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The mtcrxtion of hght wtth clusters and random distnbutlons of metal hemispheroids on a perfect conducting flat 
surfze is studied. Slgmficant SERS enhancements xc found to arise from multiple plasmon contributions to the surface 
clcctrom.qnetlc fxclds 

I. Introduction 

Ever since its dlscover) [ 11. surface enhanced 
Rarnm spectroscopy (SERSS has been the subject of 
much Theoretical speculation concerning the origin 
of the observed factor of IO6 intensity enhancement. 
Several mechamsms hale now been proposed (ref. 
[?I contains a review) but much controvers> current- 
ly exists concerning the relative importance of 
each. One mechanism wh~h has recently received 
much study [3-73 and some though not universal 
experimental support [8.9] concerns the enhance- 
ments in surface electromagnetx fields which arise 

from roughness-induced excitation of surface plas- 
mons. A smlple model of this effect is obtained by 
considering the interactlon of an electromagnetic 
t’leld with a metal spheroid. Large fields at the sur- 
face of the spheroid can occur at zero frequency if 
the spheroid IS sufficiently prolate. However, the 
ratio of major to moor axis (C/Q) required in this 
model to explain the observed SERS intensltles is 
quite large (c/a = 1 O-SO) [3] _ Alternatively. if the 
frequency dependence of the metal dielectric con- 
stant is included [4,5], a large intensity enhancement 
is obtained at frequencies close to the surface plas- 
mon frequency of the hemispheroid. This frequency 
varies rapidly with c/a, but for metals like Ag, it GC- 

curs in the visible region (where most SERS experi- 
ments have been done) for C/Q = 2-3 [4,5] _ A single 
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spheroid would, however, show a resonant variation 
of intensity with frequency which is not m agree- 
ment with many SERS experiments [ 11. Most ex- 
periments do not refer to isolated spheroids, however, 
but to roughened surfaces which are better approxi- 
mated as a random distribution of hemispheroids on 
a flat metal plane. 

In this paper, we consider the electrodynamics of 
hemispheroidal random distributions in an attempt 
to assess more quantitatively the importance of the 
surface roughness enhancemenr mechanism. An im- 
portant concluslon of this study is that much of the 
enhancement from these distrlbutlons is controlled 
by the low-frequency branches of multiple plasmon 
resonances wh~h arise from clusters of only moder- 
ately prolate hemispheroids Even for C/Q ratios of 
1 S--2.0, these cluster resonances cause significant 
local-field enhancements at frequencies well into the 
near infrared. These multiple resonances are a par- 
ticular property of certain hemispheroid clusters 
and dre not found 111 isolated spheroids or high- 
symmetry arrays. In addition, they are not predicted 
by effective medium theories such as Mauwell- 
Garnett theory [lo]. For random distnbutions, we 
shall show that the near continuum of resonances 
arising from the contributions of many clusters leads 
tG an intensity enhancement which has a frequency 
dependence which is similar to that observed in SERS 
experiments. but with an overall magnitude which is 
closer to lo* than 106. However, this lower figure 
agrees with estimates of roughness contributions to 
SERS made in recent electrochemical experiments [9] _ 
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2. The origin of multiple plasmon resonances in 
clusters of hemispheroids 

The eiectrodynamrcs of rough surfaces has been 
the subject of numerous theoretical studres [ 111. 
Since we are primarily interested in bumps which 
are a few hundred a in both diameter and height, we 
approximate the electrodynamic descnption using 
Laplace’s equation. Our rough surface model con- 
sists of a distnbutron of hemispheroidal bosses 
(having arbitrary dielectric const~ts) on a flat per- 
fectly conducting metal surface. Adrian [4J and 
Gersten and Nitzan [S] have studied this model for 
the special case of a singie hemrspherord and they 
have shown the close relationship between the efec- 
trostatics of an isolated spheroid and that of a 
hemispheroid on a perfect conducting surface. Here 
we extend this work to consider many hemrspherords 
having randomly chosen locations, and c and a values. 
For such distnbutions we find that under certain con- 
ditions, the electrodynamics is dominated by the col- 
lective response of certain clusters of hemrspheroids 
which are contained in the dist~butions In this sec- 
tion. we show how such clusters can exhibit multipie 
plasmon resonance effects, 

