many researchers is deconvolution. In this section, the
verse analysis of time history by means of deconvolut
will be the main technique discussed. Other techniques
be mentioned briefly. It is assumed that the direction a
location of the impact force are fixed and known.

2.1 Deconvolution technique

2.1.1 Basic formulation
The response of a body to an impact force can often
considered to be linearly dependent on the impact force. T
Downloaded 13 Sep 2012 to 159.226.100.225. Redistribution subject 
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is the case, for example, when the body can be considere
be linearly elastic during the impact process and when
deformation of the body can be considered to be sm
enough to neglect geometric nonlinearity. In such cases,
responsee(t) at a point of the body can be related to th
impact forcef (t) by a linear convolution integral as

e~ t !5E
0

t

h~ t2t! f ~t!dt, (1)

where h(t) is the impulse response function of the line
system and it is assumed thatf (t)5h(t)5e(t)50 for t
,0. If the impulse response function for the chosen point
the body is known and if the responsee(t) is measured there
the impact forcef (t) can be estimated by solving the integr
equation~1!. Even when the body is subjected to initial m
tion, Eq.~1! is applicable if the response to the impact for
can be separated from the total response. Thus the prob
of estimating the time history can be reduced to the proc
of deconvolution.

2.1.2 Deconvolution in the time domain
A basic scheme for deconvolution is to discretize the integ
equation~1! into algebraic equations in the time domain a

e5hf, (2)

where e and f are vectors composed of discrete values
e(t) and f (t), respectively, andh is a matrix composed o
discrete values ofh(t), all of which are determined accord
ing to an appropriate quadrature formula. The impact fo
history can be estimated by solving Eq.~2! for f.

The earliest work using the time domain method was t
of Goodieret al @5#. They estimated the impact force excite
by the collision of small balls onto a large block, which ca
be modeled as an elastic half space, from the strain meas
at a point on the surface of the block. Doyle@6# also em-
ployed time domain deconvolution to estimate the imp
force acting on a beam from the bending strain measured
strain gauges. In these early studies, fairly satisfactory e
mates were obtained by solving Eq.~2! using Gaussian
elimination. However, conventional methods such as Gau
ian elimination are likely to provide severely noisy or u
stable estimates in practice. The reason is that the coeffic
matrix h is often ill-conditioned, that is a small perturbatio
in e corresponds to a quite large change inf. Since experi-
mental data of the response are always contaminated mo
less with unavoidable small errors, such errors are stron
amplified by the process of deconvolution using conve
tional methods. Some special technique for solving Eq.~2! is
required to obtain an accurate and stable estimate of the
pact force.

Use of the least squares method is a common techniqu
improve the accuracy of the estimate. Chang and Sun@7#
used a record of response of longer duration than the len
of the impact force pulse to be estimated, which makes
number of equations greater than the number of unknown
Eq. ~2!. They solved this least squares problem by the c
jugate gradient method which is an iterative optimizati
technique. However, care must be taken in determining
to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Fig. 1 Experimental setup in Wuet al @8#. ~Reprinted with per-
mission from the Society for Experimental Mechanics.!
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Fig. 3 Impact forces estimated from each strain record@8#. ~Re-
printed with permission from the Society for Experimental Mecha
ics.!
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number of iterations because too many iterations might p
vide an unstable estimate by the same reason as in con
tional methods. Unfortunately, no discussion on the iterat
number was given by Chang and Sun.

Wu et al @8# also utilized the least squares method,
which several records of responses measured at multiple
cations were considered simultaneously. In addition, in or
to obtain a stable estimate, they imposed the physical c
straint that the impact force must be non-negative. T
means that the impact force induced by collision of bodie
always compressive or zero~except when the colliding bod
ies stick to each other!. This least squares problem with th
non-negativity constraint was solved by an iterative optim
zation technique called the gradient projection method.
experiment to measure the impact force applied to an alu
num plate with an impact hammer was conducted as sh
in Fig. 1. The estimate obtained from three strain records
this technique~Fig. 2! matches the direct measurement
the impact hammer better than those obtained from e
strain record~Fig. 3!. The effectiveness of the non-negativi
constraint was demonstrated by Yen and Wu@9# as shown in
Fig. 4 which was obtained by conducting an experiment fo
t

y

r a

al

Fig. 4 Impact force estimated by:a! the conjugate gradien
method~without non-negativity constraint! andb! the gradient pro-
jection method~with non-negativity constraint!; the solid curves
represent the forces measured directly by the impact hammer@9#.
Fig. 2 Impact force estimated from three strain records@8#.
~Reprinted with permission from the Society for Experimen
Mechanics.!
cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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rectangular plate in a similar manner to Fig. 1. It can be s
that the estimate obtained by imposing the non-negati
constraint matches well to the direct measurement. In t
subsequent paper, Wuet al @10# performed a numerica
simulation of impact of a laminated plate and showed t
their technique improves the quality of the estimate ev
when the response records are very noisy~the signal-to-noise
ratio was set to two!. They also discussed the number
iterations of the gradient projection method and showed
too many iterations cause the estimate to become unstab
criterion for the iteration number which results in an accur
and stable estimate was given. Unfortunately, the criterio
not fully quantitative but has qualitative features. Their tec
nique was also applied to impact of sandwich panels~Tsai
et al @11#!.

Various mathematical techniques classed as regulariza
techniques~eg, Englet al @2#; Groetsch@3#! are available for
relaxing the ill-conditioning. Truncated Singular Value D
composition ~TSVD! is one of the simplest technique
among others~eg, Groetsch@3#; Hansen@12#!. The singular
value decomposition of a matrixh is defined as

h5USVH, (3)

whereU andV are unitary matrices (UHU5VHV5I ),S is a
diagonal matrix, and superscriptH denotes the conjugat
transpose of a matrix. The diagonal elementss i of S are
non-negative real numbers called the singular values oh.
The number of non-zero singular values is called the ran
h. The minimum-norm least-squares solution of Eq.~2! is
given by

f̂5h†e5VS†UHe, (4)

whereh† denotes the Moore-Penrose generalized invers
h andS† is a diagonal matrix whose elements are the rec
rocals ofs i ~the reciprocal of zero is replaced with zero!. If
there are singular values much smaller than the largest
their reciprocals become very large and cause amplifica
of small errors involved ine, which results in instability of
the solutionf̂. The idea of the TSVD is to reduce the rank
h, that is to replace small singular values with zeros so a
prevent the amplification of errors. This can be considere
ignoring information of low quality. It is important to dete
mine appropriately the degree of regularization, ie, the nu
ber of singular values to be replaced with zeros. Tanaka
Ohkami @13# employed the TSVD in estimating the impa
force acting on a pipe from its response measured by
accelerometer. They obtained estimates of the impact forc
various values of the rank as shown in Fig. 5. The estimat
severely noisy when the rank is 130 that is when none of
singular values is replaced with zero. As the rank is reduc
the estimate becomes more stable and approaches the
measurement obtained by an impact hammer. At the ran
72, the mean square discrepancy between the estimate
the direct measurement becomes minimum. However, as
rank is reduced further, the estimate becomes inaccurate
approaches the data which were obtained by calibration
determiningh experimentally. In Figs. 5d and 5e, estimated
data coincide with calibration data. They compared t
evaluation criteria, the Akaike information criterion and t
Downloaded 13 Sep 2012 to 159.226.100.225. Redistribution subject 
en
ity
eir

at
en

of
hat
le. A
te
is

h-

tion

-
s

of

of
ip-

ne,
ion

f
to
as

-
m-
and
t
an

e at
e is
the
ed,
irect
of
and
the
and
for

o
e

penalty quadratic form, in order to determine the appropri
degree of regularization. It was shown that this is achieve
the rank of 73 where the magnitude of the penalty quadr
form becomes minimum.

