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Abstract

With the economic development and scientific improvement many
scientists and engineers in the field of civil infrastructure pay more
attention to the health monitoring for all kinds of bridges, because it has
great influence on the people’s lives and propertics, the social stabilization,
economic progress and the national status in the world. The study on
remote monitoning for bridge vibration, which is one of the important parts
in the health monitoring for bridges, is financially supported by the
academician foundation of Chong Qing city. Now a good result has been
gotten in the remote monitoring for the Hong Caofang bridge which is
located on the Yuchang Highway.

In this dissertation the application importance of bridge monitoring is
first presented and the bridge vibration is fully discussed. After reading
plenty of literatures the author summarizes the up-to-date progress and
research development in this field at home and abroad, accepts the
advanced experience and good ideas of other researchers, puts forward his
own research scheme about dynamic strain sensing using piezoelectric
patches and has gotten important outcome in a creative way.

The author builds vibration model of three kinds of bridges, which are
very popular in the engineering, and discusses the vibration shape and
distribution of dynamic strain in order to choose the sensing position of
piezoelectric patches and analyze the vibration signal correctly. The
formula and principle of piezoelectric patches sensing the dynamic strain
are derived from the piczoelectric equation, The difference between the
voltage amplifier and charge amplifier is presented. After analyzing all
sorts of communication methods the author has implemented the
communication between two remote computers using MODEM through the
telephone network and has written programs for the system. The remote
data transfer and remote monitoring have been achieved successfully. The
system 1s being used on the Hong Caofang bridge after installation and
examination. In this dissertation the technical difficulties and problems are
also discussed. Afier a lots of experiments the author analyzes the dynamic
strain signals of the bridge under the vehicle excitement so as to get the
information about vehicles and the characteristic parameters of bridge
which are so important that the health of the bridge can be estimated.

In this dissertation the author has gotten creative results in the dynamic
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strain sensing using piezoelectric patches and remote communication
system, which are the most valuable in this research project. These two
creative resulls can be used in many fields such as dynamic strain sensing
and network instruments. All in all the continual research in this project

will bring the whole society great benefit.

Key words:
bridge vibration piezoelectric patches dynamic strain sensing
remote monitoring communication between two computers
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TRRzHE BB A LRFE,

RN ERMS KB SHNAHE %M. SRR
ERENFIIRIR (Blin. ZEH. AR, MEXNEHENE) HEHiED
W o A8 A2 B I R AR A 0, T B S EE ST MR F I S5 &t A 5
M IR EDRIRER,. B~ R8N — K TN R
HAMRE, HNEZ—ARKEHEBT, b2 =8
w.

PrR m RS A R B RE, el hErr S e
FEHRE., £-RERT. AN TRER FHT. &
M B A S AT HE MR R Rz BRI, T, ZDRTERET LIS
TSR ES, 0] LA RIE A TR,

A REN B TR BATRIER FTH BRSNS . RA18E,
MTRE AR S UAHRE R, B, BRIl E,
Lh 2000 £ 4 BEFEF IO RBEHRKMS L, Bk k2Eiba
T B s s FE v SR AR R A R AT . R R G 48 2 S
REXRMEEX —BERERHFENTRS, HAETRTNHEREF4
HEE), MBIAS - NHEEINEANT, WFRESERIER TR
ERIBNERNAHT IR, NN SERBEFRREHED
FPE, P RGHNETR. IR NB—HE K ME, W
HRAEAMILEBEXALHNE. —FE RN LHETRET
“PNEEMREARBH, S—HHEBNTREFEMAH, SRR R
(ENSEBREFEAIT T T A RFHER. B, HREHIBETF, o
"V B 7 AL O Bh A B A IX — BRI R R BRI R o B 4 20
9, TRQMERT RS ENN, 75152 5 BRItk B iR
BEX RSN BRI TIE, REBLIM AT, HIFHH,
VIsERI 4T, BRAT R Iasi R R e E K RE,
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BRALTL R B8 i

