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Using the extended Hertzian approach (EHA), the “effectively shaped indenter”
corresponding to Pharr’s concept is described in terms of a parameter set {dy,d2.ds.ds},
which can be determined by a fitting procedure from the unloading curve of an
indentation experiment. Owing to the limited accuracy of measurement, a given
experimental curve may in principle correspond to more than one such parameter set. .
Based on indentation experiments with a Berkovich indenter into fused silica, we have
investigated the influence of the fitting procedure itself on the results. We suggest a
certain manual fitting procedure, which delivered a yield strength ¥ = (7.1 £ 0.1}

GPa independent of the maximum load. Manual fitting always includes some degree
of subjectivity, however, both ¥ and the elastic field as a whole proved to be relatively
robust against modifications of the parameter set. We also suggest a preliminary objective
procedure, which delivered ¥ = 6.8 — 7.1 GPa. In addition, we have performed finite
element method (FEM) simulations of elastic—plastic indentations of a conical indenter
into a von Mises solid with a yield strength of ¥ = 7.0 GPa. The simulated unloading
curve was analyzed using the EHA in the same manner as the experimental curves, and

yield strength of 6.95 GPa was obtained being very close to the input value of the FEM.

I. INTRODUCTION

Nanoindentation at submicron scale as a suitable tech-
nique to measure mechanical properties of materials has
been established over the last decade. In particular, this
method has been widely adopted to determine Young’s
modulus and hardness of bulk materials and thin fiims.
A major step in the understanding of the indentation
response of materials has been brought about by the
introduction of the concept of the “effectively shaped
indenter” by Pharr and Bolshakov."? In this concept,
the real indenter penetrating into the plastically de-
formed hardness impression is substituted by an imagi-
nary so-called ‘“effectively shaped indenter,” which
delivers the same unloading curve when penetrating into
a flat elastic half space. The shape of the “effective

indenter” is derived from the inspection of the unloading -

curve, which is assumed to be wholly elastic. With this
approach, the theoretical treatment of nanoindentation
was enormously extended, so that elastic—plastic contact
situations—the most likely situation in the case of sharp
indenter tips—can be assessed on the basis of a linear-
elastic contact theory. Oliver and Pharr' were able to
derive the normal displacement and the contact pressure
distribution at the surface due to the acting effective
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indenter by using the results of Sneddon.® Later, this
approach was extended in the form of Schwarzer’s ex-
tended Hertzian approach (EHA), which made it possi-
ble to compute the complete elastic stress and strain
fields within the indented body.*® Moreover, Schwarzer
transferred this approach to layered bodies with the help
of his so-called method of the Image Loads.® With the
known elastic fields, Young’s modulus can be calculat-
ed.? Furthermore, certain stress components or combina-
tions of stress components can be determined that are
related to the onset of a particular failure mode. For
instance, the radial tensile stresses shall be mentioned
here, which can lead to the formation of cracks like
Hertzian cone cracks or star cracks. In addition the com-
bination of stress components, according to the von
Mises stress formula (compare Sec. II. D), is correlated
to the onset of plastic flow within the material. -

An important variant of data evaluation is to deter-
mine the shape of the effective indenter in terms of the
parameters d;, d», d4, and dg corresponding to the gov-
eming contact equation of the EHA [compare Sec. 1I. C,
Eq. (13)] from the unloading curve and then to use it to
calculate the elastic von Mises stress distribution at the
moment of beginning unloading at maximum load. This
stage represents, at the same time, the last point of the
loading curve at which plastic deformation took place
during loading and where an infinitesimal increase of
the load would immediately cause plastic deformation
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to start again. In view of this fact, it is considered possi-
ble to determine the yield strength in the form of the
spatial maximum of the elastic von Mises stress distribu-
tion at maximum load, thus getting information on plas-
tic deformation from an elastic theory, Indeed, it could
be shown for several bulk and thin film samples that this
approach applied to unloading curves obtained by Ber-
kovich indenters is capable to deliver reliable yield
strength values.™’

In this work, the problem shall be investigated that-—
owing to the limited accuracy of measurement—the
effectively shaped indenter following from a certain
unloading curve may in principle be described by more
than one parameter set {dg,ds,dy,dg). This could cause
considerations of whether the existence of several equiv-

alent parameter sets could produce different values for

the quantities of interest like yield strength or Young’s
modulus, thus preventing definite results.

The work is based on indentation studies using a Ber-
kovich indenter on fused silica together with finite ele-
ment method (FEM) simulations. First, the influence of a
varying maximum load on the experimentally deter-
mined hardness and yield strength values was investi-
gated, putting special emphasis on the influence of the
fitting procedure itself on the yield strength results. Sec-
ond, load—depth curves were simulated by FEM for an
equivalent cone of the same angle as for the Berkovich
indenter. For this simulation, a matertal constitutive
equation using Young’'s modulus and yield strength of
fused silica was applied. Then, the yield strength was
determined by analysis of the simulated elastic—plastic
load—depth curve by using the concept of the effectively
shaped indenter and the resulting value was compared to
the yield strength used as an input parameter to the FEM
simulations.