Each of the hemrsoheroids m a ciuster can be char- 
acterized using spherkdal coordinates [ 121. Choosing 
the origin of the coordinate system at the center of 
the hemispheroid, with the z aGs along the axis of 
revoiutron (assumed io be perpendrcular to the per- 
fect conducting fiat surface), we defme 

(1) 

n = (r1 - Qf2f > @I 

where f = (c2 - a2)1/2 and rl and y2 are the drstances 
to the two foci of the elhpsoid of revolution whose - 
upper half forms the hem&spheroid under consrderation 
These coordinates are appropriate for prolate ellipsoids; 
for oblate ones, f is replaced by -if and .$ and i$ in the 
formulas to be derived. 

If a constant field E. is applied to the hemispheroid 
along the z direction, solution of Laplace’s equation 
leads to the following expression for the potential 
@ outside the hemispheroid (for z & 0) 

(3) 

where Q1 IS a ‘Legendre function of the second kiid 
[ 121, to is the value of 5 at the hemispheroid surface, 
el is the hemispheroid dielectric constant and e2 is 
the dielectric constant of the medium (solution or 
vacuum) which is m contact with the hemispherold 
The function x is given by 

and varies from 2 to m as c/a varies from 1 to 00. This 
expression for x 1s equivalent to one previously given 
by Adrian [4f _ 

In the hmrt $ + m (1.e. for long distances from the 
hemispherord or for a hemrsphere), eq. (3) reduces to 
the simple point-dipole expression. 

#=iQz f&~/R3 , (51 

where R IS the distance from the origin. The induced 
dipole moment p IS found to be proportional to E, 
(i.e. JL = arEO) with an effective ~lemispherold polar- 
izabihty of 

Now let us consider a cluster of N hemispheroids 
A sample technique for treating the interaction be- 
tween hemrspheroids is to include for their drpolar 
coupling. Thts approximation should be valid in the 
limit that the hemispheroids are adequately separated, 
or are close to being hemispheroidal. Although not all 
the problems of relevance to SERS satisfy these 
limits, this approx~ation should provide at least a 
qualitative picture. 

The inclusion of higher multipoles in the interac- 
tion between two spheres has been studied quite re- 
cently by Aravind et al. [13]. Although they find that 
a large number of multipoles are required (=60) in 
order to converge the field when the spheres are 
quite close together, their results are quahtatively and 
sometimes qu~titativel~ similar to what we obtain 
for the same system using the dipole approximatron. 
For example, both they and we find that the field is 
larger between the two spheres than elsewhere when 
the applied field points at an angle of 45” relative to 
the intersphere axis. The magnitude of the field en- 
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hancements are not aiways the same. however. with 
differences of factors of ?, or more at some orienta- 
t~ons when the spheres are close together. 

The dipolar coupling between the ith hemispheroid, 
and all other ones is determined by 

z = I, . . ..N. (7) 

-+hcre pi is the induced dipole moment on hemisphe- 
rold I, ai IS the polanzability of i [from eq. (6)], and 
R,) is the separation between the centers of heml- 
spheroids i and j . Eq. (7) assumes that all the hemt- 
spheroids are on a flat plane, with E. perpendicular 
to that plane. In that case. pj/R$ is just the perpen- 
dicular field arising from hernispheroldl evduated 
at the location of z. The system of equations repre- 
sented by eq. (7) can be rearranged to (m vector 
notar1on)- 

whe i-e 

Clrut~r plasn~orr t-CSOIILUICYS are now identICed by 
finding the frequencres o for which the determinant 
of 5 vanishes. Because the ~yr are complex in general, 
this wdl not usually happen for real frequencies_ How- 
ever, often the roots are quite close to the real ahls, 
and in such circumstances. large fii can result_ lead- 
ing to large surface fields at the resonant frequencies. 

