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Abstraci—A study on Meyer's hypothesis for piezoelectric effect in liquid
erystals is made. We find that according to his model the existence of a
domain structure in nematic liquid crystals when placed in a constant electric
field depends critically upon the magnitude of dielectric anisotropy.t Both
positive and negative dielectric anisotropy have inhibitory effect on the
appearance of a periodic pattern. There is a critical value in the magnitude
of dielectric anisotropy above which no periodicity can occur. Thermal
fluctuations from equilibrium orientation pattern are studied by means of
linearized dynamieal equations. We find that with the piezoelectric coupling
there will appear optical modes which are damped ogcillations induced by the
electromagnetic field besides the ordinary slow mode of relaxation. Under
the simplifying assumption that the sum of two piezoelectric coefficients is
zero, the change to the spectrum for the slow mode due to the proposed piezo-
electric effect is vanishingly small. ) :

It has been demonstrated recently that®) a nematic liquid crystal
may develop domain structure under the influence of a constant.
electric field. Two different models for explaining this interesting
phenomenon were offered by Meyer® and Helfrich® separately.
Meyer, with an analogy of piezoelectricity in ordinary-erystal, pro-
posed a coupling scheme between the electric field and the curvature
of orientation pattern of the liquid erystal molecules by assuming
that either splay or polarization is externally induced by the electric
field. Helfrich, on the other hand, emphasized the role of conduc-
tivity in liquid crystals and maintained that the orientation pattern
is dynamically governed by an interplay of fluid flow, conductivity -
anisotropy and molecular orientation. We here shall study some

t We were told by the referee that this has been discussed by R. Meyer in his
unpublished doctoral dissertation, Harvard University, 1970.

9



10 MOLECULAR CRYSTALS AND LIQU1ID CRYSTALS

consequences of Meyer's model in detail by including the effect of
dielectric anisotropy and thermal Huctuations. Tt will be seen that
the existence of a domain-like periodic pattern in Meyer's model is
eritically infleenced by the magnitude of dielectric anisotropy.

The expression for the * electric enthalpy ™ is given by Meyer,

Hy = }K, 82+ LK p(n - Vun) 4+ 3K B2 —ey B S‘?smE B
1
—— [e(Bxn)+e,(B-n)] (1)
8n

where K 11. K 4s and K4, ave elastic moduli of liquid erystals defined by
Frank.#) 8 and B are respectively so-called splay and bending
related to the curvature of the orientation. :

8 = (V- am, )
B={(n-Vin=—-nx(Vxn) (2)

¢,, and e, are piezoelectric coefficients, while e, and e, are respectively
perpendicular and parallel components of dielectric constant. We
shall denote their difference, dielectric anisotropy by x, =(e, —€,){4m.
The expression in (1) for the enthalpy can be greatly simplified
if we assumed that e, = —e5, = e, and Ky =K, =K, =K. Let
n, = cosd, n, =sinf. Then we have from (1) and 12} -
: g\ @ 1
g2y e g _Acpe 00— ¢, E2
Hy Ex(dy)' nB 3 - B oostd— . T 3)
To find the equilibrium orientation pattern we minimize the
enthalpy (3) with Tespect to § and obtain the equation
2f
K%—?F—XGE%inB cosf) =0, : {4)
We note that this equation, except for a sign, is identical to an
equation found by de Gennes® in his work on cholesteric liquid
‘crystals in magnetic field. Using the same analysis we can draw
the following conclusions: -

(a) The doméiﬁ width is expressible as follows

Z - (%)26’:1;0 K(k) B(k). B
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Where #{k) and K (k) are complete cliiptical integrals of first and
second kinds and the cccentricity & is determined by

(Kyxt* _ (=(2)k .
, b &
e, Ek) )
This certainly reduces to the relation given by Meyer for x, = 0 where

E=0,

7K
Z=%E; (1)
(b) The periodicity of the domain structure only depends upon
the magnitude of dielectric anisotropy | ¥« | but not on its sign. This
can be seen from the following reasoning. TFor negative x, Eq. (4)
‘remaing invariant when we change @ into # +=/2 while Eq. (3) will
be changed into the form ) ' '

g\ 49 el ow 1 '
'HE =-§K(’a—y) —ﬂpE‘d—y—.’l—);‘.l E200526—é?7€“1"12. (8)

This expression (8) is the same a3 (3) excep;t for a constant in the
last term. Since the eccentricity & is determined from (4) by minimiz-
" ing the enthalpy the difference of a constant term in (8) does not have

any effect. Therefore, the orientation pattern for negative yx, is
obtainable from positive x, by changing f into B +af2.

(c) From Egs. (5) and (6) we observe that there is a critical value

" for | Xe| beyond which the domain structure cannot exist. ie.

Z = o, k=1 for lxa]2|xalc (9)
where .

7f2)8 )2
|Xalc = (——_( /Ige—)-

This is & distinct feature in Meyer’s model that dielectric anistropy,
either positive or negative inhibits the formation of a domain pattern.
On the contrary it has been found that in Helfrich’s model positive
anistropy has inhibitory effect while negative anistropy will stimulate
the onset of an instability which will manifest itself in the form of a
stationary convective flow at the marginal state. (16) So far experi-.
mental results seem to agree closely with Helfrich’s model.