We begin by presenting some basics of nanoindenta-
tion analysis, particularly, the Oliver—Pharr method. and
their relations to the concept of the effectively shaped
indenter. Moreover, in Sec. II, the concept of the effec-
tively shaped indenter and its use by means of the EHA
is presented with respect to the determination of yield
strength. Section III is dedicated to the experimental
studies at varying maximum loads and the determination
of hardness and yield strength. In Sec. IV the FEM
simulation is presented together with its results. Finally,
the resulting contact pressure and elastic von Mises
stress distributions due to the effective indenter are giv-
en for the experimental as well as the FEM study.

Il. CONCEPT OF THE EFFECTIVELY
SHAPED INDENTER

A. Basics of nanoindentation

In recent years numerous methods have been dev-
eloped for measuring the mechanical properties of

materials by means of load- and depth-sensing indenta-
tion testing. One of the commonly used methods
for analyzing nanoindentation load—depth data is that of
Oliver and Pharr.® They generalized the approach used
by Loubet et al.’ and Doerner and Nix,"" which was
constrained by the assumption of a flat punch indenter
geometry, The method was developed to determine
hardness and Young's modulus of a material from load—
depth data obtained during one complete cycle of load-
ing and unloading. During this cycle, the load, P, and the
indentation depth, £, which is defined as the displace-
ment relative to the initial underformed surface, are si-
multaneously monitored. The deformation during
loading is assumed to be both elastic and plastic, while
the recovery of the material during unloading is consid-
ered to be purely elastic. In fact, the elastic character of
the recovery during unloading is the basic assumption in
the analysis. Hence, this method cannot be used for
materials that, for instance, show reverse plasticity.

The analysis starts by fitting the unloading curve with
the help of a power-law relation

P=calh—m)" | (1)

where o and m are fitting parameters, which are empiri-
cally determined, and Ay is the final depth after full
unioading. Experiments with a Berkovich indenter on
a wide variety of materials have shown that the power
law exponent m ranges from 1.2 < m < 1.6.' These
results are close to the value for a paraboloid of revolu-
tion (m = 1.3) but different to both the value of a
flat punch having m = 1 and a conical indenter with
m = 2. The reader should keep in mind that the latter
represents the axisymmetric equivalent of a pyramidal
Berkovich indenter. For further analysis, it is assumed
that the contact periphery is situated because of ela-
stic deformation by distance h; below the original
sample surface. The elastic models deliver that A,
follows with

hy = EPrnax/S , (2)

where € is a constant that depends on the indenter geom-
etry. It has been found that ¢ = .75 for a paraboloid of
revolution, € = | for a flat punch geometry, and € = 0.72
for a conical punch. The parameter P, is the maximum
indentation load, and § is the contact stiffness, the slope
of the upper part of the unloading curve during the inirial
stages of unloading.

From the contact geometry, it follows that the depth
h., where the indenter and the specimen are in contact, is
given by’ '
€Pua/S - {3)

The contact stiffness is obtained by differentiating
Eq. (1) at the maximum depth of indentation, where h =

Pinaxs glving

hc = hmax - hs = hmux -
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8 = dP/dh{h = hmu) = mOt{(hax — 0" (4)

From these measurements, the contact area of the
indenter, A, can be related to the contact depth in
the form of an indenter shape function or area function
A = f{h.). With known contact area, the hardness of the
specimen is derived from

H=Puax/A . (5)

The Young’s medulus, E, is determined from the rela-
‘tion of the contact area to the contact stiffness given by

12 8
red = 5= 75 . (6)
B 2 A2
where the reduced modulus E,.4 is defined as
1 1—v: 1—?
= L+ . 7
Ereq Ei E ( )

The reduced modulus is used to describe that elastic
displacements occur in both the specimen and the in-
denter. Here, £ and v are Young’s modulus and Pois-
son’s ratio for the specimen; E; and v; are the same
quantities for the indenter.

The factor B in Eq. (6) serves as a correction that
depends on the half-included angle of the indenter, and
Poisson’s ratio of the indented material. Eq. (6} is based
on the elastic contact theory for indentation into an elas-
tic half-space, which was developed by Sneddon.? Using
the results of Sneddon’s analysis a radial surface dis-
placement for the indentation of rigid cone into-an elas-
tic half-space would be obtained, which is not consistent
with the deformation by a rigid cone. The necessity to
correct the load and contact stiffness to provide accurate
hardness and Young’s modulus from indentation data
led to the development of some analytical approxima-
tions for B, which are simple modifications to Sneddon’s
solution. For a detailed discussion see Hay et al.*! Final-
ly, with this correction, an accurate determination of
hardness and Young’s modulus of a bulk specimen is
obtained from indentation load—depth data for indenters
having axisymmetric shape.

B. Concept of the effectively shaped indenter

As previously mentioned in Sec. II. A, unloading
curves obtained with Berkovich indenters are usually
well described by a power-law relation according to
Eq. (1) with an exponent in the range 1.2 < m < 1.6.
This is different than the value given due to the elastic
contact by the conical indenter (m = 2) indicating that
the pressure distribution under the indenter is influenced
by the plasticity during indentation. An introduction to
this problem was given by Woirgard and Dargenton'2 as
well as by Pharr and Bolshakov.! A comprehensive in-
vestigation of the effectively shaped indenter concept

and its use for the analysis of nanoindentation data have
been conducted by Oliver and Pharr.”