The number of distinct resonances to be obtamed 
for a given cluster depends on both its size and sym- 
metry, as well as the width of the individual reso- 
nances. For high-symmetry clusters (one or two 
hemispheroids. an equilateral triangle. a square. etc.). 
rhe determinant of 5 vanishes at only one frequency, 
usually thar associated wxth a collective m-phase po- 
larization of a11 the hemispheroids m the cluster. For 
isolated ciusters of no symmeti?j. the number of 
plasmon resonances can be as large as the number of 
members in the cluster though it is often the case 
that some resonances are too close in frequency to be 
resolved. When multipIe resonances occur, those 
other than the highest~frequen&y one cause some of 
the hemispheroids to have induced polarizations 
with aIternating signs (as determined by the eigen- 
vectors of 5)_ Often the lower-frequency multipIe 
resonances occur at frequencies which are well below 

the lowest single-hemispherold resonant frequency 
of any member of the cluster. 

To evaluate the surface fields needed for SERS in- 
tensity calculations using this model, one first calcu- 
lates an effective local field Egi for each cluster (using 
Ear = pi/@. Then, derivatives of the second term in (3) 
(with Eel replacing EO) are used to evaluate the fields 
parallel to and perpendicular to the surface. These 
fields ?re then summed over all hemispheroids in the 
cluster, and integrated over the entire area of the 
surface (hemispheroids plus flat regions). The abso- 
lute square of this. multiplied by 16 (to Include for 
effects of reflection from the flat surface [4]), gives 
an estimate of the parallel and perpendicular surface 
fietd enhancement contribution to SERS. This estr- 
mate ignores contnbutlons to the enhancement from 
simultaneous excitation of plasmon resonances at 
both the incident and Stokes shifted frequencies. 
This is a small effect according to Adrnm [4] because 
mole&es Iocated near henlispl~eroids which are in 
resonance at the excitmg frequency ~11 generally be 
off resonance at the scattered frequency. In addition, 
the process of averaging the local field enhancement 
over the entire surface (which was not done by 
Adrian) reduces the effect of coupling between mo- 
lecular and hemlsplleroidal dipoles at the Stokes 
shifted frequency. The existence of multiple reso- 
nances does complicate this issue somewhat but we 
shall Ignore this problem here. Our model also ig- 
nores contributions to SERS intensities from other 
mecltamsms (image effects. resonant Raman coupling 
of the moiecule to the piasmon states, adatom effects, 
etc.)_ 

3. Numerical examples: hemispheroidal clusters and 
random distributions 

To demonstrate the effect of multiple plasmon 
resonances on SERS intensities, we have calculated 
the local field enhancement factor of the previous 
section for clusters of 1.2, 6 and 8 identical hemi- 
spheroids, each with a = 25 nm, c = 61 nm (c/a = 
X44), using dielectric constants appropriate for Ag 
surfaces [14] in contact with water (e3_ = 1.8 141). 
For the geometrical configurations pictured in fig_ 1 
(where each cluster resides in a square region. (500 
nm)2 in area), we obtain a perpendicular enhance- 

568 
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Fig. 1. Rough surface enhancement factor E versus wave- 
length (A) in nm for the four clusters of hemispherotds de- 
picted in the top panel. These clusters contamN = 1, 2,6 and 
8 hemispheroids, each of which has CI = 25 nm, c = 61 nm, 
and whose dielectric constant is taken to be that of srlver 
[ 13 J. Each cIuster is Iocated at the center of a square region 
(500 nmj2 in area for the purpose of intensity calculations. 
The E values were calculated at the v. avelengths bsted in ref. 
[ 131, and straight lines were used to connect these points 
in the figure. The lines for IV = 6 have been dashed for greater 
visual clarity. Note that the E versus h curves f&r N = 6 and 8 
show multiple resonances (t\\o peaks for N = 6 and three for 
N= 8). 