Another well known technique of regularization
Tikhonov regularization which imposes an additional co
straint on the solution to be obtained~eg, Engl et al @2#;
Groetsch@3#!. The simplest form of Tikhonov regularizatio
for the problem represented by Eq.~2! is to find a solutionfl

so as to minimize the functional

ihfl2ei21li fli2, (5)

wherei•i denotes the Euclidean norm and the parameterl is
a positive constant called the regularization parameter.
functional~5! indicates that Tikhonov regularization is bas
on the least squares method~the first term! with an additional
constraint on the norm of the solution~the second term!. This
constraint makes the solution stable at the expense of al
ing the original Eq.~2! not to be satisfied perfectly in th
least squares sense. The solutionfl is unstable ifl is too
small while it becomes inaccurate ifl is too large. Therefore

Fig. 5 Estimates of an impact force at various values of the ra
solid curve: estimated data, broken curve: directly measured d
dotted curve: calibration data@13#. ~Reprinted with permission from
the Japan Society of Mechanical Engineers.!
to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Downlo
the parameterl should be determined appropriately in ord
to obtain an accurate and stable solution. The solution wh
minimizes the functional~5! is given by

f̂l5VSl
†UHe, (6)

whereSl
† is a diagonal matrix whose elements are expres

as s i /(s i
21l) instead of 1/s i in S†. Unfortunately, to the

authors’ knowledge, no researcher has applied Tikho
regularization to time domain deconvolution for estimati
the impact force. However, since it is one of the stand
techniques for solving ill-conditioned problems, it is wor
mentioning here. A comparison of Tikhonov regularizati
with the Wiener filter described later is interesting.

Other methods using deconvolution in the time dom
have been provided by Hojoet al @14# and Zhu and Lu@15#.

2.1.3 Deconvolution in the frequency domain
Another basic scheme for deconvolution is to transform
convolution in the time domain into a multiplication in th
frequency domain using Fourier transforms resulting in

E~v!5H~v!F~v!, (7)

where the symbols in uppercase denote the Fourier tr
forms of the corresponding ones in lowercase. If the tran
function H(v), which is the Fourier transform of the im
pulse response function, is known in advance, the imp
force can be estimated by evaluating the Fourier transform
the measured response, findingF(v) from Eq.~7! and evalu-
ating its inverse. It is well known that the use of Fast Four
Transforms~FFT! makes the computational task for deco
volution in the frequency domain much less than that
deconvolution in the time domain. However care must
taken to reduce errors due to numerical discretization
truncation of the Fourier integral when applying the FF
algorithm.

One of the earliest uses of frequency domain deconv
tion was made by Holzer@16# who corrected the force-time
records of high-speed compression tests obtained by s
load cells. He pointed out that high frequency noise tend
be amplified by the divisionE(v)/H(v) and hence that it is
necessary to employ low pass filters. As discussed later,
amplification of noise is due to the ill-conditioned nature
deconvolution. Although low-pass filtering is certainly
simple and effective technique for removing high frequen
noise, it also removes information in the high frequen
range which is important in some cases. For example
dynamic crushing tests of materials, a steep peak in the lo
ing history is an important factor when characterizing su
materials. Careless application of a low-pass filter might d
tort such a peak. This disadvantage of the low-pass filter m
be overcome by using the Wiener filter described later.

Doyle @17# applied frequency domain deconvolution
estimating the impact force acting on beams from the be
ing strain measured by a strain gauge. Comparing the re
with those obtained in his preceding work in which he us
time domain deconvolution@6#, Doyle claimed that fre-
quency domain deconvolution is preferable mainly beca
of its simplicity. He and his co-workers subsequently appl
aded 13 Sep 2012 to 159.226.100.225. Redistribution subject to ASME li
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the frequency domain deconvolution to estimate the time
tories of impact forces acting on various structural comp
nents ~Doyle @18–20#, Martin and Doyle@21#, Rizzi and
Doyle @22#!. In addition, he showed that padding the r
sponse data with zeros before deconvolution is effective
reducing the error due to discretization of the Fourier in
gral. Hojo et al @14# also compared the frequency doma
method to the time domain method and demonstrated
there are very few qualitative differences between the e
mates obtained by these two methods.

Fourier transforms are defined by infinite integrals, b
truncation of data to a finite length is necessary for pract
computations. This truncation introduces a discontinuity
the end of the data and causes errors which are termedleak-
age. The leakage can be reduced by applying an exponen
window exp(2gt) to the data, whereg is a positive constant
Exponential windowing introduces a linear damping whi
decreases the severity of the discontinuity. Inoueet al
@23,24# adopted exponential windowing to estimate impa
forces on a beam and a plate from the bending strain m
sured by a strain gauge. For the case of impact on a s
plate with a steel rod~Fig. 6!, a satisfactory estimate wa
obtained at an appropriate value ofg ~Fig. 7!. The appropri-
ate value ofg is empirically known to be about 2p/T if the
signal to be processed is free from noise~Wilcox @25#; Inoue
et al @26#!, whereT is the time duration of the signal to b
processed. If the signal is contaminated with noise, howe
a smaller value is recommended in order to avoid the ex
nential amplification of noise@Fig. 7c#. Hojo et al @14# also
pointed out that exponential windowing is necessary to
tain a good estimate by the frequency domain method. N
that the equivalence of convolution in the time domain
multiplication in the frequency domain is violated if othe
types of window such as a Hanning window~usually used
for evaluating the power spectrum! are used. Nakaoet al
@27# applied a Hanning window, but unfortunately obtain
highly distorted estimates.

In fact, a Fourier transform with an exponential window
equivalent to the Laplace transform and hence numerica
version to obtainf (t) from F(v) by FFT can be regarded a
a numerical inverse Laplace transformation~@25#, @26#!.
Since the inverse Laplace transform is a typical ill-pos
problem~eg, Englet al @2#!, care must be taken to obtain

Fig. 6 Impact on a steel plate with a steel rod@24#.
cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Fig. 7 Impact force estimated from bending strain of the pl
@24#.
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@21#. ~Reprinted with permission from Elsevier Science.!
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good result. Inoueet al @28# applied Tikhonov regularization
to numerical Laplace inversion to improve the accuracy
the estimate. It was shown that Hansen’s L-curve met
@12,29# is effective in determining an optimal value of th
regularization parameter.

The least squares method considering responses mea
at multiple locations is effective for improving the accura
of the estimate also in the frequency domain method. T
benefit of the use of multiple responses can be explaine
follows. The modulus of the transfer function can beco
very small at a certain frequency and at a certain locatio
which the response is measured. In such a case, the resp
at that location contains little information about the impa
force at that frequency. However, the responses at othe
cations may contain sufficient information about the imp
force at the same frequency because the transfer func
varies with the location. Therefore, the use of responses m
sured at more than two locations is beneficial in compen
ing for the lack of information at each location. Inoueet al
@30# applied the least squares method for estimating the
pact force applied to a GFRP plate from strain respon
measured at multiple locations. Martin and Doyle@21# illus-
trated the benefit clearly by a simple example of impact
beams as shown in Figs. 8 and 9. The anti-resonant freq
cies at location 1 are different from those at location 2. A
result, the impact force estimated from two records measu
at locations 1 and 2 is much better than those estimated f
each record.

An explicit consideration of the small noise involved
the response data makes the difficulty of accurate deco
lution clearer. Suppose that the measured responsey(t) is the
sum of the true responsee(t) and a small noisen(t). If y(t)
is used as an approximation toe(t), the estimate of the im-
pact force in the frequency domain is given as
he
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Fig. 9 Impact forces on the finite beam estimated from ea
record and from two records of responses@21#. ~Reprinted with
permission from Elsevier Science.!
to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Fig. 10 Longitudinal impact of a slender rod@31#.
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Fig. 11 Impact force estimated by:a! direct deconvolution andb!
the Wiener filter@31#.
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F̂~v!5
Y~v!

H~v!
5

E~v!

H~v!
1

N~v!