During elastic unloading the contact area is continu-
ously decreased, from full contact at maximum load
until zero. This causes a continuous decrease of the slope
of the unloading curve. The maximum, value of the slope
exists at maximum load and is referred to as (initial)
elastic unloading stiffness, S:

dar 2
§=—r= Wgeff,alﬁ : (8)

Now, the effectively shaped indenter concept comes
into play, which accounts for the fact that the contact is
not between a conical indenter and a flat elastic half-
space, but a conical indenter pressed into the surface that
has been distorted by the formation of the residual im-
pression. The basic idea is to change the shape of the
indenter to an effective shape so that the same normal
surface displacement on a flat surface is produced that
would be produced by the conical indenter on the de-
formed surface. Therefore, the surface distortion is
accounted for by the transformed contact geometry into
one which allows the application of elastic half-space
solutions. The shape of the effectively shaped indenter
may be approximated by the power-law function

z=u(ry =B+, (9)

where u(r) is the distance between the conical indenter
and the surface of the unloaded residual impression, r is
the radial coordinate, B is a fitting constant, and » ranges
from 2 to 6 for a variety of materials. For the deformation
of an elastic half-space by a rigid indenter of a shape
corresponding to Eq. (9), Sneddon’s analysis delivered

C 2Eg 7 n \[T/24+1/20Y"
“{(n'/2B) (n—l—l)[ F(n/2+1)] A (10)

‘where # is the elastic displacement, and T is the gamma

function. The exponent n in Eq. (9) and Eq. (10), which
describes the shape of the effectively shaped indenter, is
directly related to the exponent m in Eq. (1) describing
the shape of the unloading curve. The comparison of
Eq. (1) and Eq. (10) delivers

m=1+1/n (11)
which gives m-values in the range 1.2-1.6 for n-values
from 2 to 6. Thus, the parabolic shape of the effectively
shaped indenter represents an explanation for the fact
that the unloading behavior is similar to that of a para-
boloid of revolution (m =~ 1.5) rather than that of a cone.

C. Concept of the effectively shaped indenter
treated by the extended Hertzian approach

Since the introduction of the theory of the linear
elastic contact of two parabolic bodies by Hertz,"*"
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several authors have attempted to complete his solution,
which was limited to some components of stress and
normal displacement. A very compact closed form solu-
tion of the Hertzian contact problem was given by Han-
son for the isotropic and transverse isotropic case, where
the mathematical basis was introduced by Fabrikant,'®
The next step was the extension of the solution to lay-
ered media, where a detailed discussion is provided by
Schwarzer.® He applied a method called Image Load
Method (ILM} to obtain the complete elastic fields with-
in the layered specimen. His elastic solution was suc-
cessfully used for nanoindentation analysis; for
example, the determination of Young’s modulus of thin
and very thin films,'%"* investigation of load-carrying
capacity of thin film structures,”* ™ or yield strength
analysis of thin films.*** Schwarzer’s approach was
basically restricted due to the Hertzian contact formula-
tion to surface displacements of the parabolic shape of
the indenting body w; and specimen w, with

wi(r) +ws(r) =h—r?/dy (12)

where r is the radial coordinate and 4 is a quantity
describing the curvature of the contacting bodies. In case
of the contact of a rigid sphere of radius R with a half-
space, the quantity d, is related to the spherical radius by
dy = 2 R, and the spherical radius is exactly the radius of
curvature of the deformed surface of the half-space un-
der the indenter. Pharr’s work on the concept of the
effectively shaped indenter, as previously mentioned in
Sec. II, used a Sneddon approach, which is restricted to
surface information in terms of the normal displacement
and surface pressure, because the Hertzian theory was
restricted to the parabolic shape of the surface given by
Eq. (12). Therefore, the complete elastic fields within
the specimen due to the effectively shaped indenter
could not be gained from the Sneddon approach. To
overcome these restrictions, Schwarzer extended the
Hertzian theory establishing the so-called EHA and eval-
vated the complete potentials for the elastic field due to
a governing contact equation of the type?

wi(r) +w(r)=h =1 fdy—r*fdy — 18 Jds =¥ Jdy . (13)

The corresponding surface normal pressure distribu-
tions are given of the form

N
6,0<r<a:=0)= Zc,,r”(az - 1‘2)”2 , (14)
r=0

where the ¢, are arbitrary constants following from
the complete potentials and »n are even exponents.4 This
contact formulation together with the ILM allows evalu-
ating the shape of the effective indenter and the
corresponding resulting surface pressure distribution as
well as the complete elastic stress field also within the
layered specimen. The detailed mathematical procedure

is given elsewhere.*** From the known shape of the
effective indenter in terms of the d; coefficients in
Eq. (13), the resulting surface pressure distribution
according to Eq. (14) is obtained, which then delivers
the complete elastic stress, strain, and deformation fields
within the specimen when all experimental boundary
conditions are considered propetly {e.g., film thickness,
elastic properties of specimen). It should be emphasized
that the elastic field mentioned here is the field produced
by the imaginary effectively shaped indenter within a
flat body. However, owing to the definition of the effec-
tively shaped indenter this field is equal to the field
formed by the real pointed indenter acting elastically on
the plastically deformed surface of the real sample.
The same is true for the contact pressure distribution
(It should be pointed out that the contact pressure between
real indenter and sample mentioned here is for the elastic
case, i.e., it holds for the gedanken experiment. It must not
be mixed up with the contact pressure during the elastic—
plastic indentation of a pointed indenter.) in those two
cases. Thus, the concept of the effectively shaped indenter
corresponds to a gedanken experiment where the real in-
denter 1s reindented into the surface depression following
the elastic unloading curve but in opposite direction. This
approach permits us to investigate elastic behavior as well
as the onset of plastic deformation.

