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the transition region than in the n-region; the effective length of flow in the
n-region, being L, , is greater than the width of the transition region. Con-
sequently, the variation of ¢, shown in Fig. 6(c) is seen to be reasonable.
Similar considerations apply to ¢, . As is shown in Fig. 6(c), the application
of 8¢ does not alter ¢, — ¢ in the p-region nor ¢, — ¢ in the n-region. The
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Fig. 6—Simplified model of a p-n junction.
(a) Distribution of donors and acceptors.
(1) Potentials for thermal equilibrium.
(c) Effect of 8¢ applied potential in forward direction.

reason, as discussed in connection with (2.31), is that in these regions elec-
trical neutrality requires an essentially constant value for the more abundant
carrier. Hence the relationships between the ¢’s and ¢ follow from (2.4).
The nature of the potential distribution in the transition region has no
effect in the considerations just discussed. However, as shown in Section 2,
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the capacity of the transition region, which we shall denote by Cr in this
section, does depend on the nature of the transition region and, consequently,
on the value of K.

If the sizes of the p-region and n-region are large compared to the diffusion
lengths, we may assume the current at x, to be substantially 7, only and
that at a,, I, only. The total current entering at x, can be accounted for
as doing three things: (1) neutralizing the electron current flowing into the
p-region across xrp, (2) contributing to the charge in the transition region
(this corresponds to the capacity discussed in Section 2) and (3) contributing
a current flow to the right across xr, .

We have selected the hole current for analysis because the hole has a
positive charge and the connection between the algebra and the physical
picture is simplified. For the same reason, the text emphasizes forward
current, although the equations are equally applicable to reverse currents.
Nothing essential is left out by this process; since the sample as a whole
remains uncharged, the current 7 is the same for all values of » and if 7, is
known, then [, = [ — I, is also determined.

4.2 Solution for Hole Flow into the n-region

We shall calculate first the hole current 7,(x7,) flowing across xr, . It is
readily evaluated as follows: The value of p(xr,) is given by

P(xrn) — ﬂ_eqmﬂwmm
- T

=?ng

where p, is the hole concentration in the #n-region for thermal equilibrium.
If we apply a small a-c. signal superimposed on a d-c. bias so that

54,0 =1+ 1'16iwt (42)

(4.1)

gbplkT

where 7; is an a-c. signal, assumed so small that linear theory may be em-
ployed (i.e. 1 <& kT/gq), then

plar) = (™™ ) (1 + (qu/kT)e™).
We resolve this density into a d-c. component pp and an a-c. component p;

fwt

€

P(x'f'?i) = Pu + Pn + Pl et'u:t (4‘.3)

where
po = pale™ 1) (4.4)
o1 = (gpnvi/RT)e™"". (4.5)

So long as p(vs.) < n,, the normal concentration of electrons in the
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n-region, the lifetime 7, and diffusion constant D for a hole will be sub-
stantially unaltered by 8. Application of the hole-current equation to the
hole density p(x, /) gives

- _.p 16) -
I, = —qD i (4.6)

Combining this with the recombination equation

p _po—p 1ol _p.—p a'p
a1, g ox Tp +D dxt 1)

leads to the solution
b= pu +Poe<m,,—:)f\/ﬁ + Pleim¢+(rr,.~z)(1+iur,,)l!ﬂf(pr,,)l.'ﬂ_ (4.8)

The quantity /Dr, is the diffusion length and is denoted by L,. (We shall
use subscript p for holes in the n-region and = for electrons in the p-region
for both L and 7.) .

When p is large compared to p,, but small compared to n,, the ex-
pression for p leads to the following formula for ¢, :

ep = on + 00— (BT/q)(x — ara)/ Ly + vie™ " ETomn (Uhien E01Ly 4 gy

This shows that the d-c. part of ¢, varies linearly in the n-region, for large

forward currents, and decreases by (kT/g) in each diffusion length L, .