H~v!
. (8)

If uH(v)u is very small at a certain frequency,uE(v)u is also
very small and hence the second term of Eq.~8! becomes
dominant over the first term at that frequency. Then the no
N(v) is considerably amplified due to the division by th
small valueuH(v)u and, as a result, the estimateF̂(v) be-
comes very noisy and far from the true impact forceF(v).

Inoueet al @31# adopted the Wiener filter to overcome th
difficulty. The Wiener filter is an optimal inverse system
minimize the mean square error of the estimate. If the no
n(t) is uncorrelated withf (t) and e(t), the non-causa
Wiener filter is given by

G~v!5
Sy f~v!

Syy~v!
5

H* ~v!

uH~v!u21Snn~v!/Sf f~v!
, (9)

whereSy f(v)5Y* (v)F(v) is the cross-spectrum betwee
y(t) and f (t), and the superscript* denotes the complex
conjugate. The estimate in the frequency domain is given

F̃~v!5G~v!Y~v!5
H* ~v!@E~v!1N~v!#

uH~v!u21Snn~v!/Sf f~v!
. (10)

If there is no noise~that is N(v)50!, the estimateF̃(v)
becomesE(v)/H(v) which is the true impact forceF(v).
On the other hand, if the noise is very large that isuN(v)u
→`, the estimateF̃(v) tends to zero. The amplification o
noise is suppressed to an appropriate degree dependin
the signal to noise ratioSf f(v)/Snn(v). The effectiveness o
the Wiener filter was demonstrated by numerical simulat
in which the impact force acting on a rod was estimated fr
its strain response~Fig. 10! @31#. Each signal used in this
simulation was contaminated artificially with random noi
having amplitude 1% of the maximum value of the sign
While the estimate obtained by direct deconvolution~Fig.
11a! suffers oscillations due to the amplification of sm
noise, such oscillations are successfully suppressed by ap
ing the Wiener filter~Fig. 11b!. The effectiveness of the
Wiener filter was also verified experimentally through t
measurement of impact force on a cantilever~Kishimoto
et al @32#!.

Some additional comments concerning the Wiener fi
may be of interest. An important point is that the Wien
filter is not equal to the reciprocal of the true transfer fun
tion. This means that a precise prediction of the trans
function does not always lead to an accurate estimate of
impact force. Another interesting point is the similarity b
tween the Wiener filter and Tikhonov regularization~Bertero
n
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et al @33#!. Roughly speaking, the Fourier transformation a
the inversion correspond to the matricesUH andV in Eq. ~6!
respectively. In addition, the factorSnn(v)/Sf f(v) in Eq. ~9!
corresponds to the regularization parameterl in s i /(s i

2

1l) which is the diagonal element of the matrixSl
† in Eq.

~6!. When it is difficult to evaluate the factorSnn(v)/Sf f(v)
as a function of the frequency, an appropriate constant ca
used in place of this factor as suggested by Martin and Do
@21# and Doyle@34#.

Other work using deconvolution in the frequency doma
was performed by Whiston@35#, Jordan and Whiston@36#,
Kishimoto et al @37#, Inoue et al @38#, Batemanet al @39#,
Kim and Lyon @40#, Lin and Bapat@41#, and McCarthy and
Lyon @42#.

2.1.4 Deconvolution using wavelets
The use of wavelets for deconvolution has become poss
with the recent development of the mathematical theory
wavelet transforms~eg, Daubechies@43#!. One of the most
important features of the wavelet transform is that a funct
is expressed as a linear combination of wavelets whose
rations are usually finite in time. This is in contrast to t
Fourier transform in which a function is expressed by a l
ear combination of sinusoidal functions having infinite du
tions.

Doyle @34# developed a deconvolution method usin
wavelets for estimating impact force. The impact force
expressed as a linear combination of wavelets which are
duced by shifting a basic wavelet in time. This express
seems quite reasonable since impact force has a finite d
tion in many cases. On the other hand, the response is
pressed as a linear combination of responses to the wa
cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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forces. Substituting these expressions into the convolu
integral and applying the least squares method, he obtain
system of algebraic equations to be solved for the coe
cients of the wavelet forces.

Doyle used wavelets produced only by shifting the ba
wavelet. However, according to the theory of wavelets~eg,
Daubechies@43#!, it would be interesting to make an attem
to use wavelets produced not only by shifting, but also
dilating the basic wavelet in time.

2.1.5 Identification of the transfer function
The impulse response function or its Fourier transform,
transfer function, is necessary for estimating the impact fo
history by the deconvolution technique. Since the quality
the transfer function significantly affects the quality of t
estimate of the impact force, a discussion of how to obt
the transfer function is important. There are three approac
to obtain the transfer function: 1! prediction by theoretica
analysis, 2! identification by experimental analysis, and!
identification by numerical analysis, each of which has so
advantages and disadvantages in estimating accurately
impact force.

The prediction by theoretical analysis requires prec
modeling of the structure under consideration which m
include all factors such as shape, size, material proper
boundary conditions, etc. Even if there are slight errors in
model and hence in the prediction of the transfer functi
the estimate of the impact force might become very p
because of the ill-posedness of the inverse problem. Ne
theless some compromises to simplify the model are requ
at the expense of the accuracy of the estimate of the im
force since too precise modeling makes the theoretical an
sis difficult. Whiston@35# and Jordan and Whiston@36# pre-
dicted the transfer function of beams according to Timo
enko theory, in which they considered an infinite beam,
ignoring the reflections from supports. Doyle and his c
workers also ignored reflections from boundaries in pred
ing transfer functions for beams@6,17#, plates@18#, orthotro-
pic plates@19#, plates subjected to in-plane impact@22#, and
bimaterial beams@20#. Ignoring these reflections is justifie
only when the wave components reflected from the bou
aries are clearly separated from those arriving directly fr
the impact site in the record of the measured response. D
@17# proposed countermeasures to compensate for igno
the reflections but they are not definitive. Goodieret al @5#,
Lin and Bapat@41#, Tsaiet al @11#, Wu et al @8,10#, and Yen
and Wu@9,44# also predicted transfer functions by theoretic
analyses.

In experimental identification, the transfer function is b
sically identified by conducting a calibration test: that is a
plying an impact force to the structure, measuring both
impact force and the response and deconvolving the im
force from the response basically in the same manne
estimating the impact force from the response. Experime
identification is quite different from analytical prediction
the sense thatall factors can be taken into account withou
any modeling in so far as they are linear. Hereall factors
include, not only the true transfer function of the structu
Downloaded 13 Sep 2012 to 159.226.100.225. Redistribution subject 
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under consideration, but also the dynamic response cha
teristics of the equipment used for measuring the respo
Even slight errors in the experimental setup~such as mis-
alignment of strain gauges for measuring the strain respo!
can be compensated for because they are incorporated i
transfer function. On the other hand, the impact force in
calibration test must be measured as accurately as pos
because the accuracy of the impact force estimated by
convolution can never be better than the accuracy of
impact force measured in the calibration test. Inoueet al
used slender rods with attached strain gauges as the imp
in the calibration test to identify the transfer functions
beams@23,32#, plates@24,30#, and a Charpy testing machin
@38,45#. A similar method was adopted by Hojoet al @14#
who utilized the method developed by Lundberg and H
choz@1#. Kishimotoet al @37# used a steel ball instrumente
with an accelerometer. Impact hammers~typically used for
experimental modal analysis! were employed by Batema
et al @39#, Zhu and Lu@15#, Kim and Lyon @40#, McCarthy
and Lyon@42#, and Tanaka and Ohkami@13#.

The identification of the transfer function from exper
mental data has many difficulties similar to those enco
tered in estimating the impact force since it is also an inve
problem. Small errors involved in the calibration data cau
significant errors in the transfer function and, as a res
makes the estimate of the impact force very poor. Sev
techniques applied to the estimation of the impact force
also effective for the identification of the transfer function.
particular, exponential windowing is effective for obtaining
transfer function which provides a stable estimate of the
pact force. If the transfer function has non-minimum-pha
zeros which are not true ones, but ones introduced in erro
the identification process, then the deconvolution proces
estimate the impact force becomes unstable~eg, Kim and
Lyon @40#, McCarthy and Lyon@42#!. Exponential window-
ing is also effective in avoiding the introduction of such no
minimum-phase zeros@46#.