1.6 45 e b4 R 7E B 38 T 3 S P A R A

M AT ) A BF 2 S RIWF S IR 1 4538 0T DL . FT B AR R
RN E - AR RES. R REREMERNNH, JTRET
ﬁ%ﬁ%ﬁﬁ%%%ﬁ%ﬁm,Fi?iﬁmm%m%uﬁﬁ%ﬂﬂ
41, AHAEHMERECSTEMNE B XFE LS. EREG0R
P CAE B, 2NN LSRN E TSR, EiE
BN R RIE, R A A R 28 AT 25 6 e B2 Hr 22 1)
PEETAA AN AT R E . T EXR XY, XHES R ED BN
%ﬁ%mﬁﬁﬁﬁwﬁﬁ,%uﬁﬁﬁﬁﬁﬁﬂﬂﬂﬁﬁ%a

1880 FEHEN BRI T FHHMN, NHESE T R R H K
oo At 40 FEAORE 50 FEREH TR R . FEARRT AR IM E
HIBE R & EFTHFEMEAR, MKEFGRTEEHENT ENEE
W3i[33].

RAT R L 88 FADE VU B, BEESIEREARERIEN H
LR AM BT A R, ATTSBOYRBEAER L HBIE
SHRERGE, XEREEEMN, BN IEEBHN34,35]. ZEF
HeMHEURED, EHEMEHEAAEBRNTRME. FREEEHR
SRR, MERHETANMEZTAAFREME N, mE
M HERARR, BRI LAF= 4 iEm g, WAL X n] LAy A
M. ATz E84 K B E B FERHE

RATHH PZT R EREAE S, BHAMG TR RE BN
fr, BHEHRE-AERT, SF PZT BB EH S § N
EHRHPBEEFESMRIEL. RAESierBocss, eSS, K
EERE, B AD HFERRENEEUESHILRE T EES. Z¥HERE
S HMNEESERIK TEVRENGEME, RAEAHNRERTSH
Hr. 184 0 T @ MRs)5 LRSS NN E — R NIE R 1R
P, ERENTHRENEE, FRERGE, FHEUES &t
kit, £5IESKEFHRES, ARESHEBEEETRE., BRIIX
Hﬂ%TE@@%%ﬁﬂfﬁ%@:m?E%ﬂﬁ% Frl iR 5] ekt
(Fo R/, XBTHRUEBRIGFHNESE, HAhaNBErRD,
fEesl8BEmE, UK, KULEX. WERYSBKBEAE
SHHE{ES, SHIEKEREERE, GEERENFGR; MSB
s S AT XA EE, Ll PZT E WS A X R ge B4k 4 7
SNEERBRFEBRHIENHAEY. %5, EdEtsaiht,
fRT IR R PZT 4, ¥HMEEEREEEE PVDF, BIIEARESHRZ
— . LN B #R{H .

F"
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RS H_ B &

1.7 BAC 8 VR E AR TE o 82 8 sk 1y Y A

i< REEASH S, ERHEER. T, 4%, EHHE
R BT 8 E R FRRSEIEREE . 1N BFR KIS B KR
M EAY, BilEEBMIRIN. FidtETs2ESH azi{ie g
b, XEARSHRAZINMEEREREAOHSEEMEN . A

R RV FRERTLEL, NMBRES - EHRERTE PR
PG, XESERRERES, Bt ERITERAD. W,
M A RMLUARRZN,; N, X7 EFREHRNR S0 IFEEE
£, EAEKBESERENIREERAR. MEFRK. HRERSSR,
ML EE XA a6 TRRINS, MESFESMKRERE. B
Rz d. ATHERYAAD. O1h. BHZHTFHRPBNERSZ, —
PTREFBI AR CEE M. BRRIE LI A LEE, TIRAE R
BRACHMBH TR RLERIEEHRE T, $ITBIERRE, REEBHT
i AR A 2% 22 ot H BT B A AU B i 4% R 45 A 2R SUEE BN &
. REBEBEN - PHRERTR S L, BATLURIMA LR 82014k
B SXEFEANHE. R, o ELo] CLE MR R B A TR 5.

BAVAE, BERABENERE, C8HF TSGR, i
LRMNBAH T EXERRAENAE. AR RENERUNE
ZLEVH I IE R T SRR B ) & B, B it — 5
T IX—J7 R . EiF AR iE .