A main lmitation of the concept consists of the
condition that the stresses due to the indenter must be
dominated by the elastic contribution and that the influ-
ence of the residual stresses due to inelastic deformation
is small (for a detailed explanation see Ref. 23). The
fused silica investigated in this work is particularly well
suited to be treated by the method. For other materials
that show, e.g., work hardening and/or have a large E/Y
ratio, the methodology may be ineffective. However, 1o
define the limits of applicability of the effectively shaped
indenter concept in terms of the stress—strain behavior of

" the material is a task that still has to be done in future.

D. Concept of the effectively shaped indenter
applied far the determination of yield strength

To describe the onset of plastic deformation we make
use of the von Mises criterion. This criterion means that
if the so-called von Mises stress in a material exceeds a
certain material-specific Hmit, plastic flow occurs. The
elastic von Mises stress is defined by

2 _ 2 2
204 = (Ox — Oy} + (O — 02)
2 T2 g2
+(0u — Ox)” +6(1; + 1, + 1), (15)
where Oyy, Oyy» Oyz: Txys Tyz and T, are the nommal and
shearing stresses in Carlesian coordinates. This siress

equals the octahedral shear stress multiplied by a factor
of 32V 2, which makes sure that the von Mises stress and
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the yield strength obtained by the uniaxial tensile test
have the same value. Therefore, provided that yielding
occurs, the spatial maximum of the elastic von Mises
stress distribution should be equal to the yield strength.

If an elastic theory is used for the determination of the
von Mises stress distribution, one has to keep in mind that
the elastic calculation is only valid as long as no plastic
deformation takes place. In the case of a purely elastic
stress state the calculation will be correct; however, the
von Mises stress will be smaller than the yield strength
everywhere in the sample and will not deliver information
about yielding. it is only for the very moment of the onset
of plastic deformation that the spatial maximum of the
elastic von Mises stress distribution equals the yield
strength. This approach is applied in the. loading-partial
unloading method where a spherical indenter is gradually
pressed into the sample, and the moment of the onset of
plastic deformation monitored. % For that state, the elastic
theory can still be used and delivers the yield strength in
the form of the spatial maximum of the elastic von Mises
stress. This method has successfully been used for the
determination of yield strength by spherical indentation
for both bulk®® and thin film samples.*

The effectively shaped indenter is also accessible to this
kind of approach. As mentioned in Sec. II. C, the concept
of the effectively shaped indenter can be used to evaluate a
gedanken expenment where the real indenter is indented
into the surface depression formed previously. In terms of
the load—displacement curve this gedanken experiment
corresponds to the movement of the indenter along the
unloading curve but in opposite direction. This is to a large
exlent analogue to the general approach mentioned previ-
ously because this process is completely elastic and is
evaluated up to the original point of maximum indenta-
tion, where an infinitesimal further increase causes plastic
deformation to start again. At maximum load the elastic
field formed by the real pointed indenter acting on the real
sample is still equal to the field produced by the effective-
ly shaped indenter within a flat body. Using the EHA the
latter can be calculated, including the distribution of the
elastic von Mises stress whose spatial maximum is equal
to the yield strength of the material.

The experimental procedure includes an elastic—plas-
tic loading experiment using a pointed indenter followed
by unloading. From the upper part of the unloading
curve the shape of the effective indenter, related to the
maximum load, is derived and used for the calculation
mentioned previously.

ll. APPLICATION OF THE EFFECTIVE INDENTER
CONCEPT TO EXPERIMENTAL DATA

A. Nanoindentation experiments

The measurements were carried out with a UMIS-
2000 nanoindenter (CSIRO, Australia) equipped with a

Berkovich indenter made of diamond. The device has a
depth resolution of about 0.1 nm and a force resolution
of about 0.75 pN. The real indenter shape in the form of
an area function and the instrument stiffness function
were determined by means of reference measurements
in sapphire and fused silica. Measurements with varying
maximum loads (P .. = 3, 10, 30 mN) were carried out
on every sample, where each of them was repeated 10
times. The single load—depth curves at each load were
averaged to ensure reasonable statistics. The standard
measurement cycle consists of five perieds with surface
detection, increase of load up to the maximum, hold
period at constant load to reduce creep effects, unload
to about 0.10-#,,. and second hold pertod at that load
for thermal drift correction. To detect the zero position
of the measurement curve, the data points of the first
part of the curve were fitted using the load—depth rela-
tion P = const.(h-hy)'” (with fy as zero shift) for an
elastic contact of a sphere on a flat surface. This ap-
proach can be used to correct the load—depth data also
in the case of Berkovich indentation because the pointed
indenters always show a certain tip rounding. Thus, the
first part of the load—displacement curve can be well
approximated by an elastic contact. A least-square fit is
used to find the best agreement between measurement
data and fit. For the hold period at maximum load a
duration of 20) s was chosen, which was found to be best
suited to reduce the influence of creep effects. At the
second hold period mentioned previously, the depth was
monitored at constant load during a time period of 45 s.
The first quarter of this period was not used for a further
correction because it may be influenced by relaxation
processes within the material. A linear fit was then: ap-
plied to the remaining data, which delivered a drift rate
in nm/s. This thermal drift rate was then used to correct
the complete load—depth data of the cycle.