Inoueet al @45# compared five methods of identifying th
transfer function and showed that one of them provide
good estimate of the impact force. The method is to iden
the transfer function from many sets of data obtained
repeating the calibration test according to the equation

Ĥ~v!5

(
k

Yk* ~v!Yk~v!

(
k

Yk* ~v!Xk~v!

, (11)

whereXk(v) andYk(v) denote the Fourier transforms of th
impact force and the response measured in thekth calibration
test. In their subsequent paper~Inoue et al @31#!, it was
shown that the transfer function identified by Eq.~11! is a
good approximation to the reciprocal of the Wiener filt
1/G(v). It is interesting that the factorSnn(v)/Sf f(v) in Eq.
~9!, which is a key factor in obtaining an accurate and sta
estimate of the impact force, is determined automatically

In some practical applications such as the diagnosis
commercial products, the transfer function identified for
to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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particular sample is used for the diagnosis of a numbe
nominally identical products. However, there always exi
variability in the transfer functions of individual product
Kim and Lyon@40# and McCarthy and Lyon@42# considered
the effect of this variability on the estimate of the impa
force. The transfer function and the response can have
minimum-phase zeros which ideally cancel each other. If
cancellation is imperfect because of the variability of t
transfer function, then the non-minimum-phase zeros ca
instability in the deconvolution process. They proposed
technique named minimum-phase processing in which
instability is avoided by using only the minimum-phase co
ponents of the transfer function.

Some techniques in which deconvolution is not requi
for identifying the transfer function have also been propos
If the duration of the impact force in the calibration test
much shorter than that of the impact force to be estima
then the response in the calibration test can be a good
proximation to the impulse response function. Holzer@16#
and Chang and Sun@7# used a small ball as the impactor
the calibration test to produce an impact force with a v
short duration. Another technique is proposed by Wuet al
@8#. They derived a relationship

E
0

t

ec~ t2t! f ~t!dt5E
0

t

e~ t2t! f c~t!dt, (12)

where the subscriptc denotes the data obtained by the ca
bration test. Sincee(t), ec(t) and f c(t) are given, the above
equation can be solved forf (t) by the gradient projection
method with the non-negativity constraint mentioned abo
It is interesting that no explicit deconvolution is required n
only for the identification of the transfer function, but als
for the estimation of the impact force. The validity of th
technique was demonstrated by experiments on impact
laminated plate@8#. Further verification of this technique wa
conducted by Wuet al @47# where impacts on rods and
honeycomb-cored sandwich panel were considered.

When it is difficult to conduct a calibration test, numeric
analysis is a good alternative for identifying the trans
function of actual structures. It is important to check t
validity of the numerical analysis much more carefully th
usual because the estimate of the impact force may bec
very poor even if there are slight errors in the transfer fu
tion. Harriganet al @48# employed the FEM to identify the
transfer function of pressure bars used in high-speed c
pression tests of cellular materials.

2.2 Other techniques

2.2.1 State variable formulation
The input-output relationship of a linear system can be
pressed also by a linear differential equation. The differen
equation can generally be reduced to a set of first-order
ferential equations in terms of state variables as follows~eg,
DeRussoet al @49#, Trujillo and Busby@50#!:

ẋ~ t !5Kx~ t !1Tf~ t !, (13)

e~ t !5Qx~ t !, (14)
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wherex(t), f(t) ande(t) are vectors composed of state va
ables, inputs and outputs of the system, respectively, anK,
T and Q are matrices determined by the properties of
system.

Hollandsworth and Busby@51# adopted the state variabl
formulation and considered the minimization of the follow
ing expression:

(
k

@ id~kDt !2Qx~kDt !i21bi f~kDt !i2#, (15)

whereDt is the time interval for discretization,d(kDt) is the
measurement fore(kDt) and b is an appropriate constan
Note that minimization of the above functional is equivale
to Tikhonov regularization. They described a general meth
to solve this problem using the dynamic programming te
nique which is often used for solving optimal control pro
lems. They demonstrated its validity by estimating the i
pact force acting on a cantilever from its accelerations@51#.
Busby and Trujillo@52# applied a similar method for estima
ing the impact force acting on a plate, in which the regul
ization parameterb was optimized by the method of gene
alized cross-validation~eg, Engl et al @2#; Hansen @12#!.
These techniques are summarized in a monograph by Tru
and Busby@50#.

The advantage of this technique may be that various
phisticated techniques developed in the field of control en
neering are available. Unfortunately, this technique requ
that the differential equations describing the system can
formulated adequately, which might be difficult in man
practical cases.

2.2.2 Sum of weighted accelerations
Batemanet al @39,53# proposed a technique termed the Su
of Weighted Accelerations Technique~SWAT! to measure the
impact force and moment acting on structures with fr
boundary conditions. If the body subjected to impact can
considered as a rigid body, the impact force may be obtai
by measuring the mass and acceleration of the body. SW
is something of an extension of this simple idea for appli
tion to deformable bodies. In SWAT, the impact forcef (t)
and momentM (t) are estimated by

f ~ t !5(
k

Wkak~ t !, (16)

M ~ t !5(
k

Gkak~ t !, (17)

whereak(t) is the measured acceleration at thekth location
of the body andWk andGk are weighting factors having th
units of mass and first-moment-of-mass, respectively. Th
factors are determined so as to eliminate the elastic resp
of the body on the basis of modal analysis. They appl
SWAT to measure the impact force applied to real structu
a scale model nuclear transportation cask and an ene
absorbing nose used for the delivery of bombs. They a
compared SWAT with the deconvolution technique and c
cluded that both techniques provided satisfactory res
@39#.
cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Fig. 12 A back-propagation neural network for estimation of i
pact force@54#. ~Reprinted with permission from Elsevier Science!
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between the impact force and the response is nonlinear
though some difficulties may arise when there are stro
nonlinearities. Another advantage is that the estimation p
cedure is very simple once the training process is comple
On the other hand, the architecture and parameters of
network should be determined appropriately so as to ob
an accurate estimate of impact force, which requires exp
ence. It is also a drawback of the neural network techniq
that a large number of data sets are required to train
network adequately.

2.3 Practical applications

A typical application of inverse analysis of the impact for
history is the measurement of impact forces in the imp
testing of materials. An accurate measurement of imp
force is necessary in order to evaluate mechanical prope
of materials adequately. Some examples are discussed
to demonstrate the importance of accurate measuremen
impact force.

2.3.1 Instrumented Charpy impact test
The Charpy impact test is one of the most classical meth
for evaluating the toughness of materials under impact lo
ing. Unfortunately, in its original form, it gives only the en
ergy required to break the specimen by the pendulum h
mer. In order to obtain more detailed information relevant
the mechanical behavior of the specimen during impact,
strumentation of the Charpy testing machine has been wid
studied by many researchers. The measurement of the im
force acting on the specimen is one of the most import
issues. The impact force is usually measured by attach
some sensor to the head of the hammer~the tup!. However,
since the hammer has a somewhat complicated shape
the view point of the propagation of stress waves, the sig
detected by the sensor usually experiences contribut
from multiple reflections of stress waves within the hamm
and, therefore, does not represent the true impact force.
eral attempts to obtain an accurate measurement of the
pact force have been made but they are not definitive.

Inoue et al @38,45# applied inverse analysis to this prob
lem. First, a steel rod which was placed horizontally in t
place of the specimen was impacted longitudinally by

-
.

Fig. 13 Impact force history estimated by a neural network@54#.
~Reprinted with permission from Elsevier Science.!
The main disadvantage of SWAT is the difficulty of dete
mining the weighting factors. However, the post-process
of the measured acceleration is very simple which is
most favorable feature of this technique.