We shall study further the effect of piezoelectricity on the fre-
quency spectrum of the orientation fluctuation when it is perturbed




12 MOLECULAR CRYSTALS AND LIQUID CRYSTALS

from the ecuilibrium pattern. We assume for simplicity that
dielectric anistropy y, is zero, fluctuation in # only oceur in 2-y plane
and that all the dynamical variables depend upon x and y only.
The equations of motion for the orientation » can be obtained from
the hydrostatic and hydrodynamic theories of liquid crystals by
Oseen,™ Frank,® Erickson,® Leslie®®! and Stephen./® Since we
have complications here due to the coupling between electric field
and orientation through the piezoelectric effect we have to supple-
ment those hydrodynamic equations with the complete set of
Maxwell’s equations for electro-magnetic fields. In fact, if we want
to obtain the exact dispersion relation for the thermal excitation,
we have to solve the whole set of coupled electro-magneto-hydro-
dynamic equations for liquid erystals in a self-consistent fashion.
Tnstead, we shall here content ourselves with a study on the relation-
ship between the electromagnetic fields and orientation alone. The
effect of viscous flow is summarily represented by a term of relaxa-
tion for the director n. In this approximation indeed the fast mode
is neglected while only the slow mode of molecular relaxation is
retained.0 In light of the fact that in both nematic®®) and
cholesteric® liquid erystals for ¢, = 0 only the slow mode contributes
to the light scattering spectrum and that these two modes are widely
separated, we feel quite convinced that this is not too bad an
approximation. With this we have the following self-consistent
equations :

n % [KVzn +6?((V “n)E —V(E-n)

+Vx(Bxn)-E x(Vxn))- 'yg:b:l 0 (10)

D =dne[(V- n)n-{-nx (Vxn)]t+el (1D
VD = dnp, x B = _,].' %? {12)

o - 18D
Y-B=0, VxH— J+cat (13)
B=H, J=0E : (14)

dp
VoT4ah=0 (15)
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where + is the viscosity coefficient, p, J, D, E, B and H are respec-
tively the electric charge, current, electric displacement, electric
field, magnetic flux density and magnetic field in the system, o and
¢ are the conductivity and permittivity of the liquid crystal and ¢
is the velocity of light. We have here assumed that the electric
current consists only of conduction current. Diffusion current is
entirely neglected.
The equatlons are linearized into the followmg version :

I:V - (4170' +'bcue):| (VxH), - 4176,, — V% =0 (16)

[KV2 - yiwli—e,(Vx E), =0 _ (17)
where w is the frequency for the excitation, # is the fluctuating
component of director, i.e. # =n, sin ay —n, cosay, a = e, By/K and
E, being the constant applied field.

Substituting (17) into (16) we. obtain the d1sper91on relatmn as
follows:

(yiw - Kg?)(slioo)? + dmolio) +0%%) — dme,Hiw)'g? =0 (18)
whete ¢ is the wave number.

This expression clearly shows that in the spectrum for the orienta-
tion fluctuation there exist optical modes besides the ordinary slow
mode. The optical modes are induced by the electromagnetic fields
and they are mixed with the slow mode by the piezoelectric coupling.
We can easily show that the last term in (18) is vanishing small and
the slow mode is entirely decoupled from the optical modes. We do
thig by first transforming Eq. (18) into a dimensionless form using
the units for frequency and wave number:

o = —

yd?
1
=3

where d is the spacing between the parallel plates across which the
constant electric field E, is applied. )

(i ~ qs)((iw)= + (‘%’ ’?)iw +§("%‘E:) q_z)

._:4‘”_65 (m,)zqz = 0. (19)
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We estimate the value of ¢, by using the expression for the domain
width in {7) and the experimental values for K, B, and Z for
p-azoxyanizole given by Hellmeier et al.® and Helfrich.® We find
¢, ~ 107* in cgs unit. Taking values K ~ 107% dyne, o~ 10%
y ~0.05, € ~ b, d ~ 10~%. The three characteristic numbers in (19
are respectively

oyl g
e K

c? 2
L~ 107
e K32

dme,
~—

1072

€

Since these numbers differ largely in orders of magnitude, we can
conclude that the last term in (19) is almost negligible, and that the
hypothesis for a piezoelectric effect in liguid crystals does not bring

significant change to the frequency spectrum except for adding a
constant wave vector due to Bragg scattering from the periodic
distorted structure. ' o

Tt should be emphasized that the conclusions we have drawn here
is by no means contrary to what was given by the Orsay Group
regarding a related problem.®* They have discussed.the frequency
spectrum for fluctuations from a uniform orientation pattern with no
equilibrium distortion, and reached the conclusion that if the sum of
the two coefficients e,. ey, 18 nonzero and large enough, then the
piezoelectric effect may contribute a noteable change in the slow
mode. In fact, what they have considered is an experimental situa-
tion quite different from what was being discussed above. They
‘assumed that the nematic liquid crystal is placed in a static magnelic
fiefd instead of an electric field. They have further assumed that the
fluctuating electric field is irrotational and thus neglected any coupl-
ing of the slow mode with the optical mode. On the other hand, we
have adopted directly the simplifying assumption made by Meyer®
that e;, = — ey, = ¢,%4 and studied the fluctuation from the equili-
brium distorted structure which is eaused by the applied electric
field through the piezoelectric effect. Whether the hypothesis for a
piezoelectric effect in liguid crystals is relevant to the experimental
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obgervation of demain-like structure and significantly changes the
fluctuation spectrum can only be clavified by further experiments
on nematics with large values of e, +e,, as suggested by the Orsay
Group.t3) 8o far, no apparent experimental evidence has been
offered in support of such an hypothesis.!15:16}
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