. Finally, the Young’s modulus and hardness of the

sample were analyzed using a modified Oliver—Pharr
method,®® where a value of v = 0.17 for the Poisson’s
ratio of the sample were used. The modification imple-
ments a correction concerning the radial displacement as
a function of the ratio H/E and a variable E factor [com-
pare Eq. (3)]. Then, the unloading part of the experimen-
tal load—depth curves were fitted to determine the shape
of the effective indenter by means of the EHA, accord-
ing to Sec. II. C. Additionally, the unloading exponent s
of the unloading curve was analyzed according to Eq. (1)
for all measured loads. .

B. Analysis of the load—-depth curves

In Fig. 1, a load-depth curve, which is typically
obtained for fused silica, is shown for a maximum load
of 50 mN, as an example. The corresponding values of
the maximum indentation depth and contact radius are
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FIG. 1. Measured [oad—depth curve for fused silica at a maximum
load of 50 mN, as an example. With the usage of the EHA, the o;
coefficients corresponding to Eq. (13) have been determined directly
from the data points of the unloading curves to find the shape of the
effective indenter {solid line).

given in Table I, where the latter one was calculated
from the contact depth using the area function of the
indenter (compare Sec. I1. A).

The unloading curves could be well fitted by the pow-
er-law relation P = o (& — )™ and deliver an unloading
exponent of m = 1.23 for the load of 50 mN (compare
Table I). The m-values for 3 and 10} mN, which are also
given in Table I, proved that the unloading exponent
remained constant at about 1.23 within the load
range investigated. The indentation behavior was elas-
tic—plastic for all three load—depth curves and allowed
determining proper hardness values. The hardness values
were in the range of /] = 8.2-8.6 GPa depending on
the maximum load (compare Table 1). Young’s
modulus was derived from the same measuring data and
delivered about 70 GPa, practically independent of
the maximum load (Table I). Hence, both quantities
can be considered to be constant within the error of
measurement. _

In a next step, with the usage of the EHA, the d;
coefficients corresponding to Eq. (13) have been deter-
mined directly from the data points of the unloading
curves to find the shape of the effective indenter, which
models the unloading curve (compare Fig. 1). Different
procedures to determine the coefficients have been ap-
plied and all results are listed in Table II.

TABLE 1. Results of the load series for fused silica.

First, the measured unloading curves have been fitted
manually. This was done by choosing tentative d; coeffi-
cients and taking them for the generation of simulared
curves corresponding to Eq. (13), using the software
package FilmDoctor.”® [Software for the evaluation of
the elastic field of arbitrary combinations of norm%l and
tangential loads of the type o< S=%_c,{a? — 2" (n =
0,2,4,6)]. The simulation of the untoading curves was
performed in the following way. The governing contact
equation [compare Eq. (13)] was solved for the selecred
set of d; coefficients to satisfy all necessary boundary
conditions and to find the contact radius; then, the elastic
unloading curve was calculated for the given shape of
the effective indenter. The degree of agreement between
measured and simulated curves was assessed visually as
well as using the deviation [root mean square (rms)] of
the curves in the region from 100% down to 10% of
maximum load. In a first step, dy was adjusted for best
agreement of the curves. Then, d, d4, and dg were varied
one after another (in that sequence) to further improve
the quality of the fit. In this manner, the fits for all three
maximum loads were performed [data sets 3, 10, and
50 (a)l, yielding similar maximum values of the elastic
von Mises stress.

To investigate the influence of a variation of the set of
d; parameters on the maximum value of the elastic von
Mises stress value obtained, dy was first modified by
about 10% [from 22 to 24 um, compare parameter set
50 (b)], and again the parameters di, o4, and dg were
varied one after another. An anatogous procedure was
performed for set 50 (¢) where, however, dy was dou-
bled. The latter simulation yielded a dy = 3000 um’,
which delivered practically identical results as if dg
would be set to infinite [compare parameter set 50 (d)].
We see from the data sets 3, 10, 50 (a), and 50 (b) that
the yieid strength is within {7.1 = 0.1) GPa, independent

of the maximum load. Provided that the parameters are

varied one after another in the sequence dy, da, da, ds,
slight deviations in the parameters as they normally oc-
cur by a manual fitting procedure have no significant
influence. Even an intentional large variation of the most
influential coefficient 4 for parameters sets 50 (¢) and
50 (d) yields only a negligible increase of the maximum
value of the elastic von Mises stress from 7.1 to 7.2 GPa.

This—at first glance surprising—fact becomes clearer
with Fig. 2, which shows the shapes of the five effect-
ively shaped indenters, investigated for the maximum

Maximum indentation Hardness Young's modulus
Load P (mN) depth fiay (pm) Contact radius @ (um) Unloading exponeni mi  (GPa) E(GPa}
3 (.1487 0.341 1.23 8.20 69.8
i 0.2808 0.609 1.22 8.59 0.4
50 0.6454 1.368 1.23 8.50 69.8
J. Mater. Res., Vol. 24, No. 3, Mar 2009 1263
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TABLE IL. Overview of the d; coefficients used for the fit of the shape of the effective indenter by means of the EHA.