2.2.3 Neural network
Neural networks are systems composed of a large numb
interconnected parallel processing units. Each unit rece
inputs from other units and sends a common output to o
units. The input-output relationship of each unit is describ
by some simple rule. Although various network architectu
can be constructed, one of the most popular ones is a b
propagation network having a multilayered architecture
shown in Fig. 12. It is made up of an input layer, one or mo
intermediate~hidden! layers and an output layer. The input
each unit in a layer is a simple function of the weighted s
of outputs from units in the previous layer. The weights
each unit are determined by thetraining procedure: for a
given set of many input-output pairs of a network, t
weights are adjusted so as to match the outputs derived
the true inputs to the corresponding true outputs. An al
rithm called error back-propagation is employed for t
training procedure.

Chandrashekharaet al @54# applied the neural network
technique to estimating the impact force acting on compo
plates from their bending strains. A back-propagation n
work with one input layer~six units!, three hidden layers~20
or 10 units!, and one output layer~one unit! was used~Fig.
12!. The inputs to the network are in-plane normal strains
three different locations of a plate while the output is t
impact force. This network was trained using 180 inp
output pairs generated by finite element analyses. After
training, several input-output pairs which were not used
the training were generated for testing the performance of
network. An example of the test result is shown in Fig. 13
can be seen that the estimate obtained by the network
good agreement with the result of the finite element analy

The most important advantage of the neural network te
nique is that it can be applied even when the relations
to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Fig. 14 Impact of a rod with the hammer of the Charpy test
machine: calibration test@45#.
d

i
d
-

r

t
p

a
t
m

im-
ting

uat-
im-
on
e is
t of
en-

n
e to
on

pi-
rce

the
act

d by
t in
Fig.
an

. In
tion
as
aw

the
he

aded 13 Sep 2012 to 159.226.100.225. Redistribution subject to ASME li
by
re-

uges
that
ain
the
by
on
en-

mer
de-
e-
s as
he
act

es,
nd
ion
er

and, therefore, must not be neglected in order to unders
the mechanical behavior of the specimen correctly.

The same technique was further applied to measuring
pact fracture toughness of materials using the Charpy tes
machine and pre-cracked specimen@55#.

2.3.2 Dynamic compression test
Dynamic compression tests are often conducted for eval
ing the performance of materials and structures used in
pact damage protection applications. The split Hopkins
pressure bar apparatus or a drop weight testing machin
usually employed for such purposes. The measuremen
impact force acting on the specimen is of course a fundam
tal issue in such tests.

Harrigan et al @48,56# conducted drop hammer tests o
several materials and applied the deconvolution techniqu
obtain the impact force history. The specimen is placed
the upper surface of a load cell assembly~Fig. 18! and im-
pacted with a drop hammer. The signal detected by the
ezoelectric load cell does not represent the true impact fo
transmitted to the die due to wave propagation within
load cell assembly. The transfer function between the imp
force acting on the upper surface and the signal detecte
the load cell was identified by conducting a calibration tes
which a long rod was used as an impactor as shown in
18. Figures 19 and 20 show typical results for testing of
American oak cylinder and a mild steel tube, respectively
both cases, the time histories before and after deconvolu
are quite different although the results are not perfect
some erroneous oscillation occurred after impact. The s
tooth pattern seen in the deconvolved force history of
mild steel tube corresponds to the formation of folds in t
tube.

ng

Fig. 16 Strain responses of the hammer in the testing of PM
specimen@45#.
hammer to conduct a calibration test~Fig. 14!. The impact
force acting between the tup and the rod was measure
using strain gauges attached to the rod while the strain
sponse of the hammer was also measured by strain ga
attached to the tup as shown in Fig. 15. It can be seen
the impact force pulse is almost rectangular while the str
response has a slow sinusoidal vibration superposed on
rectangular pulse. This sinusoidal vibration is caused
wave propagation within the hammer. The transfer funct
between the impact force and the strain response was i
tified according to Eq.~11!. Then testing of a PMMA speci
men was conducted and the strain responses of the ham
were measured as shown in Fig. 16. Frequency domain
convolution of the transfer function from these strain
sponse records resulted in estimates of the impact force
shown in Fig. 17. The slow sinusoidal vibration seen in
strain responses was successfully removed. The im
forces are oscillatory before reaching their maximum valu
which is due to mechanical interaction between the tup
the specimen. It should be emphasized that this oscilla
does not correspond to wave propagation within the ham

Fig. 15 Results of the calibration test:a! impact force between the
tup and the rod,b! strain response of the hammer~a: release angle
of the hammer! @45#.
 Fig. 17 Impact forces estimated by deconvolution@45#.
cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm



uced

514 Inoue et al: Measurement of impact force Appl Mech Rev vol 54, no 6, November 2001
Fig. 18 The load cell assembly used in the drop-hammer dynam
compression test@48#.
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be expressed as a sum of responses each of which is ind
by each of three components of the impact force:

ej~ t !5(
i 51

3 E
0

t

hji ~ t2t! f i~t!dt, ~ j 51,2,̄ !, (18)

wheref i(t) is thei th component of the impact force,ej (t) is
the j th component of the response andhji (t) is the impulse
response function betweenf i(t) and ej (t). The response
componentsej (t) ( j 51,2,̄ ) can be one or several compo
nents of response at a certain or several different point
the body. If all of the impulse response functions are iden
fied in some manner and if the response components
measured, then the time histories of all components can
estimated by solving a set of integral equations~18!, and
hence the magnitude and direction of the impact force
derived.

3.2 Techniques of inverse analysis

Michaels and Pao@57,58# first considered this kind of prob
lem in which an oblique impact force acting on an infini
plate was estimated from displacements normal to the p
measured at different locations of the plate. They introdu
a simplification that the time histories of all components
the impact force are identical, which makes it possible
reduce Eq.~18! into a simpler form as

ej~ t !5(
i 51

3

f iE
0

t

hji ~ t2t!s~t!dt (19)

where f i is the magnitude of thei th component ands(t) is
the time variation of all components. The problem of solvi
Eq. ~19! was separated into the following two subproblem

1! When f i ( i 51,2,3) are given, determines(t) so as to
minimize the least squares error between the displa
ment calculated by Eq.~19! and the measured displace
ment. This subproblem corresponds to one-dimensio
deconvolution for estimating a functions(t).

2! Whens(t) is given, determinef i ( i 51,2,3) so as to mini-
mize the least squares error between the displacement
culated by Eq.~19! and the measured displacement. Th
subproblem corresponds to solving a set of algebr
equations forf i ( i 51,2,3).

These two subproblems were solved alternately starting w
an initial guess forf i ( i 51,2,3). Final estimates of the tim

er:

Fig. 20 Result of drop-hammer test on a mild steel tube: beforea!
and afterb! deconvolution@48#.

ic-
3 INVERSE ANALYSIS OF DIRECTION

There are many cases in which the direction of the imp
force is required to be measured in addition to the imp
force history. For example, knowledge of the magnitude a
direction of the impact force is helpful in understanding t
mechanisms of structural damage caused by impact with
eign objects. Such measurements were difficult even
simple cases such as oblique impact of a plate with a sm
ball. Some techniques of inverse analysis have been de
oped to overcome this difficulty. In this section, it is assum
that the location of the impact force is known while both t
magnitude and the direction are to be estimated.

3.1 Basic formulation

The estimation of the magnitude and direction of an imp
force can be accomplished by extending the method for
timating the time history by deconvolution to the three
mensional case. If the relationship between the impact fo
and the response can be assumed to be linear as in the
mation of the time history, then the principle of superpositi
can apply. Therefore, the response at a point of the body

Fig. 19 Result of drop-hammer test on an American oak cylind
before~left! and after~right! deconvolution@48#.
to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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history s(t) and directionf i ( i 51,2,3) of the impact force
were obtained after repeating this alternate procedure. T
domain discretization of the integral in Eq.~19! was adopted
for numerical solution of these two subproblems. The i
pulse response functionshji (t) were predicted by theoretica
analysis for a thick infinite plate. For this particular proble
of Michaels and Pao, the direction of the impact force can
determined from displacements at only two different poi
with a special choice of the spatial coordinate system.