MR R — N KRRINE, Cli R RSEAE, B8
FENIEHEFA AR TERER ARG EE SR hE. XiEE
HERTHRESHOENPH— AN FHEFEVRS TR IE. SHEA
R, HAFEAN, AT CAREIS AR L0, MAWCEERRT
fERMEMNE. FURSEEASHMEE, BB SR
B, BEFMNHRRFROREEN, RHENMAFEEDENTHE
HAARE R, LHN®RZ RGN, $ﬁiﬁﬁﬁ¢%aéﬁﬁm
A THEMCENERVEERBEBEE. S SEWHHER2EE D
ﬁﬁﬁﬁ,%E%%E%ﬁ%ﬁﬁﬂﬁ@%@%ﬂﬁ%ﬁﬂﬁﬁm,
BEZERITKAESE BTSN BRI EHTER, &
PEG 0 ZREHE R RAREHITH, BAESSANH =M ANA,
TABNF SRR RAN B INEE, MRS E IR
R LR BB AL BB R 1IE T 404 52 KBRS BRI 4 8 it
ITWIZ B tr, MR A CUN BT @R AT IR . R E
RZEW, FEFEM, FFOIT MR AE, HEET BIFNOUSTEE,
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ERKEWEER T B FREDI

FFE BRI

RE  AEREREEAREIRES T RSN FERE, X
THEEVRE DH=MEARNER: PiRbEXXE. MikBER. —i
[ 52 — S fal X R AR HIERAT TS, RIRTHEMNEIIBEZE
MIMALrE, ot TXRZFEANRAOEIrERRzENZES A, &G
X 4 B BRI 50 785 Y 28 18 AR IR BN BEAT T Y1 B9 5T

2.1 %k

RS LA AW ERTEGEREN —HREER, £
MANMTEP+7ERBINE, LFS—HILBRAERDEBERFR
e . BERABRESN S FERNE MR R ER Ak
A= N2 IE PR LIRS “BE—RE” £4[36). MiED)
FRURE, SHERSIERBEMRLANELYEE (B, 3.
M) R — B A TRER E ¢ B2 X R[37]. P2 LAIRIE A
HIRFIEE R A B2, BEALEESINRESE =8, BHiEs),
Tiates). B#irzh: HERRIFIKRESA = @Rz, EHIE
5. BLIRs); RRBRLEHEHRSHF SO BF R KRS
ML), BRI REHEHESEHM:. LHHERERSHHNEE
HEdRE); WESOIBMRRESHE =f. MRS, YRS
o) # B)[38] .

MAEX T IRATFTIAREIFREN, NI EREN EdERERE
MEXBABERS, WEFHERIOCOHFE, Kz EhEES
mm.W%%mﬁﬁ%ﬁ%%ﬁﬁ%,W%E~A£maaﬁmﬁm
RE[39]. MR B RiE, FEBENBRTENRBMIES, &
N AR RS ZXBEENHRENEEN THEEEAK L
LA RKHY, SIERSIGBREFELASE AWM T IILANE: 1) A
LB RN IS EAFRIES), WRKERSVOESINELKE
5% : 2) HERKAN TS REGFRES, WHEARE,
3) REBIERMBIEE T RESHIE KRS, 4) HEHE
HAR R EBRBRSD.

KT BT 200 BFEMRELSET ANIHEN. 18 tHE
Fnt, é%ﬁ%ﬁ&m(Lamo@ﬁ%%ﬁﬁﬁﬂﬁﬁﬂﬁ%
fhorth 7T RE R, MR ME e ROBKs), BT R8RS
BRMEGTR AR, BT AMBENERKFERRE), BRIy Qs
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ERKEOLFERIBT B% FRENIHA

H— e R B R HE(32]. AAMFEH T RABERED R THEILK
HiRNA, HRIESHERSETEANKE, WHRTSH, &
H ARz RIS AR RES S P RETRAEEMIEN. R
SO, AT K FIAE S R 3h 40 8 b B ¥R K 03 4 i 2h 31k
KiMAT i, ERHN=ZHEANHFREWY, MPREIXE. WA
- dmfE SCR AP IR E e R, XK= EARNFRELFETRP R
HAW . XBTFELHRENRS T, &EFERRIEXRHERIRES,
FEAZRAI OO S R B B RENF AT 0 . Wt 5 dr R m iRz &
MR TR ) 2R R AR S A, O i (BTl 8 T o B0 4 S 3R S A0 34T SE R Y
LM i K B e s s B KR BN MR 5 1 43 4 B i