ment factor E which is plotted against wavelength h 
in fig_ 1. For one hemispheroid, a single resonance 1s 
seen at h = 5 15 nm, with a peak enhancement of 
~-10~. This enhancement is smaller than has been 
estimated previously for single hemispheroids [4,5], 
because E involves an average over the entire (500 
nm)’ region containing the hemispheroid. (The 
hemispheroid itself occupies less than 5% of the sur- 
face area.) A cluster of two hemispheroids (fig, 1) 
shafts the resonance to lower X (X = 430 run) and de- 
creases the peak intensity enhancement_ This reso- 
nance involves a collective in-phase polarization of 
both hemispheroids, and leads to a resonant frequen- 
cy which is sirmlar to what would be obtained from a 
single less prolate hemispheroid. For srx hemispheroids, 
two resonances are observed, one in phase at 350 nm, 
and one out of phase at h = 800 nm. For eight hemi- 
spheroids, three resonances are observed (at h = 350, 
620 and 980 nm). Note that the longer-wavelength 

resonances are typically broader than the short- 
wavelength resonance, and that they can occur at 
longer wavelengths than the single-hemispheroid reso- 
nance (even well into the near infrared). The number 
of distinct resonances to be expected in a given situa- 

tlon 1s not always easy to predtct (except for con- 

figurations of high symmetry) because often some 
roots of the secuIar equation overlap enough to cause 
resonant profiles to coalesce. 

To demonstrate how clusters of spheroids cause 
rmportant Iong-wavelength contributions to SERS, 
we now consider a random distribution of hemisphe- 
roids. A total of 68 hemispheroids were chosen with 
CI and c values sampled randomly between 0 and 20 
nm. These were spread randomly on a square region 
100 nrn in Iength and width, and periodic boundary 
condrtions were used to extend this to an infinite 
planar array. lntensrty enhancements were calculated 
as before for both Ag and 0.1 hemapheroids, and are 
deprcted (for fields perpendicular to the surface) m 
fig. 2. Because of the fkute sample of hemrspheroids 
used in the primary square regron, the calculated E 
versus h curves are somewhat bumpy. However, the 
general trend on Ag IS clear rn that a flat dependence 
on h above 350 nm is obtained (300 nm is the flat 
surface plasmon frequency for Ag). The values of the 
enhancements on Ag are typically = 1 03. although 
somewhat higher values are observed in the near in- 
frared due to the lower branches of multiple reso- 

nances. Since the value of E for a perfectly smooth 
surface wouId be 16 according to our model, the 
maximum rozrgkness-irzdrtcetI contribution to the 
SERS enhancement in fig. 2 is ==lO*. For Cu, E values 
of ~300 are observed for h > 600 nrn, and a factor of 
5 decrease in e occurs at h = 600 nm. 

10-j- 
I 

,r Ii :o - 

4 

/_&p/i 
‘T 1 / 1 cu +j 

&%c_--_--------~ 

Xlnm) 

Fig. 2. e versus h for a random dlstrrbution of hemispheroids 
on a flat surface. Separate results for Ag and Cu are plotted, 
with the actual calculated points connected by straight-Ime 
segments. Top scale gives the energy hw (in eV) associated 
with each wavelength. The dashed line at E = 16 indicates the 
ffat surface contribution to e ab discussed in the text. 
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4. Discussion 

It is clear from the examples of the previous sec- 
tion that multiple pldsnlon resonances are important 

LIP determimng the response of hemispheroid clusters 
and random distributions to radiation_ The wave- 

length dependence of E depicted m fig. 2 1s quaht~- 
twely similar to that observed experimentally for 
both Ag and Cu (i 51, and demonstrates how the 
overiapping of-resonmces present in random distn- 
butions can lead to a relatively flat wavelength de- 
pendence below the flat surface plasmon frequency_ 
Fig. 2 also demonstrates that realistic modeIs of sur- 
face roughness ~20 wc account for the full factor of 
106 enhancement observed in SERS experiments. 
The maxmum enhancement from this mechanum IS 
~10~ on both Cu and Ag. It is also the case that the 
factor of 5 drop in mtensity :,II fig. 2 for Cu near 600 
nm 1s smaller than the observed drop [15j by oker 
an order of magmtude. 
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