Data set Load P (mN) dp (um) da (].lms) ds (um*) dg (urn7) rms (nm) Yield strength ¥ (GPa)
Manual proceduore:

3 3 4 i.7 10 (1021 0.68 7.02
10 10 78 11 40 (2] 0.81 7.03
50 (a) 50 22 130 190 300 0.87 . 7.14

Intentional modification of parameters:
50 (b) 50 24 100 214 320 0.75 7.11
50 (c) 50 40 70 90 3000 1.03 7.25
50 (d) 50 40 70 90 infinity 0.92 7.18
- Tentative objective procedure: )

3 (%) 3 9 0.82 0.14 0.85 043 6.31
10 (%) _lO 14 4.77 437 1.87 (.53 7.10
30 (%) 50 20 120 148 733 i.13 7.05

Rms, reot mean square devialion.
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FIG. 2. Shape of the five effective indenters investigated in case of a
maximum load of 30 mN [data sets 50 (2)-50 {d) and 50 (*), compare
Table II). The shape has been normalized with respect to the contact
radius # and the z(a).

load of 50 mN [data sets 50 (a)-50 (d) and 50 (*)]. These
shapes are relatively close to each other, despite the seem-
ingly strong variations in the d; parameters by factors of
about 2 (in case of dy, da, dy) or 10 and more for de. Thus,
these five different parameter sets {do,dr.dads} corre-
spond to similar effectively shaped indenters and, there-
fore, deliver yield strength values that vary relatively little.

The previous results let us conclude that the manual
fit—notwithstanding its subjective aspects—is obviously
able to provide reliable values of the yield strength.
Nevertheless, it would be a big advantage to exclude
subjective influences completely. As a first tentative ap-
proach to obtain the set of d; parameters in an objective
manner, i.e., in a way that is independent of the specific
person doing the analysis, we have performed the fol-
lowing procedure: First, a preliminary set of d4; para-
meters was calculated automatically using the so-called
X-Fit option of the software FilmDoctor.>* Then, the
coefficient d, was varied such that the rms deviation
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was minimized. No changes in the other parameters (ds,
dy, and dg) were done. This simple and fast procedure
delivered reliable results [compare Table ll, data sets
3 (%, 10 (*¥), and 50 (¥)} with yield strength values
berween 6.8 and 7.1 GPa. In two cases [parameter sets
3 (™) and 10 (*)], the rms deviations between measured
and simulated curves were even smaller than in case of
the sets obtained before.

C. Stress fields due to the effectively
shaped indenter

In this section we will analyze the consequences of the
specific shape of the effective indenter (as described by
the sets of d; parameters given in Table IT) on the distri-
butions of the contact stress (i.e., the normal stress at
the surface) as well as the elastic von Mises stress within
the sample volume. With the known set of d; coefficients,
the set of ¢; coefficients can be calculated, which deter-
mines the distribution of the contact stress corresponding

- to Eq. (14). In Fig. 3, the contact stress in dependence on
#la is shown for all manual fits, i.e., the data sets 3, 10,
and 30 (a) in Table IL. For comparison, the contact pres-
sure distribution of the Hertzian form was also plotted
and showed a qualitatively different character. Consider-
ing the m-value of about 1.23 for all loads it is plausible
that the pressure distributions are practically load inde-
pendent. This distribution resembles a superposition of
pressure distributions due to a flat punch and an indenter
of parabolic shape. Its maximum is situated close to the
contact edge and the distribution is relatively flat.

Figure 4 shows the contact stress distribution due to
the effective indenter acting elastically at maximum load
for the four data sets 50 (a)-50 (d). We can see that the
distribution changed very little when d; is increased by
about 10% and the other d; parameters adjusted accord-
ingly [50 (a) versus 50 (b)]. The same is the case
for the substitution of dg = 3000 by infinity [50 (c)
versus 50 (d)]. Between these two “pairs of similar
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FIG. 3. Contact stress due to the elastic stresses of the effective
indenter in dependence on rfa for all manual fits, i.e., the data sets
3, 10, and 50 (a} in Table II. For comparisen, the contact pressure
distribution of the Hertzian form was also plotted with a qualitatively
different character.
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FIG. 4. Contact siress distribuiion due to the elastic stresses of the
effective indenter for the four data sets 50 (a)-50 (d) (see Table II).

distributions™ exists a certain difference particularly in
the middle of the contact area which, however, has only
a very limited effect on the vield strength obtained as
discussed previously.

In Figs. 5 and 6, the distribution of the elastic von
Mises stress at maximum load for data sets 50 (a) (man-
ual fit) and 50 (¥) (objective procedure) are given. In
both cases the maximum of the elastic von Mises stress
is situated outside the axis of rotational symmetry, how-
ever, at different radial and height (z) positions: For data
set 50 (a) the radial position (1.08 pm) is ~20% bigger
than for set 50 (*) (0.90 pm), whereas the z-position
for 50 (a) (0.28 um) is only 62% of that for 50 (*), which
is 0.45 pm. In contrast to these large differences the
values of the maxima are similar (7.14 and 7.05 GPa,

50mN (a)

Z (Hm)

0 | -rwnn 2

FIG. 5. Distribution of the elastic von Mises stress at maximum loagd
for data set 50 {a) (manuat fit). The maximum of the elastic von Mises
stress is situated at the radial position of 1.08 pm and the z-position of
0.28 um, the corresponding value of the maximum is 7.14 GPa.