Buttle and Scruby@59,60# studied normal and oblique im
pacts of a plate with small particles, in which an equation
same as Eq.~18! was presented for oblique elastic impa
For oblique plastic impact, they proposed an equation

ej~ t !5(
i 51

3 E
0

t

hji ~ t2t! f i~t!dt

1(
i 51

3 E
0

t

hji ,i~ t2t!di~t!dt, (20)

wheredi(t) is thei th component of the force dipole induce
by the plastic deformation in the vicinity of the impact sit
Unfortunately, no technique to solve Eq.~20! was given.
They conducted experiments only for cases of normal ela
impact in which the direction of the impact force is known
advance.

Inoueet al @61# proposed a general method to estimate
magnitude and direction of the impact force. They appl
Fourier transformation to Eq.~18! resulting in

Ej~v!5(
i 51

3

H ji ~v!Fi~v!, ~ j 51,2,̄ !, (21)

or in matrix form

H E1~v!

E2~v!

]

J 5FH11~v! H12~v! H13~v!

H21~v! H22~v! H23~v!

] ] ]

G H F1~v!

F2~v!

F3~v!
J .

(22)

If the transfer functions are identified in advance, then
time histories of all components of the impact force are
timated by transforming all components of the measured
sponses, solving the algebraic equations~22! for Fi(v) ( i
51,2,3) and transforming them back into the time doma
To improve the accuracy of the estimate, both exponen
windowing and the Wiener filter mentioned above can
applied. The least squares method can also be applie
setting the number of response components more than
number of force components. However, more importantly
was pointed out that care must be taken for a combinatio
response components.

In principle, the combination of the response compone
must be arranged so that the number of mutually indepen
equations in the algebraic equations~22! does not become
less than the number of unknowns~the number of force com
ponents!. Since the number of mutually independent equ
tions is equal to the rank of the coefficient matrix, it can
checked by computing the singular value decomposition
the coefficient matrix and counting the number of non-z
aded 13 Sep 2012 to 159.226.100.225. Redistribution subject to ASME li
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singular values. In practice, however, the algebraic equat
become close to being linearly dependent, that is the co
cient matrix in Eq.~22! is ill-conditioned. If this is the case
then the solution for the force components becomes
tremely sensitive to small errors involved in the respon
data and is likely to be highly inaccurate. The degree
ill-conditioning can be evaluated by the condition number
the coefficient matrix which is defined as the ratio of t
largest singular value to the smallest non-zero singular va
of the coefficient matrix. The condition number is alwa
greater than unity. The degree of ill-conditioning becom
worse as the condition number increases. If the condit
number is very large, then the combination of the respo
components should be rearranged by changing some o
locations and directions in which the response compone
are measured. A regularization technique is applicable
principle in order to relax the ill-conditioning but it does n
work very well because the number of unknowns is on
three.

Inoueet al @61# conducted an experiment to measure t
magnitude and direction of a two-dimensional impact for
acting on a simply supported beam as shown in Fig. 21.
transfer functions were identified experimentally by condu
ing calibration tests. An impact force induced by longitudin
impact of a steel rod in the direction ofu575° was mea-
sured and compared with a direct measurement using s
gauges attached to the impactor. The estimate obtained
a good pair of strain responses~for which the condition num-
ber of the coefficient matrix is small! is in good agreemen
with the direct measurement~Fig. 22! while the estimate
obtained from a bad pair~for which the condition number is
large! is very noisy and inaccurate~Fig. 23!. The reason for
the difference between these two estimates is unders

Fig. 21 A simply supported beam subjected to two-dimensio
impact force at the center of its span@61#.
cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Fig. 22 The magnitude and direction of impact force estima
from a good pair of strain responses~e1(t) ande2(t)! ~Ref. @61#!.
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edFig. 24 The condition numbers of the transfer function matrix
every frequencies for the good paira! and the bad pairb! of strain
responses@61#.
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from Fig. 24 in which the condition number of the transf
function matrix is plotted against frequency for both cas
The condition number is much larger in the bad pair c
~Fig. 24b! than in the good pair case~Fig. 24a! especially at
lower frequencies. Although a simple regularization tec
nique was applied to the bad pair case, the accuracy of
mation was not improved very much.

The technique to estimate the direction of an impact fo
can be easily extended to estimating the magnitude and
rection of more than two impact forces acting simultaneou
at multiple locations. Since Eq.~18! holds for each of the
impact forces acting at multiple points of the body, it follow
from the principle of superposition that
pers
in
ct
es.
se

h-
sti-

ce
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sly

s

ej~ t !5(
i 51

E
0
hji ~ t2t! f i~t!dt, ~ j 51,2,̄ !, (23)

where f i(t) ( i 51,2,̄ ,3N) are three components of impa
forces acting atN different locations. Wuet al @62# studied
the estimation of time histories of impact forces acting
multaneously at multiple locations of laminated plat
through numerical simulation and experiment. They co
ducted an experiment in which a freely-supported graph
epoxy-laminated plate was subjected to impact forces
three locations and the strain responses were measure
three locations as shown in Fig. 25. The deconvolution te
nique employed was the same as in their previous pa
@8,10#. Since the directions of impact forces were known
this experiment, only the time histories of three impa
late
of
Fig. 23 The magnitude and direction of impact force estima

from a bad pair of strain responses~e1(t) ande3(t)! ~Ref. @61#!.

ed
Fig. 25 Locations of impact and strain gauges of a laminated p
@62#. ~Reprinted with permission from the American Institute
Aeronautics and Astronautics.!
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Downlo
Fig. 26 Three impact forces estimated from strain responses
measured by impact hammers@62#. ~Reprinted with permission
from the American Institute of Aeronautics and Astronautics.!
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cation of an impact force, but will not be presented he
Instead, attention will be paid to those which directly de
with impact on structures.

4.1 Impact location of beams and frames

Whiston@35# and Jordan and Whiston@36# developed a tech-
nique for estimating the impact location on infinite beam
This technique is composed of two stages based on Tim
enko beam theory. It is assumed that the impact force
impulsive, like a half-sine pulse of very short duration. T
first stage provides a relatively rough estimate. If a respo
to an impulsive force is recorded at a point away from t
impact location, then it has a duration, sayt1 as shown in
Fig. 27, which is caused by wave dispersion. According
Timoshenko theory, the fastest wave component in the
sponse has a velocity close to the shear wave velocitycs in
an elastic medium. On the other hand, a slowestsignificant
component has a velocityc(v0) at a frequencyv05p/t0 ,
wheret0 can be roughly estimated as shown in Fig. 27. Fr
the difference in the arrival times of these two wave comp
nents, the distance from the impact location to the measu
point can be estimated as

x5t1csc~v0!/@cs2c~v0!#. (24)

Since the above equation provides only the distance from
impact location, two measurements at different points
required to determine the impact location uniquely. The s
ond stage is linked with the estimation of the impact for
history by means of deconvolution using the transfer fu
tion predicted by Timoshenko theory. If the distance is u
derestimated, then the estimate of the time history shows
initial negative spike~Fig. 28a!. If the distance is overesti
mated, on the other hand, it has a final negative spike~Fig.
28c!. Therefore, the estimate obtained in the first stage
refined if correction is made so that the estimate of the ti
history does not have a negative spike~Fig. 28b!. The main
restriction on applying this technique in practice is that t
impact force must be impulsive~which cannot be verified in
advance!. In addition, a considerable amount of human int
ference is required for determining both the frequency of

and

Fig. 27 Acceleration response at a location away from the imp
location for Hertzian impact of an infinite beam@35#. ~Reprinted
with permission from the Academic Press.!
forces were estimated. The resultant estimates agree
with measurements obtained by impact hammers as show
Fig. 26.