The transition from this linear dependence to an exponential decay for ¢,

comes when ¢, — ¢, = (kT/g). This behavior of the d-c. part of ¢, is useful

in connection with diagrams of ¢, versus distance. (See Sections 5 and 6.)
The solution just obtained for p gives rise to a current at x7, of

4
Ip(x'rn) = (]D ar

(4.10)
= gpoD/L, + gpr1 De"" (1 + iwr,,)l"z/L,,.
The d-c. part is calculated by substituting (4.4) for p :
Tpo(xra) = (Q’PﬂD/L;D)(EWDIH - 4.11)
= L™ 1) “
and the a-c. part is similarly obtained from (4.5) for p, :
Ipl(xTn) — (qpn #/Lp)[e(qno.'kﬂ](l + f-w_rp)l,’ﬂ n 87”! (412)

= (Gp + 'iSp)V[ cl'wt — Ap‘vlﬂ'-wt

where 1, is called the admittance (per unit area) for holes diffusing into the
n-region; its real and imaginary parts are the conductance and suscept-
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ance. For wr, small, the real term G, is simply conductance per cm?
of a layer L, cm thick with hole conduction corresponding to the density
pn + fo; it is also the differential conductance obtained by differentiating
(4.11) in respect to 1. For the case of zero bias this establishes the result
quoted in Section 1 that the voltage drop is due to hole flow in the n-region
where the hole conductivity is low.

In this section we have treated 7, as arising from body recombination.
In a sample whose y and z dimensions are comparable to L, or L, , surface
recombination may play a dominant role. However, as we show in Appendix
V, the theory given here may still apply provided appropriate values for
T, and 7, are used.

4.3 D-C. Formulae °

The total direct hole current flowing in at a, is /o plus the current re-
quired to recombine with electrons in the p-region. This latter current is, of
course, equal to the electron current flowing into the p-region. This electron
current, denoted by I,o or I,o{xr,), is obtained by the same procedure
as that leading to (4.11) for 7, except that 4D replaces D and the subscripts
of L and 7 are now n. Combining the two currents leads to the total direct
current:

Iy = Io + I = (gL) ("—" + tﬁ’") (@ —1) (413)
L, L,
for the direct current per unit area for applied potential 1o ! The algebraic
signs are such that J > 0 corresponds to current from the p-region to the
n-region in the specimen; 7o > 0 corresponds to a plus potential applied
to the p-end. The ratio of hole current to electron current across the transi-
tion region is

Ipﬂ P" Ln _ Pp V bDTn
Io L, bn, bna +/Dr,

_bo SO _ S
b, 'V P» On
where we have used the relationships #npn = np, = ni from (2.2) and

Tottn = Tapp = 1/r from (3.2) and (3.3). These results can be summarized
by saying that the current flows principally into the material of higher re-

(419)

12 Tor convenience we repeat the definitions here: ¢ = magnitude of electronic charge;
D = diffusion constant for holes; p, and n, = thermal equilivrium value of p and », as-
sumed constant throughout n-region (x > xru); . and p = similar values for x < xgp;
L,= dilfusion length =+/wr, for holes in n-region; 7, = lifetime of hole in n-region be-
fore recombination; b = electron mobility/hole mobility; L, and 7, similar in quantities
for electrons in p-region; o, = gubn, and ap = gup, are the conductivities of the two regions.



p-n JUNCTIONS IN SEMICONDUCTORS 461

sistivity. We can also say that the hole current depends only on the »-type
material and vice versa. For a p-n junction emitter in a transistor with an
n-type base, it is thus advantageous to use high conductivity p-type ma-
terial so as to suppress an unwanted electron current.

For comparison with experiment, it is advantageous to express the values
of pn and n, in terms of the conductivities o, and ¢, . If the conductivity of
the intrinsic material is written as

o = qunil + ), (4.15)

then, if p, < n, and n, < p,, we find
qupn = boi/(1 + b)’cn _ (4.16)
qubn, = boi/(1 + b)’s, . | 4.17)

Using these equations, we may rewrite (4.11) and a corresponding equation
for electron current into the p-region so as to express their dependence ond-c.
bias 1o and the properties of the regions:

Ly bat FT e
Ipc(‘vu) = m : ? (3 1)
= G0 HT (ot _ (4.18)
= U
= I,,(""* — 1)
. 2
L) = o0t AL (gt _y

(1+ b)zﬁan q

= Gnn E (eq‘u“fT _ l) (4.19)
q .

= I,..(e”"mr —1).