2.2 Br@E e W #sh

REFR-MEGAER - — B EERMARN, SR
Hr. BERWFFAGREIS, SANEBRZ BB HHELE, LI
LR Tl AT AR 4R . X TTHT LA BB A\ T3k
R B SR EIBR [l = B AT 4 #7

2.2.1 B4 a) R Bh B AY

BEEREEMEDE Bz ERENELCTAN S RS . TN
HRs T4, SAERNEBBIIENHEER ., HTHENE
HIR 7, dfE TR

1. ZE&ABEHOPOEHMER—FEA. A RAZFEHAER
ja) ¥ 51 ;

2, FPNBERST5HKEZ LR/, 7288508 S50 8 25
H R ;

3. RO APRINF S I REFES HMRE, EREDNEBR
N, FEEHETEN.

AU = SRR R ARSI PR R B, BT
REBERIELT HE-BIER T HRE OB, FRERERGA
SR, MATHESENEREREBREREN, diha-r
R iwsh B h E R, BIRRI—— 185 R 2 (Bular-Bernoulli beam )
R, PR R A A VR TERT R B0 140 4 b R 2 3R R FH 89132

FHBIER—HEEERE X—Y FHERAFERE R G G
3, ABERAN x BMEAKMITE dx AU R, HWES HiEm
W 2.1 Fron. B x BOREBRERAIEE, v ERBERBEG R
FEHAKSERE, | RFBHKE, A RRPHORBRER, mERE
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HIRAFW LFENR Y BT RS

G IE R R, p RRMSEMABURE RERED, ] FRE
FBRER T B0 BB IEE, B BRRHNRERERIE. V 2RE
HITF x B8, MFBRERT x BELHEE, V+%mw

W T xdx BRI L A98S ), M+%¢r ErEEAT xedx B FHE

i, mdxa Y _ mdx@ Y R B R

Ay
X
O >
- X . dx ]
. -
o'y
pAdTarz
M ( VT ¢V+———-cix)M+%dx
&x
- dx >
K2, 1. Ziem 8 a3 a4
BAVRS 58 e el LI an F AR,
oV 0%y
V-V + — — < —
( - dx) -~ pAdxa: 0 (2.1)

CABE 2.1 TUROn AT (B) x+dx BED FET— A thoE A
HEEE AR T

=0 (2.2)

2o (2.2) HE (dx) ZBr/DIH, FRBAIITLIES).
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ERAZTLERY - BB FRRSIH

oM _ (2.3)
Ox
62
AHAF ) 28 B A B8 | ] 440 M:EJgf (2.4)
FIH (2.3) XK (2.4) tajpliE,
) 4 i %y o'y
=M =—(ES—2y=EJ (2.5)
Ox  Ox’ 6.1:2( 6,1:2) o
¥ (2.5 LA (2.1) A el
64y ﬁzy
EJ = —pA-——= (2.6a)
o & Ot ?
oy 1 0%y

o' a o (2.60)

Hep, e ‘/z , (2.6b) T EI AR R M R A IS B

ER—AXT x MBI F KRS 512 BT KR 512, B
MET IR BB g, REREI .

y(x,8) = Y(x) - D) (2.7)
WE (2.7) LBAIT LB ).
A1 ()
Q) — = 5 V() — (2.8)
A4 B A B ] 78,
@t dYx) 1 dew
Y(x) &  ®@)  dff ~ O (2
H o, AR L RROEGEREE.
TRBNISEETLAE 200 F BN 0] LR AT 98 1504 5.
40\ w2a() = 0 (2.10)

dt
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ERAEWFHRL “ EE FREHIMA

d'Y .
_._.&rgx) - ‘:z Y(x) =0 (2.1
TR (2.10) PR,
O(t) = A, cosw I + B, sinw ! (2.12)
(2.11) KAJRABE 4.
4
4 S") ~AY(x)=0 (2.13)
2
=, 1. 1‘4:&}" :pAm:l
' at EJ T
TREEAREEETLEE (2.13) AMNBNT:
Y(x)=A'e™ + B'e™ + Cle™™ + D'e™ (2.14)
AU FRFES
Ax -Ax Ax —Ax
chix=2_1° shix=5_"¢
2 2
et = chix+ shix e = cos Ax + isin Ax