4 INVERSE ANALYSIS OF LOCATION

The location of an impact force may be required in the o
line monitoring of structures subjected to impact beca
there is a risk of fatal injuries or serious damages for wh
quick measures should be taken. If further knowledge is
quired, then some of the techniques mentioned so far co
be applied later to estimating the time history or the direct
of the impact force. Therefore, estimating the location is c
sidered as the first step to a full understanding of the imp
force.

The inverse problem to estimate the location of the imp
force is basically a nonlinear problem even for elastic str
tures, and hence there are much greater difficulties in solv
it compared with inverse problems of estimating the tim
history or the direction of the impact force. In principle, th
location is estimated from the velocities of stress waves
their arrival times at several points of the structure. Howev
determination of wave velocities is not an easy task for r
structures having complex shapes and, in addition, detec
of arrival times is also difficult in practice because of refle
tions, refractions and dispersions of stress waves. For
reason, very few techniques have been developed which
be applied generally to real structures. Most of the te
niques developed so far are applicable only to beams
plates.

A variety of techniques have been developed for detec
the location of transient disturbances such as earthqu
sources, acoustic emission sources and noisy sound sou
Many of them may be also applicable to estimating the
cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Fig. 28 The effect of small errors in distance on the estimate
the time history by deconvolution:a! underestimation of distance
b! correct estimation of distance andc! overestimation of distance
@35#. ~Reprinted with permission from the Academic Press.!
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Fig. 29 Effect of error in the guess of the impact location on t
estimates of the time history@65#. ~Reprinted with permission from
the Society for Experimental Mechanics.!
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slowestsignificantcomponent,v0 , from a response recor
and removing the negative spike from the estimate of
time history.

Doyle @63# also considered estimation of the impact loc
tion for beams, in which phase information is utilized. Bas
on Bernoulli-Euler beam theory, the relationship between
distance from the impact locationx and the phase of the
measured responsef(x,v) is expressed as

f~x,v!5f~0,v!1u~x,v!2k~v!x, (25)

whereu(v) is the contribution of the ringing term involve
in Bernoulli-Euler theory andk(v) is the wave number. If
measurements are made at two points, sayx1 andx2 , and if
the impact location lies between them (x11x25L), then the
distancex1 can be expressed as

x15L2
d

dk
@f~x1 ,v!2f~x2 ,v!2u~x1 ,v!1u~x2 ,v!#.

(26)

In this equation,f(x1 ,v) and f(x2 ,v) are obtained from
Fourier transforms of the measured responses. Altho
u(x1 ,v) and u(x2 ,v) are originally unknown, they can b
computed ifx1 andx2 are given. Therefore, Eq.~26! can be
solved forx1 in an iterative manner beginning with an a
propriate guess forx1 . The estimate of the distance is ind
pendently obtained at each frequency, which means th
more reliable estimate can be deduced from estimates a
frequencies considered. The main disadvantage of this t
nique is that it requires an appropriate guess of the dista
x1 before the estimate can be refined.

Choi and Chang@64# studied simultaneous estimation
the location and the impact force history on a beam fr
responses obtained by several sensors distributed on
beam. They employed a state variable formulation based
Bernoulli-Euler theory and considered minimization of
objective function in terms of the location and the time h
tory. Unfortunately, only the outline of the technique w
presented in their paper. In addition, the proposed objec
function is correct in principle but involves too many va
ables to be optimized, which might cause difficulties in t
optimization process.

Most of the shortcomings of the three techniques m
tioned above may be overcome by a technique develope
ugh
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Doyle @65#. This technique is linked with the estimation o
the time history of an impact force based on Timoshen
beam theory. Impact responses of the beam are measur
two points straddling the impact location. With an initi
guess of the impact location, two independent estimate
the time history are obtained from these two responses
deconvolution in which the transfer function is predicted a
function of the guessed impact location by Timoshen
theory. These two estimates coincide well if the guess of
impact location is correct while they differ from each other
the guess is in error~Fig. 29!. To quantify the degree o
coincidence, Doyle utilized the correlation between the
two estimates

C125(
k

f 1~kDt ! f 2~kDt !, (27)

where f 1(kDt) and f 2(kDt) are two estimates of the tim
history in discrete form. An example of the correlation
shown in Fig. 30 as a function of guessed impact location
correct estimate of the location is obtained by maximizi
the correlation. Since the correlation has many local maxi
he employed a genetic algorithm to search for a global ma
mum of the correlation. A genetic algorithm is a stochas
search technique modeled on the natural process of ev
tion. An example of convergence of this algorithm is de
onstrated in Fig. 31, in which a correct estimate of the lo
tion is obtained after 10 generations. This technique of us
a genetic algorithm was further extended by Martin a
Doyle @66# to be applicable to frame structures. First,
efficient method was developed for predicting the trans
function as a function of guessed impact location becaus
number of deconvolutions are required in the search proc
Secondly, instead of the correlation mentioned above, t
proposed another objective function based on the differen
between two estimates of the impact force. It should be no
to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Downlo
Fig. 30 Correlation between two estimates of the time history a
function of guessed impact location@65#. ~Reprinted with permis-
sion from the Society for Experimental Mechanics.!
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where bk(v) is the arrival time at point Pk , b0(v) is an
unknown time lag associated with the wavelet transform a
cg(v) is the group velocity of the flexural waves in th
beam. The following equations are derived from Eq.~28!:

cg~v!5
l 22 l 1

b2~v!2b1~v!
(29)

and

b0~v!5
1

2 Fb1~v!1b3~v!2
l 11 l 3

cg~v!G . (30)

Since the distances (l 22 l 1) and (l 11 l 3) are known in ad-
vance and, in addition, the arrival timesbk(v) (k51,2,3)
are detected by time-frequency analyses of measured
sponses,cg(v) is obtained by Eq.~29! and thenb0(v) is
obtained by Eq.~30!. Oncecg(v) and b0(v) are obtained,
the distancesl k (k51,2,3) are easily estimated by Eq.~28!.
An experiment was conducted on a simply supported be
with a circular cross section subjected to impact with a st
ball. Both the group velocity and the impact location we
estimated successfully as shown in Fig. 33. The scatte
higher frequencies is caused by the poor signal-to-noise r
of the experimental data. The main advantage of this te
nique is that the estimate of the impact location is obtain

s a

Fig. 32 Arrangement of sensors for estimating the wave velo
and the impact location@67#. ~Reprinted with permission from the
Society for Experimental Mechanics.!
im-
that in a genetic algorithm an appropriate tuning of para
eters is essential for attaining a sufficiently fast converge
of the searching process.

A technique which does not rely on beam theory w
proposed by Inoueet al @67#. In their preceding paper~Kish-
imotoet al @68#!, it was shown that when a pulse propagati
in a dispersive medium is recorded at a point, the arrival ti
of each frequency component of the pulse at that point
be detected by a time-frequency analysis by means of w
let transform. They utilized this fact to estimate the wa
velocity and the impact location for beams. The impact
sponses of a beam are measured at two points lying on
side of the impact location~P1 and P2! and at a point on the
other side (P3) as shown in Fig. 32. The arrival time of eac
frequency component is related to the distance from the
pact locationl k by

bk~v!5b0~v!1 l k /cg~v!, ~k51,2,3!, (28)
a

tal
al

Fig. 33 The group velocity and impact location estimated by
time-frequency analysis by means of wavelet transform@67#.
~Reprinted with permission from the Society for Experimen
Mechanics.!
Fig. 31 Convergence of population over the generations@65#.
~Reprinted with permission from the Society for Experimen
Mechanics.!
cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Fig. 34 Schematic of the procedure for grid point generation@44#.
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Fig. 35 Comparisons of the identified and the true impact lo
tions for the eight examples using a hammer as the impactor.
rangement of the strain gages~G1, G2, G3! is also shown@9#.
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only from experimental records without using beam theo
Therefore, this technique can be extended to be applicab
other structures more easily than other techniques.