The values of G0 and G, (which are readily seen to be the values of the low-
frequency, low-voltage (1p < k7/¢) conductances) and the saturation
reverse currents are given by

= n 4
G = (1 4+ 0)0anl, kT T (4.20)
_ E‘o'? g
Go=twr e, - (4.21)
The expression for direct current then becomes
kY ok
Ii(@) = [Fp + Gl (1) [e™o*T — q]
! (4.22)

= (Ips + L™ — 11.
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4.4 Tolal Admillance

In order to calculate the alternating current, we must include the capacity
of the transition region, discussed in Section 2. Denoting this by Cr, we
then find for the total alternating current.

Toe = (Gp + 1Sy + Gu + iS0 + iwCr) n = An (4.23)

where G, and .S, are similar to G, and .S, but apply to electron current into
the p-region. The value of the hole and electron admittances can be ex-
pressed as

Ay = Gp+ iSp = (1 4 dwry) " Gpo ™" (4.24)
.411. = AGu + 'iSn = (1 + 'iCb‘Tﬂ)”z G'nO eq'!’ul'kT (4'25)

For low frequencies, such that « is much less then 1/7,, we can expand
G, + 1S, as follows:

Gy + iSp = Gpoe™ ™ + iw(r,/2)Gpo ™" (4.26)

Hence (r,/2)Gyo ¢ behaves like a capacity.
It is instructive to interpret this capacity for the case of zero bias, v = 0,
for which we find:

Cp = 15Gp0/2 = 70qpuit/2Lp = G paLp/2kT. (4.27)

The last formula, obtained by noting that r,u = ¢r,D/kT = ¢L3/kT, has
a simple interpretation: gp.L, is the total charge of holes ina layer L, thick.
For a small change in voltage v, this density should change by a fraction
qu/kT so that the change in charge divided by the change in v is
(g/kT)(gpnL,) which differs from C,, only by a factor of 2, which arises from
the nature of the diffusion equation.

This capacity can be compared with C7r neut., discussed in Section 2, (see
equation (2.39) and text for (2.42)) for germanium at room temperature
as follows:

Co _qtnly kla _ pulya (4.28)

Croet. 26T 10¢" n} 20n;

For a structure like Fig. 6(c), the excess of donors over acceptors reaches its
maximum value, equal to »,, at xr, leading to #, = axz, . Consequently
@ = #n/xr. . Substituting this value for e in (4.28) and noting that
Puttn = n; gives

G _ Ly

C'T neut. 203"1‘?;

(4.29)

As discussed at the beginning of this section, L, = 6 X 107" cm for holes
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in germanium. Hence if the transition region is 6 X 107" cm thick, the
diffusion capacity C,, will dominate the capacitative term in the admittance.

Although A4, simulates a conductance and capacitance in parallel at low
frequencies, its high-frequency behav’or is quite different. In Fig. 7 the

a4
£ 107F I —| —
Z = 1T | | o o
2 F (a) A" '
> - CORRESPONDS TO ~ -~
@ | L L~ L1
i Gpo AND wTp=2 f 1 A
E A 21 (b) [~ =
- A (-,
& o2 G e -
Fd 107 = 7
z = L =2 (c) = ,“"
z F Y7 £ ot 2
3 - | /" ’ﬁ/ _-PV
z o P —T 1 L-~ A (d)_,/

| ~ . L
E /, 5 ’." ”I’ ”4
Z 102E ra A -
< -," P =t 4
la P _t "//

- r L= 1 7
2 A slf] /1 T
z A prd ’—' ’/

7’

g 10 Vi i s /
8 = X4 I‘ 2

wrl Fa
3 = 7 st
v - ’- ’I
x /| /
Ee v 7

/| /’
Z ) /
2 L p;
: (E4e = —
[a]
Z - v
< ’
p | 4
rd
L<u10"1 Ll sl dals ' T A Y Eann aann s 1l
N ] 1 10 102 102 104 105
D.?Tp

Fig. 7—Real, G, and imaginary, S, components of admittance for hole flow into n-region.

(a) 10°4,/Gpo = 10%(1 + dwr,)! 2 corresponding to uniform n-region.

(b) 102 X Formula of Appendix III, corresponding to layer of high recombination
rate in front of n-region. This causes G to exceed .S at higher frequencies than fer (a).

(c) 10 X Equation (4.33), corresponding to a retarding field in the n-region, with
L, = L,/4/10.