TR (214) ATRE N
Y(x)=i(B' - A)sin Ax + (B"+ A"Ycos Ax + (D' — C"YshAx + (D' + Cchix

= Asin Ax + Bcos Ax + Cshix + Dchix (2.15)
(2.15) AR R E B diEsh IR X 58 .
¥ 15 5 212) AR Q) K, BTRERHE R 8 diEN
RRH -

y(x,8) = (Asin Ax + Beos Ax + CshAx + DchAx) - (4, cos@, ¢t + B, sinm 1)
(2.16)
LAPFEANTFEEY, K 4, B WhTFIRINVIELME, A, B, C,

D BLiR T2 i i &4
AT aEEEE, BOIGTTUSIASTE R,
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BERAETLETIRL =g

1
S(Ax) = %-(chﬂ.ﬁ cosAx) U(Ax)= —2—'(ch,1.x ~ €08 Ax)

(2.17)

T(Ax) = —21- (shAx+smmAx) V{(ix)= %-(shﬂ.x -~ 8in Ax)
XM ERBEREW TR
f‘.’.‘f’::ly, ar _ : du _ = AT, gK“AU,
dx dx dx dx

2 2 2 2
?’—g—zzlep d{:!ler d?:.&ES! E'{_E:—AET'

. dx?

3 3 3 3
df:fr. df:fU, d?:fV, df:fs,
1§ EHEEFARA (215, MBRERSIFIRERAFRENTHE N
Y(x) = C,S(Ax) + C,T(Ax) + C,U(Ax) + C,V (Ax) (2.18)
;ﬁ:tlil: _;_(CZ '"‘Cq)IAn %(CI_CS)ZB’

%(C2+C4):C, %—(C‘,+CS)=D,

(218 ARk —Fr. B B&08.
% = AC Y (Ax) + C,S(Ax) + C,T(Ax) + CU(Ax)] (2.19)
LY - RICU) + C () + C,SUx) + C,T ()] (2.20)

dx

(2w)ﬁw<rm)fﬁ%?memﬂ%#ﬁﬁ Xt TR
MNBEHEME, FEFUOTILFERAMDREE: FREY, HEE
i, iR i WA, X=MEXNHFRERNB TR LEN,
F@ﬂﬁﬁ%ﬁ%ﬂ HARZAMRGEMIESNE B RE0 T HF
B, AAETIREFEPRINSHESRBORESR, B@HETHS
RIATR, FURINFES RIS LM AT 54

2.2.2 PR ) S R KB iR Bl
ﬁﬁ%%ﬁﬂ%#%ﬁﬁ%ﬁﬁ%ij%%m%ﬁmﬁﬁuﬁﬂmzo
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ERASETEER BT $oH BREIHY

WA (2.18) K AT15: C,=0 (2.21)

2
%_‘L{I L=0%A (220) REB: C,=0 (2.22)
(ilfz =0

BY |, =0F (221) K& (222) #A (2.18) KA.

C,T(AD+CV(A)=0 (2.23)

2
TY =0 (22D & (222) #A (220) XA

ﬁdﬁ‘

C,V(A)+C,T(AD) =0 (2.24)

B (223) M (224) WRBEC,,C,HESE, BREFTHRME R

%, B,
Ay V()

= (2.25)
V(M) T(A)
WEEEI8: skl -sindl =0, ©iFshAl 20, BTUH:
sin A/ =0 (2.26)

(2.26) LR PR ST RO R RS EFZ, EHFERNBRNR RS
A BEBME., B (226) WA,

Al =in (i=1,2,3+) (2.27)
T2 W] LAAG 21 v g oY SRR AR o e 5 1B MR A RAA T K

@, \[i JE_J Ly (2.28)