4.2 Impact location for plates

The earliest study on the inverse analysis of the impact
cation for plates is probably the one by Yen and Wu@9,44#.
They developed a technique for estimating the impact lo
tion for plates subjected to transverse impact from strain
sponses measured at multiple points on the plate. For a
of points, they derived the following mutuality relationsh
from Eq. ~2!:

hiej5hjei , (31)

where the subscript stands for the measuring point. The
tors ei and ej are composed of discrete values of measu
responses while the matriceshi andhj are composed of dis
crete values of the impulse response functions which are
pressed in terms of the impact location according
Reissner-Mindlin plate theory. Equation~31! is satisfied ifhi

andhj are evaluated using the correct impact location. Ba
on this fact, estimation of the unknown impact location w
reduced to an optimization problem minimizing

(
i 51

N

(
j 51,j Þ i

N ihiej2hjei i2

ihiej i2 , (32)

where N is the total number of measuring points and t
denominatorihiej i2 is introduced to avoid meaningless s
lutions. Since this objective function has many local minim
they employed a strategy shown schematically in Fig.
The objective function is first evaluated at all grid poin
denoted by Generation-1. Then an optimization proc
based on the conjugate gradient method is performed sta
from a grid point which has the smallest value of the obj
tive function among all of the grid points. If the value of th
objective function at the point obtained by the optimizati
process is smaller than a prescribed value, this point is c
sidered as the impact location. Otherwise, the same pr
dure is repeated for grid points of the next generation. T
e to
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validity of this technique was demonstrated by numeri
simulations@44#, as well as by experiments@9#. Figure 35
shows typical results of experiments. Every estimate co
cides well with the true impact locations. The convergence
the optimization process seems good.

Ohkami and Tanaka@69# proposed a two-stage techniqu
based on classical plate theory. The first stage is to determ
an elliptic region which may contain the true impact loc
tion. The impact responses of a plate are measured at m
than three points. For a pair of points, say P1 and P2, the
differenceDt12 between first arrival times of the pulse orig
nating from the impact location is roughly evaluated to
equal to the time lag at which the cross-correlation funct
between responses at these two points becomes maxim
Then for a set of three points, say P1, P2 and P3, a rough
estimate of the impact location (x,y) is obtained from the
time differencesDt12 and Dt13 and from the fastest phas
velocity predicted by plate theory. In the same manner, si
lar estimates of the impact location are obtained for differ
sets of three points. Taking the means~mx andmy! and the
standard deviations~sx andsy! of these estimates, an ellipti
region is determined by setting the center at~mx ,my! and the
semi-axes at 2sx and 2sy . An example is shown in Fig. 36
in which four estimates of the impact location are obtain
from responses measured at four points. The second sta
linked with the estimation of the impact force history. Th
elliptic region is divided into meshes each of which is
candidate for the true impact location. Assuming that one
these mesh points is the impact location, the impact fo
history is estimated by deconvolution from the respon
measured at some point and the transfer function predi
by plate theory. Similar estimates of the time history are th
obtained for all mesh points. Based on evaluation of a p
alty quadratic form of the estimated time history~it has a
similar form as Eq.~5! but the parameterl is fixed at an
appropriate value!, one of these mesh point is selected a
final estimate of the impact location. An example of evalu
tion of the penalty quadratic form is shown in Fig. 37
to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm
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Downlo
Fig. 36 Determination of an elliptic region containing the impa
location @69#. ~Reprinted with permission from the Japan Socie
for Mechanical Engineers.!
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curate. Since this technique does not rely on plate theor
should be possible to extend this technique to anisotro
plates such as composites.

4.3 Impact location for other structures

There are very few studies on techniques for estimating
impact location for an arbitrary structure. Briggs and T
@71# proposed a technique based on modal analysis and
tern matching. First, the transfer function between an imp
force and a response is modeled as a summation of diffe
modes:

Ej~v!

Fk~v!
52v2(

r 51

n
Ar jk

v r
22v21 ih rv r

2 , (33)

where Ej (v) and Fk(v) are the Fourier transforms of th
response at locationj and the impact force at locationk,
respectively. In addition,v r andh r are the natural frequenc
and the loss factor of ther th mode, respectively, andAr jk is
the modal constant. If the impact force is a pulse of sh
duration,Fk(v) has fairly constant magnitude for lower fre
quencies. When this is the case, Eq.~33! can be rewritten as

Ej~v!52v2(
r 51

n Ar jk*

v r
22v21 ih rv r

2 , (34)

whereAr jk* [Fk(v)Ar jk . Note thatAr jk* ~which is termed the
uncorrected modal constant! does not depend on the fre
quency. All parametersAr jk* , v r , andh r are determined in
advance for each locationk on the structure where impact i
likely to occur. This is accomplished by applying an impa
force of short duration to each locationk, measuring the
response at locationj , and conducting a standard modal p
rameter extraction procedure~curve fitting!. Thus a database
of the uncorrected modal constants is constructed for all p
sible impact locations. When an impact occurs at an
known location on the structure, the recorded response si
is transformed into the frequency domain and curve-fitted
extract the uncorrected modal constants. The extracted m
constants are compared with those in the database. The

ct
ty

Fig. 37 Distribution of the penalty quadratic form of the estimat
time history@69#. ~Reprinted with permission from the Japan So
ety for Mechanical Engineers.!
which a mesh point at which the penalty quadratic form
comes maximum~point ~i!! coincides with the true impac
location. Although it has not been described here in de
even in the simple numerical simulation shown in the pa
by Ohkami and Tanaka, frequent human interferences
required both in determining the elliptic region and in sele
ing a final estimate of the impact location from candidate

Gaul and Hurlebaus@70# extended the technique men
tioned above for identifying the impact location of beams
using wavelets@67# to the identification of the impact loca
tion of plates. The impact location is estimated by solving
simple system of nonlinear equations based on arrival tim
of flexural waves at several points of a plate. Since the
rival times can be extracted accurately by using the wav
transform, the process of estimation of the impact locatio
much simpler than that by Ohkami and Tanaka@69#. The
result of the estimation shown in this paper seems very
cense or copyright; see http://www.asme.org/terms/Terms_Use.cfm



522 Inoue et al: Measurement of impact force Appl Mech Rev vol 54, no 6, November 2001
Fig. 38 Schematic of ball drop test apparatus and test struc
used for testing the force identification technique@71#. ~Reprinted
with permission from Elsevier Science.!
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Fig. 39 Error plots resulting from pattern matching between
uncorrected modal constants and the database of modal cons
using the magnitude and phase information in the acceleration
nal @71#. ~Reprinted with permission from Elsevier Science.!
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estimate of the impact location is obtained by a patt
matching scheme. Briggs and Tse conducted an experim
on impact of an enlarged model of a slider used in magn
hard disk drives as shown in Fig. 38. After constructing
database of the modal constants for the first four modes
location of impact was estimated as shown in Fig. 39. T
error resulting from pattern matching becomes minimum
the true impact location for all cases shown, which dem
strates the validity of this technique. The main disadvant
of this technique is that it requires a huge amount of work
construct a database of the uncorrected modal const
However, once the database is constructed appropriately
procedure to estimate the impact location seems fairly sim
and easy to implement in practice.

5 CONCLUSIONS

The aquisition and measurement of accurate force pulse
is of central importance in many modern branches of imp
mechanics. A variety of approaches for measuring the t
history, direction and location of such pulses have been
scribed and the related data processing techniques discu
Workers in the field have drawn heavily on procedures
control theory, optimization, stochastic search techniq
~genetic algorithm!, and other areas to good effect. With th
advent of accurate transducers, accurate data recor
equipment and efficient data processing software, the m
ods reviewed should be of assistance in enabling researc
to produce reliable and detailed information on impact for
which will assist in the validation of theoretical models f
to
nts.

, the
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ssed.
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r

structural response and in the understanding of material
havior under impact and impulsive loading conditions.

A Supplemental Bibliography of additional references th
the authors noticed during the review process of this pa
are listed at the end.
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