50mN (*)

0 ) 2

FIG. 6. Distribution of the elastic von Mises stress at maximum load
for 50 (*} (objective procedure). The maximum of the von Mises
stress is situated at the radial position of (.90 um and the z-position
of 0.45 pm; the corresponding value of the maximum is 7.05 GPa.

respectively, compare Table II), and the distribution as a
whole is also practically the same as can be seen by the
contour lines for the stress values < 6.5 GPa.

IV. APPLICATION OF THE EFFECTIVE
INDENTER CONCEPT TO DATA OBTAINED
BY FINITE ELEMENT SIMULATIONS

A. Finite element model

Elastic—plastic indentation was simulated using the
commercial finite element code ANSYS (Canonsburg,
PA). The contact problem has been modeled using an

J. Mater. Res., Vol. 24, No. 3, Mar 2009 1265




M. Herrmann et al.: On the usage of the effectively shaped indenter concept for analysis of yield strength

axisymmetric setup, where the indenter was modeled as a
rigid cone with an angle of the indenter face to the speci-
men surface of ¥ = 19.7° corresponding to the average
value of this angle in case of a pyramidal Berkovich
indenter. The specimen was modeled as a large cylinder
H = 100 pm in height and W = 100 pm in radius, which
was represented by ~25,000 four-node axisymmetric
elements. The simulation was performed up 1o an inden-
tation depth of A, = 0.4 um. According to this, the
dimensions of the specimen were found to be large
“enough to approximate a semi-infinite body. A symmetry
boundary condition (roller b.c.} has been applied along
the centerline, no displacement was allowed at the bot-
tom surface, the outer surface was modeled as free, and
the contact between the indenter and the-specimen sur-
face was considered to be frictionless. The mesh was
chosen to be very fine in the region of the contact, and
the element size was increased progressively with in-
creasing distance from the contact. A large strain formu-
lation has been used with the material behavior of a von
Mises solid, which is shown in Fig. 7. The material para-
meters used in the simulation were those of fused silica
(yield strength ¥ = 7 GPa, Young’s modulus of £ = 72
(GPa, and Poisson’s ratio v = 0.17). The aim of this finite
element simulation was not to match exactly. the experi-
mental load—depth curves and to reevaluate the experi-
mental results obtained. It was rather used as a parallel
independent computational experiment to study the con-
cept of the effective indenter in the form of the EHA for
the determination of yield strength. Additionally, the
loading and unloading of the simulated load—depth curve
have been analyzed using empirical power-law fits,
where the exponents contain information about the shape
of the contacting bodies and the resulting pressure distri-
butions. For the loading part, an empirical relation of

8 elastic perfectly plastic ‘
© .
o 6r ; |
S |
b 4] ]
o |
4 |
e/ -
@ s
0 + L L L ! 1 L )
0.0 0.1 0.2 0.3 0.4
Strain, ¢

FIG. 7. Material constitutive law of a von Mises solid used for the
finite element simulaten with a yield strength ¥ = 7 GPa, Young’s
modulus of £ =72 GPa, and Poisson’s ratio v = 0.17.
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P oc h* has frequently been suitable to model the elastic—
plastic load—depth curves of Berkovich indenters onto a
flat half-space.””*® In this case, an exponent k of about
2 was obtained. The unloading curve were analyzed by
means of the power-law fit according to Eq. (1), where
the exponent m provides information about the shape of
the effective indenter as previously mentioned.

B. Simulation results

The load—depth curve obtained by the elastic—plastic
finite element simulation of the material chosen is shown
in Fig. 8. With a maximum load of Py = 22 mN,
the elastic recovery obtained during unloading was about
ke =225 nm and the final depth obtained was about /; =
175 nm. The hardness value observed in the finite ele-
ment simulation was estimated to be 10.4 GPa.

The analysis of the loading and unloading curves
revealed that the loading curve during elastic—plastic
contact was well described by the power-law fit given
by P o A* with an exponent of k = 1.96 (Fig. 8), which
is in agreement with exponents obtained from experi-
mental data mentioned previously and indicates a proper
elastic—plastic deformation of the material. The unload-
ing curve is distinctly curved and can be approximated
by the power-law fit P = o (h - hp)™ with an exponent
m = 1.31 {compare Fig. 8). This value is similar to the
value of 1,23 obtained from our experiments (compare
Table II) and again represents an indenter shape
correspontding to a flat punch superposed with a quadrat-
ic parabola. The exponent m was used to calculate the
exponent » in Eq. (11) with a resulting value of n = 3.2.
The analysis of the unloading part of the load—depth

25 - T T T T T
= load-depth data

ool — fit of loading/unloading 1
Z
£ 15¢ ;
o .

- 10} loading exponent ST

8 P~p' unloading
C 5L exponent
— P~ (h-h)""]

0 o7 0z 03 -o04
Indentation depth, h (pm)

FIG. 8. Simulated load—depth curve obtained by the elastic—plastic
finite element simulation. The loading curve was well described
by the power-law fit corresponding to P o A* with an exponent of
k = 1.96, and the unloading curve is distinctly curved and was
approximated by the power-law fit 2 = o (h — A" with an exponent
m=131.
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FIG. 9. Fit of the simulated untoading curve by means of the EHA
showing an excellent description of the data points,
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FIG. 10. Contact stress distribution due to the elastic stresses of the
effective indenter obtained by the EHA.

curve was performed by means of the EHA in the same
way as for the experimental curves (compare Sec. IIL. B)
and the following coefficients were obtained: d, =
15 um, dy = 20 pm?, dy = 40 um°, and dg = 250 pm’.
From these d; coefficients, a similar conclusion, as for
the experimental data, was drawn that in addition to the
parabolic term r* the higher order terms of # also influ-
enced the resulting shape of the effective indenter, which
is in agreement with the value of the exponent m = 1.31.