¥ (2.21) 30 (2.22) 300 (2.18) R, B a8 F X 1R a1
M REMG IR B R S 5

Y{x) = C,T(Ax)+ C,V (ix)

= D[il- (shAx + sin ix)h%(shistin Ax)] = Dsin Ax (2.29)

RRD=C, =-C, iskm ., PR YRIORMBERE 4 Eim,
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ERASTH SR | B8 FRESHMA

—————— — + r— —

B 5 RN EEHE o, WA = iji HEIRA (229) 3, HEyRiE

P o 1o} AP A AT =0 F A0 2.2 Bror, B yl,y2,y3
SAMBTREB—H. BIMAME=ZMESHERRE.

v
3
2.2 PRI =/ LIkE
2.2.3 P4 %i [ 52 G2 (KB4 e % B
XMREAFEEANPFIROLBE AT, FROEADLIT. BY| =0
WA (2.18) R aj. C, =0 (2.30)
4@%@:0%&)\ (219) XAT@: C, =0 (2.31)

¥ Y [,=0H (2300 & (2.31) #A (2.18) LA[{E.

CUAH+C V(D=0 (2.32)

dY
B—{ =08 (230) & (231 #A (2.19) 0,

dx

CyI(ADY+ CUAD = 0 (2.33)

b (2.32) 3 (233) W,BMHC,,C,HEEM, LAEBITF A5 %
%, 8.
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FRimo&2kE®rc, =0, C,=0, ﬂ

VT 45 %4 2 [

¥

Y(x) = DlchAx —cosAx -

BRI -
shAl +sin Al

chAl —cos Al

EKA ST m B HREHH
'U(ﬂ) V(/U)l: (2.34)
T(Aly U(A)
i JEe[18: cosAl-chi =1 (2.35)
(2.35) sURK R %5 B 2 M2 K RSB R, RIRFR#a
KN RAXEMBEBHE. HRZABE - TMHEBEFELERHEE
FHiEkm, HBERABES A ERE, BADES SR
m%m&m%%&%%:yﬁw
e F 2.1 P ) R EOBE R PR 5h 5T R 5 F2 ) B AR
i (AL 0 1 2 3 4
¥ {8 #E 0 4730 | 7.853 10.996 14.173
i (A1) 5 6 7 8 9
MAER | 17.279 20.420 23.562 26.704 29.845 |
W LR X BRI A BB R E 2 R AR AE T 4,
@, =alA; = (E)EJ—E‘J (2.36)
oA

— T A (2.18) R, BP

Ca

et

(shAx - sin Ax)]

(2.37)

Ki2. 3 7S
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AR i X B HREI

K D= —;-c3, WALEEYN, BE5EMEERZ e, WK A BER

A 23D R, BRI REF B FEROSH EHER. Hgr=mFHEZWn
& 2.3 PR, B yly2,y3 SRR —Fr. F_HrRE=MEANE
PRI .

2.2.4 — 3l 5 — R R S R B kB
XRMRMAFRGERB RPN BENEA LT, H3ROBREA
AE, Wx=-0 A RNBEEw, BY] =0 (2.18) R A[15.

C, =0 (2.38)
dY | y
4%—3‘;11:“:0%)\ (219) \Aj{g: C,=0 (2.39)

Y =08 (238 K (239) #HA (2.18) R A[{5:

CUAN +C V() =0 (2.40)

d*Y
Pt

¥ L=0M1 (2.38) k& (2.39) #A (2.20) K°718:

C,S(AD+C, T =0 (2.41)

A (2400 XA (241D AFANBMHC,,C, HEER, HRETHR S
ﬁﬁgga EI]

UAly vy
’S(ﬂ) ) m}_o (2.42)
wiEiEmE. A _ siAD (2.43)

cos(A)  ch(Al)

(2.43) >CR AR — i [ 2 — 3 18] 3L RO B I R 3D 512, R A2
MR RU RGN EMBEHFHE. BREFEBR - MHBHELEN
FEBETTEERAR, REABEM TR RE, RITE T BB