(d) Equation (4.33) with L, = L,/10.

behavior of (1 + iwr,)'"* = A,/G 0, is shown. For high frequencies G, and
S, are equal:

I — - _ boi Vo
GD SJJ \/Tp/z GpD ‘\/"-’ (1 ¥ b)z o ’\/E (430)
Thus for high frequencies the admittance is independent of r, and is deter-
mined by the diffusion of holes in and out of the n-region. The three straight
asymptotes have a common intersection at the point G, wr = 2onFig. 7,
a fact which is useful in estimating the value of 7 from such data.
For large w, S, varies as @' as shown in (4.30) whereas SriswC . Hence
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at very high frequencies C'z will dominate the admittance. At very high fre-
quencies Cr itself will have a frequency dependence; however, for the as-
sumptions on which the treatment of this section is based, the relaxation
time for the transition region 7 is much less than r, . This is a consequence
of the fact that, although diffusion of holes into the transition region is
required for the charging of Cr, the distance is relatively short, being in
fact only that fraction of the width xg, — xy, of the transition region in
which  rises by kT/g; in germanium this will be about one-tenth of
Xrn — Xrp . Since diffusion times vary as (distance)?, the ratio of the times is

2
o o (@ = %) fﬂ“) : (4.31)
Tp IOOL:,

Hence if L, > %rn — %pn, 7r will be much less than 7, B

4.5 Admittance Due to Hole Flow in a Retarding Field

In Appendix II we treat the case in which a potential gradient, due
to changing concentration for example, is present in the »#- and p-regions.
This tends to prevent holes from diffusing deep in the n-region and for
this reason the n-region acts partly like a storage tank for holes under a-c.
conditions, thus enhancing S, compared to G, in 4, . If the electric field is
—dy/dx = kT/qL.,where L, is the distance required for an increase of k7/q
of potential (i.e. a factor of e increase in n,), then the value of 4, is

(2L,/Ly) (1 + dwry)
14 [1 4+ (1 + dwrp)(2L,/Ly)%?

For wr, > 1, this admittance is largely reactive provided 2L,/L, is suffi-
ciently small.

The dependence of 4, upon w is shown in Fig. 7 for two values of L,/L, .
The plot shows the real and imaginary parts of

2y _ (1 + iwry)
Ap/[ZQ'PPnLr/LP] “1r (1 + (1 + dwrp)(2L,/L,)4 "

Ay = lgupa/Lsl (4.32)

(4.33)

for L,/L, = 10" and L,/L, = 10, the two curves being relatively displaced
vertically by one decade. The second value implies that the field keeps the
holes back so that they penetrate only g their possible diffusion length in
no field. It is seen that for this case the storage effect is very pronounced and
the susceptance S is much larger than G for high frequencies.

The function (1 + z’mrp)l"g, discussed earlier, corresponds to the limiting
case of (4.32) for L, = =.

13 Tn Appendix IV an analytic treatment of Cy is given.
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4.6 The Effect of a Region of High Rale of Generalion

There is evidence that imperfections, such as surfaces and cracks, add
materially to the rate of generation and recombination of holes and elec-
trons. If there is a localized region of high recombination rate in the transi-
tion region, there will be a pronounced modification of the admittance char-
acteristics. In I'ig. 8(a) such a layer is represented at & = 0. In Fig. 8(b)
the customary plot of ¢, and ¢, versus x is shown. If we neglect the effect
of the series resistance terms denoted by R; in Section 3, the change & will
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Fig. 8—The effect of a localized layer of high recombination rate on the junction
C{Jaracteristic.
(a) Location of layer of high recombination rate.
(b) Quasi Fermi levels.
(c) Distribution of hole current showing rapid change at layer of high recombination
rale.

occur in the p-region for ¢, and in the n-region for ¢, . The hole current flow-
ing into the n-region will thus be the same as before and will be given by
equation (4.11) or (4.18) and denoted by [,(3p). Similarly, the electron
current will be 7,0(d¢). In the layer we shall suppose that there is a rate of
generation of hole electron pairs equal to g, per unit area of the layer and a
rate of recombination proportional to ranp per unitarea. We suppose, further-
more, that the layer is so thin that # and p are uniform throughout the layer.
The net rate of generation is thus

o — ranp = ga[l — "N (4.34)
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since for equilibrium conditions the rates balance so that rani = ga. The
net hole current recombining in the layer per unit area is thus

Ir(‘Pp - ‘Pn) = @G8a [equ_w“”kr - 1] (435)

There must, therefore, be a discontinuous decrease of hole current across
the layer. The total hole current flowing in at & = ¥, , which is also the total
current 7, thus does three things: for ¥ < ¥y, , it combines with I0(80);
for xr, < ¥ < aT,, it combines with electrons at rate I.(8p); for & > xqn,
it flows into the nz-region in amount 7 ,(dp). This leads to

I = Io(¢) + I1a(e) + I:(3¢). (4.36)

In other words the layer of high recombination acts like a rectifier
in parallel with 7,0(8¢) + I,0(d¢). The frequency characteristic of 7.(8¢),
however, will be independent of frequency and will contribute a pure con-
ductance to the admittance of the junction.