As Fig. 9 shows, these d; coefficients provide an ex-
cellent description of the unloading curve calculated by
the finite element method. Then, from the resulting d;
coefficients, the c; coefficients were calculated, which
determined the shape of the contact stress distribution
due to the elastic indenter stresses of the effective in-
denter, as shown in Fig. 10. It can be seen that this stress
distribution is relatively flat over the contact region and
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1.5

r {(pm)
FIG. 11. Elastic von Mises stress distribution due to the effective
indenter obtained from the simulated load-depth curve (Fig. 9) deliv-
ering a maximum of Gy = 6.95 GPa (yield strength) in excellent
agrecment with the yield strength of 7.0 GPa used as input for fused
silica in the finite element model.

shows a slight increase toward the contact edge. This is
plausible because of the contribution of / terms of
higher order, and is in accordance with the unloading
exponent m = 1.31. Moreover, the type of resulting pres-
sure distribution. obtained in this case is similar to the
results of the experiments of Sec. III. B.

Finally, with the known ¢; coefficients, the complete
elastic stress field within the material was computed.
Following the already provided arguments {comparc
Sec. II. D), the spatial maximum of the elastic von Mises
stress distribution was used as a measure of the yield
strength of materials. The corresponding von Mises
stress distribution is shown in Fig. 11, and, indeed, the

_ obtained value of oy = 6.95 GPa showed an excellent

agreement to the yield strength of 7 GPa used as input
for fused silica in the finite element model.

As mentioned previously, the m-value of 1.31 for the
simulated load-depth curves was somewhat larger than
the m = 1.23 for the experimental data, thus influencing
the shape of the contact stress distributions and the elas-
tic von Mises stress field. These differences are most
likely an expression of the fact that the real deformation
behavior of fused silica is more complex than it was
considered in the simulation. However, the finite ¢le-
ment simulation has shown that the input value of yield
strength is in good agreement with the value obtained by
the EHA, thus supporting this approach.”’

V. CONCLUSIONS

Fused silica samples have been investigated by nanein-
dentation with a Berkovich indenter applying data analysis
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on the basis of the “effectively shaped indenter” concept.
As expected, the investigations have shown that the hard-
ness was practically independent of the maximum load
during the measurement. Moreover, the yield strength de-
termined using the method of the effectively shaped in-
denter also proved to be independent of the load.

In the effectively shaped indenter concept, self simi-
larity in an indentation process is reflected in the fact
that for an increased maximum indentation load an “ef-
fective indenter” is obtained that increased in size buf is
maintaining its shape. The latter is shown in the fact that
the exponent #m corresponding to Eq. (1) and the contact
pressure distribution due to the elastic stresses of the
effective indenter (compare Fig. 3) are practically inde-
pendent of the load. The increase in size of the effective
indenter is such that the mean contact pressure, which
represents the hardness, stays constant when the maxi-
mum [oad is changed. Eventually, the practically load-

independent shape of the contact pressure distribution, -

together with its constant average value, creates such a
distribution of the elastic von Mises stress in the sample
that for varying maximum load one and the same yield
strength value is obtained.

The shape of the effective indenter was described in
terms of a parameter set {dy,d».ds.de) with the para-
meters d; being determined by means of the manual fit
described in Sec. {II. B. Determination of the yield
strength from the effective indenter obtained this way
delivered practically one and the same value of (7.1 &+
0.1) GPa for all loads investigated. Even intentional
large modifications of the d, value by 10% and 100%,
respectively, followed by a readjustment of the other
parameters resulted only in a slight shift of the yield
strength values toward (7.2 £ 0.1) GPa. This lets one
conclude that the manual fit, despite the fact thar it
includes a certain level of arbitrariness, is obviously able
to provide reliable values of the yield strength. Never-
theless, the complete avoidance of subjective influences
would be a big advantage. As a first step, we have
applied a preliminary objective procedure (compare
Sec. III. B), which delivered reliable values of the yield
strength in the range of (6.8 to 7.1) GPa in a fast and
easy way.

Finite element simulation of elastic—plastic indenta-
tion of a rigid cone into a von Mises solid having the
material parameters of fused silica, including yield
strength of 7.0 GPa, has been performed. The simulated
unloading curve was analyzed using the method of the
effectively shaped indenter and the d; parameters
corresponding to the EHA have been determined. From
that the yield strength was determined analogously to the
case of the experimental curve and a value of 6.95 GPa

Finally, it should be mentioned that the material used
in this work seemed to be particularly well suited for the
application of the method. Although several other mate-
rials have been successfully inveqtigated using the effec-
tively shaped indenter concept in the form of the
EHA,*’ a detailed investigation of the limits of applica-

. bility of the method remains to be done. Further experi-

mental and numerical studies on materials of a wide
range of varying stress—strain characteristics and varying
ratios of £/Y are planned for the furture.
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