BRAETLERIL | B FRRRH

(77 i RAGRB AR <BEY R A0SR 2.2 Fror:
#* 22 —ImlB e — i B SRR R B R

(A 0 I 2 3 4
R0 0 3.927 7.069 10.210 13.352
i (Al) 5 6 7 8 9
¥ AH /R 16.493 19.635 | 22.776 25.918 29.060

MR LR RS RATTAT BATE B — 3R (B 52 — R A SC R AR i SR B AR 5

AWk

Elé—’é > C — O » C — 0 [ ﬂ *-—i— = .
R 22K EBRC, 2 ¥ = T KA (2.18) =, A0
A9 — 3 [ 2 — S (R X I RIS R B BR 3 N -
hAl + cos Al .
Y{x)= D[chAx - cosAx — ihﬂ} L :?jﬂ (shAx —sin Ax)) (2.45)

E;LPD:%—C?,. HEBEH. EHEEMETRE o, ¥R A OER

A (2.45) 3, BITKRE—IRMAEZ IR X RGN FIER. L=
FRE 2.4 Frox, B yL,y2,y3 S RERE—FHr. SHMUB=H
BAKERE.

o,

2. 4 —UiE E — R SER AR =H iR
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ERASTLEFART B8 FREIMA

2.3 BRI B B 1) 3 4 3h 2 T8 K130

IR BRAIB S IR, RE—-PMEHFEZNBHENENR
%, PEERRESE BB EREEEAHEBE. BY. (DN 1

hE&RS, REAFTHEZE N0, , V() BB s B2k, HEEHFZ o,

Y () MY () L2035 2 (2.13) B

d'Y,(x) _ .
i =AY {x) (2.463
d4Y;(-x)_ 4
X = 1Y (x) (2.47)
_[Y (.r)d Y(x) dx =Y (x )d Y(x),; J-dl;ix)d;’x?‘(x)
) Y (x)y dY () d’Y (x)p ;d°Y,(x) d%Y,(x)
R -1 dx  dx? L—._-.-_dxz o
dY(.x) _dY. () d°Y,(x).p 1 d?Y, (%) d7Y, (%)
= }’ AN
=[¥,(x) AR ]L’+o R
= A} j' Y, (2)Y, (x)dx
j'}’ (x)d Y(x) di =Y (x )d Y(.r); Idr,(x)dz;(x)dr
d’Y (x)p dY,(x)d*Y,(x)y +dY (x)d?Y (x
=Y. (x) 5 L == xu ‘!- dx(x) ()dx]
1Y (x )E_I:_(j)__dY(x)d Y(-r) j Y(x)dz}’ (x)dx
dx’ ax D
= 2! j Y (%)Y, (x)dx

HEEA_E P A AR 18
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KA ST L[ X - BH RREHD

d? }’(x) d’ Y(x)

-7, (x) 1|

} [g}g_ (x) d’Y,(x) dY (x) d*’*}"(x)]lx

dx dx * dx de? o
F3Uh tw b R B AR AF, fffmﬁ’éﬂﬂlﬁﬁria%ﬁmﬁ B 5 [ BX
& B, iR EHFRANE %‘K%%E AHE -

(L) - A*)JY (%)Y, (x)dx =[¥,(x)

()i,j—/l;‘)_[ Y, (x)Y,(x)dx =0  (248)
H¥Erzs, WA 24, #H:

!
[ Y. ()Y, (x)dx =0 (r # 5) (2.49)

(2.49) AR EREN THRENEZ R4 FERTFROKE5EE
mwﬁ%ﬁu%%Fﬁﬁﬁ&%%mmﬁ%#.%%%mﬁﬁﬁﬂﬂ

ALY (:x)_ dY (x) d?Y (x)

| =0 (2.50)
dx dx’
FMA LR &M, TH.
.ﬂizl’,fx)d*ngx) o % 3) 2515
dy dx

0

QSDHNBRRN FIREIN TR R IR &4, FERTREIRDHEE6
Sy

HEBGHFHEHNE BB REAR TR ERZH L EBIE
At EAET L BB RLEINEERFARBN B RSN, &
B HE A ERE 4 Al BIX R EiREY BN ERN, §— MR
LRI REAN B EEZ M, RPN BTBRIERT, N FH5 Ik
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