If the layer is considered to have finite width, however, it will exhibit
frequency effects just as does 7, in the n-region. In Appendix ITI, we treat
a case in which the layer is a part of the »#-region itself but has a recombina-
tion time different from the main layer. If the time is shorter, a large amount
of the hole current may recombine in this layer. For high frequencies, the
current may not penetrate the layer, in which case the admittance for hole
current is determined by the thin layer rather than by the whole n-type
region. A case of this sort is shown in Fig. 7. In this case the thickness of the
layer is 3 of its diffusion length and in it the lifetime of a hole 7 is § the
value 7, in the main body of the n-region. The hole current will thus be
restricted to this layer when the diffusion distance v/D/w is less than the
layer thickness (%) /Dz¢; this corresponds to wre > 9 or wr, > 81. The
presence of the high rate of combination in the layer is evidenced by the
tendency of G to be greater than S at high frequencies. If the layer were
infinitely thin, as discussed above, it would simply add a constant conduct-
ance to the admittance.

4.7 Paich Effect in p-n Junclions

If there are localized regions of high recombination rate, a “patch effect”
may be produced in an #-p junction. As an extreme example, suppose the
value of g, for the layer just considered is allowed to become very large; then
the recombination resistance may become small compared to Ry in Section 3
and the junction will become substantially ohmic. If the region of high
rate of recombination is relatively small compared to the area of the rest
of the junction, then the behavior of the junction as a whole may be re-
garded as being that due to two junctions in parallel. Over most of the area,
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the currents will flow as if the patch were not present so that one compo-
nent of the current will be that due to the uniform junction. In addition
there will be current due to recombination and generation in the patch.
The series resistance to the patch will be relatively high due to the constric-
tion of the current paths. On the other hand, the value of I,(3¢) associated
with the patch may be very high. Hence the current due to the patch will
be that of a low impedance ideal rectifier in series with a high resistance;
and if the ratio of impedances is high enough, such a series combination
amounts essentially to an ohmic leakage path. Thus patches in the p-n
junction will tend to introduce leakage paths and destroy saturation in the
reverse direction.

An extreme example of a region of high rate of recombination would be a
particle of metal making a non-rectifying contact to both p- and n-type
germanium. Since holes and electrons are essentially instantly combined in a
metal, the boundary condition at the metal surface would be equality of
¢p and ¢, . This would mean that near the metal particle, ¢, and o, could
not differ by 8¢, the condition required, over some parts of the junction at
least, in order for ideal rectification to occur.

A common source of imperfection in p-n junctions arises from dirt or
fragments on the surface which overlap the junction. Even if these do not
actually constitute a short circuit across the junction, they may furnish
patches of the sort discussed here and modify the junction characteristic.

4.8 Final Comments

Another possible cause for frequency effects may be found in the trapping
of holes or electrons.”* When an added hole concentration is introduced into
an n1-region, a certain fraction of the holes will be captured by acceptors and
later re-emitted or else recombined with electrons while trapped. Investiga-
tion of this process is given in Appendix VI. One interesting result is that the
trapping of holes in a uniform n-region cannot produce an effective suscep-
tance (i.e. iwC) in excess of the conductance, as can a retarding field.

Finally it should be remarked that important and significant variations
of the conductivity in the p- and n-regions may be produced by hole or
electron injection. Under these conditions, when the hole concentration
approaches #, , ¥ — ¢, will vary. Under these conditions R, may be appreci-
ably altered. These factors favor the p-n junction as a rectifier since they lead
to a reduction of series resistance under conditions of forward bias and thus
tend to improve the rectification ratio.

1 Frequency dependent effects in Cu:0 rectifiers have been explained in this way by
J. Bardeen and W. H. Brattain, personal communication.



